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Chapter 1

Models for non-linear time series

The modeling of linear and non-linear time series starts with a choice of structure.
In the linear case this leads to determination of system order, delays for the possible
external signals and structure indices when the system is multivariate, cf. e.g. [?] for a
thorough discussion. In the non-linear case, the question of structure for the system is
much more open, giving a very large variety of possibilities. In this chapter parametric
as well as non-parametric system representations are presented, for the moment leaving
out the semi-parametric variants.

The time parameter may be discrete or continuous. In this chapter the presentation is
confined to discrete time, postponing the discussion on continuous-time processes to
Chapter??.

1.1 Non-linear vs. linear model building

The aim of the modeling effort may be generally expressed as:

General model: For a given (stationary) time series{Xt} find a functionh such that
{ǫt} defined by

h({Xt}) = ǫt (1.1)

is a sequence of independent random variables.

If the ’residuals’,{ǫt}, are not independent, there is a structure in the variability of
{Xt} that not is described by the model, and which should be persued to improve the
modelling.

13



14 CHAPTER 1. MODELS FOR NON-LINEAR TIME SERIES

A model which is globally invertible, i.e. by which it is possible to determine the
original time series{Xt} from a sequence of residuals{ǫt} and a given initial value,
is the best possible model for the time series{Xt}.

In practice there are various different approaches in finding the functionh:

• To use a black box approach using either a parametric approach, where the pa-
rameters in a number of possible non-linear models are fittedto the time series
(e.g. in a SETAR, FAR, BL or NEAR model, all acronyms to be defined below)
or using a non parametric approach, like Volterra series or Neural Nets.

• To use a grey box approach where information from other sources about the
system to be modeled, e.g. basic relations from physics, is combined with infor-
mation obtained by statistical methods from measurements on the system.

• Use only externally obtained information from e.g. physicsto describe the gener-
ating system (if well-established relations exists). In this case statistical methods
are obsolete, hence this type of white box modeling will no more be considered.

In the special case with alinear model, {ǫt} is defined by

∞∑

−∞

ht,kXt−k = ǫt, (1.2)

where{ht,k} is a weighting function which determines at timet the influence of the
process value at timet − k in the formation of the actual residual. In practice, one
would usually assume that the system iscausal, i.e. hk = 0 for k < 0.

The parametric black box approach when working with a linearstructure on a sta-
tionary system then leads to fitting an ARMA model. If the generating system is non
stationary, the model might be of ARIMA, or seasonal type. The literature on modeling
of linear time series is abundant, see e.g. [Box & Jenkins 1976], [?], [Madsen 1995b]
or [Olbjer, Holst & Holst 1994].

1.2 Non-parametric descriptions

In the linear system case, the modeling of a stationary system may be performed in
the time or in the frequency domain. In the non-linear case this twofold possibility
do in general not exist and the concept oftransfer functionis therefore in general not
defined.
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However, when the system modeling starts from a non-parametric representation of
the system with a Volterra series, an infinite sequence of generalized transfer functions
may be defined. The resulting inference problem will not be treated.

1.2.1 Volterra Series Expansions

The work on Volterra based modelling is early attempt to systematically model non-
linear system on an input-output form, starting by [Volterra 1930] and with important
contributions given also in the middle of the last century, cf. [Wiener 1958]. Suppose
the model iscausal, i.e. we seek a functionh such that

h(Xt, Xt−1, . . . ) = ǫt. (1.3)

Suppose also that the model iscausally invertible, i.e. (1.3) may be ’solved’ such that
we may write

Xt = h′(ǫt, ǫt−1, . . . ). (1.4)

Furthermore, suppose thath′ is sufficiently well-behaved so that it can be expanded in
a Taylor series. Then we can formally expand the right hand side of (1.4):

Xt = µ+
∞∑

k=0

gkǫt−k +
∞∑

k=0

∞∑

l=0

gklǫt−kǫt−l

+
∞∑

k=0

∞∑

l=0

∞∑

m=0

gklmǫt−kǫt−lǫt−m + . . . (1.5)

where

µ = h′(0), gk = (
∂h′

∂ǫt−k

), gkl = (
∂2h′

∂ǫt−k∂ǫt−l

), etc. (1.6)

This is called theVolterra seriesfor the process{X}. The sequencesgk, gkl, . . . are
called thekernelsof the Volterra series. It can be shown that any continuous functional
over a finite time interval can be arbitrarily well approximated in a Volterra expansion,
but also that it does not allow a representation of discontinuities, jump phenomena or
limit cycles, cf. e.g. [Brockett 1977] and the references therein. The first two terms in
(1.5) correspond to a linear causally invertible model.
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1.2.2 Generalized Transfer Functions

The kernel based description in (1.5) is the basis for the derivation of a transfer func-
tion concept. LetUt andXt denote the input and the output of a non-linear system
respectively. By using the Volterra series representationof the dependence of{Xt} of
{Ut} and omitting any disturbance (or regarding them as a possible input signal), we
get

Xt = µ+

∞∑

k=0

gkUt−k +

∞∑

k=0

∞∑

l=0

gklUt−kUt−l

+

∞∑

k=0

∞∑

l=0

∞∑

m=0

gklmUt−kUt−lUt−m + . . . (1.7)

µ = h′(0), gk = (
∂h′

∂ǫt−k

), gkl = (
∂2h′

∂ǫt−k∂ǫt−l

), etc. (1.8)

Recall that for a stationarylinear systemthetransfer functionis defined as

H(ω) =

∞∑

k=0

gke
−iωk (1.9)

and it is completely characterizing the system. For linear systems it is furthermore
well known that

L1 if the input is a single harmonicUt = A0e
iω0t then the output is a single harmonic

of the same frequencybut with the amplitude scaled by|H(ω0)| and the phase
shifted byargH(ω0).

L2 due to the linearity, theprinciple of superpositionis valid, and the total output is
the sum of the outputs corresponding to the individual frequency components of
the input. Hence the system is complete described by knowingthe response to
all frequencies – that is what the transfer function supplies.

For non-linear systems, however, neither of the properties (L1) or (L2) holds. More
specifically we have that

NL1 for an input with frequencyω0, the output will, in general, contain also compo-
nents at the frequencies2ω0, 3ω0, . . . (frequency multiplication).



1.2. NON-PARAMETRIC DESCRIPTIONS 17

NL2 for two inputs with frequenciesω0 andω1, the output will contain components
at frequenciesω0, ω1, (ω0 + ω1) and all harmonics of the frequencies (intermod-
ulation distortion).

Hence, in general there isno such thing as a transfer functionfor non-linear systems.
However, aninfinite sequence of generalized transfer functionsmay be defined as:

H1(ω1) =

∞∑

k=0

gke
−iω1k (1.10)

H2(ω1, ω2) =

∞∑

k=0

∞∑

l=0

gkle
−i(ω1k+ω2l) (1.11)

H3(ω1, ω2, ω3) =
∞∑

k=0

∞∑

l=0

∞∑

m=0

gklme
−i(ω1k+ω2l+ω3m) (1.12)

...

In order to get a frequency interpretation of this sequence of functions, consider the
inputUt to be a stationary process withspectral representation:

Ut =

∫ π

−π

eitωdZU(ω). (1.13)

Using the Volterra series in (1.7) we may write the output as

Xt =

∫ π

−π

eitω1H1(ω1)dZU(ω1)

+

∫ π

−π

∫ π

−π

eit(ω1+ω2)H2(ω1, ω2)dZU(ω1)dZU(ω2)

+.... (1.14)

WhenUt is single harmonic, sayUt = A0e
iθ0t, thendZU(ω) = A0, ω = θ0 and zero

otherwise. Hence Eq. (1.14) becomes

Xt = A0H1(θ0)e
iθ0t + A2

0H2(θ0, θ0)e
2iθ0t + . . . (1.15)

The output thus consists of components with frequenciesθ0, 2θ0, 3θ0, . . . , which demon-
strates the assertion (NL1). The same signal representation, equation (1.13), may be
used to illustrate (NL2). Hence, when working with non-linear systems, there is no
simple and useful connection between the time- and frequency representations of the
system as is the case for linear systems.
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1.3 Non-linear parametric models

In the previous section non-parametric methods for non-linear time series were dis-
cussed. In this section an overview of some of the most important parametric non-
linear models is given.

1.3.1 The (linear) ARMA Model

Many of the non-linear models take the basic linear ARMA(p, q) model as their point
of departure for different types of extensions. The linear model is :

Xt = θ0 +

p∑

i=1

θiXt−i +

q∑

i=1

φiǫt−i + ǫt, (1.16)

whereǫt is a strict white noise process, i.e. a sequence of independent zero mean
random variables with varianceσ2

ǫ .

1.3.2 Threshold Models

This is a very rich class of models, which have been discussede.g. by Tong in a mono-
graph from 1983, [Tong 1983], and the book from 1990, [Tong 1990b]. It has shown
to be useful if, for instance, the dynamical behavior of the system depends on the
actual state or process value, e.g. by approximating the dynamics in someregimes
by ’simple’ models (usually linear).Threshold-values determine the actual regime
(or mix of regimes). Below some versions of models with thresholds are listed and
named. The analysis of the probabilistic structure of thesetypes of models includ-
ing e.g. discussions of stationarity and stability is in general very complicated, early
results on stochastic stability may be found in [Kushner 1971] and more recently in
[Tong 1990b].

Self-Exciting Threshold AR (SETAR)

Define intervalsR1, . . . , Rl such thatR1 ∪ · · · ∪ Rl = R andRi ∩ Rj = ∅ ∀i, j. Each
intervalRi is given byRi =]ri−1; ri], wherer0 = −∞ and r1, . . . , rl−1 ∈ R and
rl = ∞. The valuesr0, . . . , rl are calledthresholds.
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Figure 1.1: A simulation of a SETAR model with two regimes, SETAR(2;1;1)

The SETAR(l; d; k1, k2, . . . , kl) model is given by :

Xt = a
(Jt)
0 +

kJt∑

i=1

a
(Jt)
i Xt−i + ǫ

(Jt)
t , (1.17)

where

Jt =





1 Xt−d ∈ R1

2 Xt−d ∈ R2
...

...
l Xt−d ∈ Rl

. (1.18)

The parameterd is thedelay parameter. Hence the model hasl regimes, a delay-
parameterd, and in thej’th regime the process is simply an AR-process of orderkj .

If the AR-processes all have the same orderk we often write SETAR(l; d; k).

A simulation of the SETAR(2;1;1)-model

Xt =

{
1.0 + 0.6Xt−1 + ǫt for Xt−1 ≤ 0
−1.0 + 0.4Xt−1 + ǫt for Xt−1 > 0

,

whereǫt ∈ N(0,1) is shown in figure 1.1. Note that it is not too easy (?) tosee
the separation of the process performance into different regimes in the figure. The
estimation of parameters and structure in this type of models is treated in Chapter??.
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Self-Exciting Threshold ARMA (SETARMA)

The SETARMA model is an obvious generalization to differentARMA models in the
different regimes : SETARMA(l; d; k1, . . . , kl; k

′

1, . . . , k
′

l) :

Xt = a
(Jt)
0 +

kJt∑

i=1

a
(Jt)
i Xt−i +

k′
Jt∑

i=1

b
(Jt)
i ǫt−i + ǫt, (1.19)

whereJt is determined as above in equation (1.18).

Open Loop Threshold AR (TARSO)

A second possible generalization of the basic SETAR structure above, is to allow for
an external signal, e.g. an input signal,Ut, and let the external signal determine the
regime, as e.g. in the TARSO(l; d; (k1, k

′

1), . . . , (kl, k
′

l)) model :

Xt = a
(Jt)
0 +

kJt∑

i=1

a
(Jt)
i Xt−i +

k′
Jt∑

i=0

b
(Jt)
i Ut−i + ǫt. (1.20)

Now the regime shifts are governed by

Jt =





1 Ut−d ∈ R1

2 Ut−d ∈ R2
...

...
l Ut−d ∈ Rl

, (1.21)

i.e. for each value of the regime variable the system is described by an ordinary ARX-
model. The extension of this structure to e.g. ARMAX-performance in each regime is
immediate.

Independently Governed AR model (IGAR)

In this thresholding variant the changes in the selection scheme between different
regimes is determined by a stochastic variable{Jt}, which is independent of the noise
sources in the various regimes. Then thestochasticselection of the regimes in the
IGAR(l;k) model is given by :

Xt = a
(Jt)
0 +

kJt∑

i=1

a
(Jt)
i Xt−i + ǫ

(Jt)
t , (1.22)
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where

Jt =





1 with probp1

2 with prob.p2
...

...
l with prob.1 −∑l−1

i=1 pi

. (1.23)

This formulation of the thresholding illustrates that alsothe properties of the noise
process forcing the autoregressions may depend on the regime.

A particular case appears when the regime variableJt is given by a stationary Markov
chain, i.e. when there exists a matrix of stationary transition probabilitiesP describing
the switches between the basic auto regressions (MMAR(l;k)). Analysis and inference
for this type of models is given in e.g. [Holst, Lindgren, Holst & Thuvesholmen 1994].

This kind of Markov modulations are also used in descriptionof stochastic processes
in telecommunication theory by giving a mechanism for switches between different
Poisson processes. cf. [Rydén 1993].

Example 1.1.Let the AR processes be defined by

(a
(1)
1 , a

(1)
2 ) = (1.1,−0.5)

(a
(2)
1 , a

(2)
2 ) = (−1.2,−0.5)

ǫ
(1)
t ∈ N (0, 1)

ǫ
(2)
t ∈ N (0, 1),

i.e. an MMAR(2;2) model, and let the transitions between thedifferent regimes be
governed by the matrix

P =

(
0.95 0.05
0.05 0.95

)
(1.24)

The performance of this system is shown in figure 1.2. The example and the figure are
from [Thuvesholmen 1994]. �

Smooth Threshold AR (STAR)

The threshold models considered so far, have an abrupt change of regime when the
decision variable transfers the boundary between regimes.This section will show an
alternative to construct models with smooth transition between regimes. Start by con-
sidering the SETAR(2;d;k) model

Xt = a0 +
k∑

j=1

ajXt−j +

(
b0 +

k∑

j=1

bjXt−j

)
I(Xt−d) + ǫt, (1.25)
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Figure 1.2: A Markov modulated regime model with two AR processes and a rather
inert Markov chain – MMAR(2;2)-process

whereI(Xt−d) is a step function to separate between the models with the AR-process
characterized by the parameters{ai} from the process characterized by{ai + bi}. A
model with smooth transition between the regimes is then obtained simply by letting
the functionI(·) be a smooth function – for instance a sigmoidal function where the
parameters may be tuned to the desired smoothness or a standard Gaussian distribution.

The resulting model is for general values of the structural parameters be denoted a
STAR(l;d;k)-model. The smoothing procedure may analogously be used when the
regime variable is external as in the TARSO model or independent stochastic as in the
IGAR and MMAR models above.

Hence summarize the most important difference in the transition between the regimes
to get:

• In SETAR-models the abrupt transition depends onXt−d.

• In TARSO-models the abrupt transition depends onUt−d.

• In IGAR and MMAR-models the abrupt transition is stochasticand is deter-
mined of a regime variable that is independent of the forcingnoise in the system.

• In STAR models transition between regimes is smooth and is determined by
Xt−d, Ut−d or by an independent regime variable as above.
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• Models with periodically varying coefficients are also possible to include under
the threshold heading as are models where a stochastic regime may be used to
select between different deterministic systems as shown incf. [Tong 1990b] and
[?].

1.3.3 Amplitude-dependent Exponential Autoregressive (E X-
PAR)

A particular form for threshold models with smooth transition is given by the Amplitude-
dependent Exponential Autoregressive, EXPAR(d;k) model

Xt =

k∑

j=1

[αj + βje
−δX2

t−d ]Xt−j + ǫt, δ > 0. (1.26)

Note that if |Xt−d| is very large, then an ordinary AR(k) model is obtained, and if
|Xt−d| is very small another ordinary AR(k) appears. Hence, the EXPAR model con-
tains a smooth transition between regimes.

1.3.4 Piecewise Polynomial Models

The skeleton is
y = f(Xt−1, Xt−2, . . . , Xt−k) + ǫt, (1.27)

wheref is a polynomial. In general

Xt = y. (1.28)

Examples which also include the threshold principle :

Hard Censoring

Xt =





A y > A
y −A ≤ y ≤ A

−A y < −A
(1.29)

wherey is defined by (1.27).
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Soft Censoring

An extension of the Hard Censoring principle is given by the Soft Censoring :

Xt =

{
y |y| ≤ A

g(Xt−1, Xt−2, . . . , Xt−k) + ǫt |y| > A
(1.30)

wherey again is defined by (1.27) andg is aq’th order polynomial. Note that values
outside[−A,A] now are allowed.

If only first order terms enter into the polynomials the modelis also a SETAR(2;k)
model.

1.3.5 Fractional Autoregressive Models (FAR)

Rational functions in{Xt−1}.

The FAR(k;p;q) model :

Xt =
a0 +

∑k
i=1

∑p
j=1 aijX

j
t−i

b0 +
∑k

i=1

∑q
j=1 bijX

j
t−i

+ ǫt, 0 ≤ p ≤ q + 1 (1.31)

A simulation of the FAR(2,2,2) model

Xt =
−0.35Xt−1 − 0.1X2

t−1 + 0.4Xt−2 + 0.3X2
t−2

0.3Xt−1 − 0.4X2
t−1 + 0.2Xt−2 − 0.3X2

t−2

+ ǫt

whereǫt ∈ N(0,0.1) is shown in figure 1.3.

1.3.6 Product Autoregressive Model (PAR)

So far all the non-linear models involveadditivenoise.

An example of a non-linear model with non-additive noise is the PAR(k) model :

Xt = ǫt

(
k∑

i=1

aiX
αi

t−i

)
(1.32)

A simulation of the PAR(2) model

Xt = (0.3X−0.9
t−1 + 0.1X0.4

t−2)ǫt

whereǫt ∈ N(1,0.1).is shown in figure 1.4
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Figure 1.3: Simulation of a Fractional Autoregressive Model

1.3.7 Random Coefficient AR (RCAR)

Now the coefficients are random variables.

The RCAR(k) model :

Xt =
k∑

i=1

{βi +Bi(t)}Xt−i + ǫt, (1.33)

where the sequencesBi(s), i = 1, . . . , k is white noise independent ofǫt for all values
of t ands and theβi, i = 1, . . . .k are scalars.

A simulation using the RCAR(2) model

Xt = B1(t)Xt−1 +B2(t)Xt−2 + ǫt

whereE[Bi(t)] = 0 andV[Bi(t)] = 1.0 is found in figure 1.5

1.3.8 The Bilinear Model (BL)

Simple - but important - extension of the ARMA model with product terms of D{Xt−1}
and{ǫt}.

Important reference : [Subba Rao & Gabr 1984a].
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The BL(p,q,m,k) model :

Xt +

p∑

j=1

ajXt−j =

q∑

j=0

cjet−j +

m∑

i=1

k∑

j=1

bijXt−iet−j (1.34)

wherec0 = 1 ande is white noise.

Vector form of bilinear model

Important special case – BL(p, 0, p, 1) :

Xt +

p∑

j=1

ajXt−j = et +

p∑

l=1

blXt−let−1 (1.35)

Define

A =




−a1 −a2 −a3 · · · −ap−1 −ap

1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0



B =




b11 b21 · · · bp1

0 0 · · · 0
...

...
...

0 0 · · · 0


 (1.36)

andCT = (1, 0, . . . , 0),HT = (1, 0, . . . , 0) andxT
t = (Xt, Xt−1, . . . , Xt−p+1) all of

dimensionp.

Now we have theVector Formof the bilinear model

xt = Axt−1 +Bxt−1et−1 +Cet (1.37)

Xt = H
′

xt

which is denoted VBL(p).

Very like the Markov form of ordinary ARMA models; but it isnot a Markovian
representation.

DefineZt = (A+Bet)xt. Now

Zt = (A+Bet)Zt−1 + (A+Bet)et (1.38)

is Markovian.
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Consider now the BL(p, 0, p, q) model.

Define

Bj =




b1j b2j · · · bpj

0 0 · · · 0
...

...
...

0 0 · · · 0


 , j = 1, 2, . . . , q (1.39)

now the BL(p, 0, p, q) is written in the vector form

xt = Axt−1 +

q∑

j=1

Bjxt−1et−j +Cet (1.40)

Xt = HTxt

Finally, for the general BL model :

xt = Axt−1 +

q∑

j=1

Bjxt−1et−j +Cet (1.41)

Xt = HTxt

where, sincep′ = max(p,m), xt has the dimensionp′ and

A =




−a1 −a2 −a3 · · · −ap−1 −ap′

1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0




(1.42)

Bj =




b1j b2j · · · bp′j
0 0 · · · 0
...

...
...

0 0 · · · 0


 (1.43)

andC is given by

C =




c0 c1 · · · cq
0 0 · · · 0
...

...
...

0 0 · · · 0


 (1.44)

et is given byet = (et, et−1, . . . , et−r) andai = 0 for i > p , andbij = 0 for i > m.

Markovian representation - see [Pham Dinh Tuan 1985].
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Simulation :

BL1 Xt = 0.4Xt−1 + 0.4Xt−1ǫt−1 + ǫt

BL2 Xt = 0.4Xt−1 + 0.8Xt−1ǫt−1 + ǫt

BL3 Xt = 0.8Xt−1 − 0.4Xt−2 + 0.6Xt−1ǫt−1 + 0.7Xt−2ǫt−1 + ǫt

In all casesǫt ∈ N(0,1).

1.3.9 Auto Regressive models with Conditional Heterosceda s-
ticity (ARCH)

Most models assume a constant one-step prediction variance. The ARCH process is
introduced by [Engle 1982] to allow the conditional variance to change over time as a
function of past errors leaving the unconditional varianceconstant. Hence, the recent
past gives information about the one-step prediction variance.

This type of models behavior has proven to be useful in 0 several economic phenom-
ena.

One of the most quoted examples are :

Xt = ǫt
√
Vt (1.45)

where
Vt = γ + φ1X

2
t−1 + · · ·+ φpX

2
t−p (1.46)

whereγ > 0 andφi > 0.

In the more general setup in [Engle 1982] the following models is considered :

Xt|ψt−1 ∼ N(ztβ, h
2
t ) (1.47)

whereψ is the information set,β a vector of unknown parameters,z a vector of lagged
variables included in the information setψ, and

ht = h(ǫt, ǫt−1, . . . , ǫt−p, θ) (1.48)

ǫt = Xt − ztβ (1.49)

whereθ is a vector of unknown parameters. The likelihood function can be found
in [Engle 1982].

Several extensions of the basic ARCH model is possible. In [Engle, Lilien & Robins
1987] the ARCH model is extended to allow the conditional variance to affect the
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mean. In this way changing conditional variances directly affect for instance the ex-
pected return. The models are called ARCH in means or ARCH-M models. The
ARCH-M is obtained by a slight modification of equation (1.47)

Xt|ψt−1 ∼ N(ztβ + δht, h
2
t ) (1.50)

1.3.10 The Doubly Stochastic Model

A generalization of most of the models considered so far.

Tjøstheim [Tjøstheim 1986] suggests the doubly stochasticmodel :

Xt = A0(t− 1;X) +

P∑

i=1

Ai(t− 1;X)θXt−i +

Q∑

j=0

Bj(t− 1;X)ǫt−j (1.51)

where the parametersθi, Ai, Bi all are random variables.

It is possible to select the parameters in the doubly stochastic model such that most of
the non-linear models considered appears – see Table 1.1.
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Figure 1.4: Product Autoregressive model
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Figure 1.5: Random Coefficient AR
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Figure 1.6: BL1
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Figure 1.7: BL2
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Figure 1.8: BL3
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Parameters in a Doubly Stoc. Model Remarks/
Model P Q Ai θi Bi Ext.param.

ARMA(p,q) p q ai const. B0 = 1
Bi = bi

SETARMA k1 k2 a
(k)
i const. B0 = 1 Xt−d ∈ Rk

(l, k1, k2) Bi = B
(k)
i d=delay

IGAR(k) k 0 a
(k)
i const. B0 = 1 D ∈ Rk

D ∈ U [0; 1]

IGAR(k) k 0 δija
(1)
i const. B0 = 1 D ∈ Rj

D ∈ U [0; 1]

Fractal(k) l 0 a
(k)
i const. B0 = 0 D ∈ Rk

D ∈ U [0; 1]

STAR(k) k 0 ai + I(Xt−d)bi const. B0 = 1 I(·) known
pdf.

Per.coeff. p q ai(t) const. b1(t)
ARMA(p,q)

Hard a
(l)
i , a

(1)
i = f(Xt−i) b(l), b(1) = 1 l=1

Censoring k 0 const. For | Xt |> A :

(k,p,A) a
(2)
i = sign(a

(1)
i )A b(2) = 0 l=2

Soft a
(l)
i , a

(1)
i = f(Xt−i) b(l), b(1) = 1 l=1

Censoring k 0 B0 = 1 const. For | Xt |> A

(k,p,A) a
(2)
i = g(Xt−i) l=2

FAR(p,k) 0 0
a0+Σp

i=l
Σk

j=l
aijxj

t−i

1+Σp
i=l

Σk
j=l

bijxj
t−i

const. B0 = 1 Only forA0

a0+
PAR(k) 0 0 Σk

i=1aiX
αi

t−i

EXPAR(k) k 0 bi + βie
−δX2

t−d , i > 0 const. B0 = 1 δ
d=delay

RCAR(k) k 0 const. r.v. B0 = 1

bi+
BL(p,q,r,s) p q’ ai const. Σr

j=lcijXt−j q’=max[q,s]

Table 1.1: A family of doubly stochastic models.
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1.4 Stationarity and moments for the VBL( p) model

Brief summary of results from [Subba Rao & Gabr 1984a], who shows the conditions
for stationarity and expressions for moments for the VBL(p) model.

Assume for simplicity thatet ∈ N(0, 1).

1.4.1 First order stationarity

Take the expectation on both sides of (1.37) (note thatE[xtet] = C)

µt+1 = Aµt +BC = Atµ1 + (

t−1∑

j=0

Aj)BC (1.52)

It is seen that ifµ1 = 0 and eitherB = 0 orC = 0 thenµt = 0 for t ≥ 1.

Define (the spectral radius)
ρ(A) = max

i
|λi(A)| (1.53)

whereλi(A) is thei’th eigenvalue.

A sufficient condition forµ = limt→∞[Atµ1 + (
∑t−1

j=0A
j)BC] to be finite is that

ρ(A) < 1 (1.54)

Hence, under this condition the VBL(p) is asymptotically first order stationary with
mean

µ = (I −A)−1BC (1.55)

1.4.2 Second order stationarity

Assuming that (1.54) is satisfied, then a necessary condition for second order station-
arity is given by [Subba Rao & Gabr 1984a] as

ρ[A⊗A+B ⊗B] < 1 (1.56)

For a discussion about stationarity for the general bilinear model - see [Pham Dinh
Tuan 1986]
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1.4.3 Linear versus bilinear model

Assuming second order stationarity, and let us introduce the covariance

K(s) = E[(xt+s − µ)(xt − µ)T ] (1.57)

It is shown by [Subba Rao & Gabr 1984a] that

K(0) = AK(0)AT +BC(0)BT + ∆1 (1.58)

K(1) = AC(0) + ∆2 (1.59)

K(s) = AK(s− 1) = As−1K(1), s = 2, 3, . . . (1.60)

where the constant matrices∆1 and∆2 are given as

∆1 = BµµTBT +AµµTAT +ASBT +BSTAT + 2BCCTBT +CCT − µµT

∆2 = AµµT +BS − µµT (1.61)

whereS = St = E[xtx
T
t et] (S is constant due to the assumption about stationarity).

By usingA from (1.36) in (1.60) we obtain the simple matrix equation :




γ(s) γ(s+ 1) · · · γ(s+ p− 1)
γ(s− 1) γ(s) · · · γ(s+ p− 2)

...
...

...
γ(s− p+ 1) γ(s− p+ 2) · · · γ(s)


 =




−a1 −a2 −a3 · · · −ap−1 −ap′

1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0







γ(s− 1) γ(s) · · · γ(s+ p− 2)
γ(s− 2) γ(s− 1) · · · γ(s+ p− 3)

...
...

...
γ(s− p) γ(s− p+ 1) · · · γ(s− 1)




(1.62)

whereγ is the autocovariance function forXt.

It is easily seen that the above matrix equation reduces top identical equations (and
some trivial identities), which mean that we are able to write (1.60) on the form

γ(s) + a1γ(s− 1) + · · · + apγ(s− p) = 0 s ≥ 2 (1.63)

Remark.The equation above is obviously the same as the Yule-Walker equations for
an ARMA(p, 1)-process. Hence, for any BL(p, 0, p, 1) a linear model with exactly the
same covariance structure is found. H
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It is not possible to use ordinary Box-Jenkins methods to identify non-linear systems.
No matter the number of parameters in the BL(p, 0, p, 1) we are able to find a linear
model with onlyp + 1 parameters which describes the autocorrelation function (and
the spectrum) as well as the true model.

Conclusion : In order to identify non-linearities we must use other methods. For
instance methods based on the third moment, or methods basedon non-parametric
estimates of the conditional mean. We shall look on that in the following.



Chapter 2

Non–parametric methods and time
series analysis

2.1 Introduction

Non-parametric methods are widely used in non-linear modelbuilding. Such methods
are particularly useful if no prior information about the structure is available, since the
estimation procedure is free of parameters and model structure (apart from a smoothing
constant).

A non-parametric ’regression curve’ isa direct function of the data. It is shown later on
in this chapter that the basic idea of local averaging in kernel estimation is equivalent
to finding a locally weighted least squares estimate, and thelocal weight is given by a
sequence{ws(x); s = 1, · · · , N}, whereN is the number of observations.

In this chapter we will concentrate onkernel estimationandsmoothing. Some other
non-parametric methods which are only briefly mentioned arebased onsplines, k
nearest neighbor (k-NN)or orthogonal series smoothing. Each method has a specific
weighting sequence{ws(x); s = 1, · · · , N}. These weighting sequences are related
to each other and it can be argued [Härdle 1990] that one of the simplest ways of
computing a weighting sequence is kernel smoothing.

The method is in general introduced using a regression setting. Later on many very
important applications within non-linear and non-stationary time series analysis are de-
scribed. Very useful methods foridentifyingboth the needed lagsin a non-linear time
series models, and methods for identifying for instancethe non-linear functional rela-
tionship on lagged valuesare based on non-parametric methods. For more information

37
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about non-parametric methods see [Robinson 1983], [Härdle 1990], [Silverman 1986]
and [Hastie & Tibshirani 1990].

2.2 Kernel estimators for time series

2.2.1 Introduction

This chapter considers kernel estimation in general and itsuse in time series analysis.
The non-parametric estimatorsare of particular relevance for non-Gaussian or non-
linear time series. From kernel estimates ofprobability density functionsGaussianity
can be verified or the nature ofnon-Gaussianitycan be emerged. Thus non-parametric
methods provide information that complements that given for instance by higher-order
spectral analysis – see Chapter 3.

In time series analysis and system modelling the conditional mean and variance plays a
central rule. Forlinear modelsit is well-known that the conditional meanE[Yt|Yt−1, . . .]
is linear (inYt−1, . . .) and the conditional varianceV[Yt|Yt−1, . . .] is constant. This is
not the case for non-linear models.

Non-parametric estimates ofthe conditional meancan be used to detect non-linear
behavior and toidentifya family of relevant time series models. Consider for instance
the time series generated by the non-linear model:

Yt = g(Yt−1, . . . , Yt−p) + h(Yt−1, . . . , Yt−p)ǫt. (2.1)

For this non-linear model the conditional mean and varianceis

E[Yt|Yt−1, . . .] = g(Yt−1, . . . , Yt−p) (2.2)

V[Yt|Yt−1, . . .] = h2(Yt−1, . . . , Yt−p)σ
2
ǫ (2.3)

whereσ2
ǫ is the variance of the white noise processǫt.

Thus the non-parametric methods can be used to estimate for instanceg(y) = E[Yt+1|Yt =
y] in the simple casep = 1. Using this non-parametric estimate a relevant parameteri-
zation ofg(·) can be suggested. This very important aspect will be considered further
in Section 2.4.2 and in Chapter 3.

In classical (i.e. linear) time series analysis the order of, for instance, an ARMA(p,q)
model, or equivalently the number of needed lagged values ofthe process itself and
the noise, is identified using the autocorrelation functions (ACF, PACF and IACF). For
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non-linear time series analysis equivalent functions willbe suggested. These functions,
calledLag Dependent Functions(LDF), are introduced using non-parametric methods.

Furthermore non-parametric estimates can be used to provide predictors, i.e. estima-
tors of future values of the time series. Use of non-parametric estimators for getting
insight in thetime-varyingbehaviour and a complexdependency on exogenous vari-
ableswill also be considered.

In this section the most frequently considered non-parametric estimators for time se-
ries, the kernel estimators, are firstly introduced. Next the kernel estimator are de-
scribed in more detail. Finally, some examples on how to use kernel estimation in time
series analysis are given.

2.2.2 The kernel estimator

Let {Yt; t = 0,±1, · · · } bea strictly stationary process. A realization is given as the
time series{yt; t = 1, · · · , N}, and that single realization of the process is the basis
for inference about the process.

IntroduceZt = (Yt+j1, · · · , Yt+jn
) andY ∗

t = (Yt+h1, · · · , Yt+hm
).

In order to simplify the notation we will consider the caseY ∗
t = (Yt) in the rest of this

section. It is obvious how to generalize the equations.

Thebasic quantity estimatedis

E[G(Zt)|Yt = y]fY (y) (2.4)

wherefY is the pdf ofYt andG is a known function.

Theestimatorof (2.4) is (using a special notation)

[G(Zt); y] = (N ′h)−1

N ′∑

t=1

G(Zt)k(
y − Yt

h
) (2.5)

wherek(u) is a real, bounded, function such that
∫
k(u)du = 1, andh is a real number.

N ′ is some number which corrects for the fact that not allN observations can be used
in the sum – typicallyN ′ = N − jn. It is important to notice thatk(u) is called the
kernel functionandh thebandwidth.

Let us consider two examples of using equation (2.5). In the first example it is illus-
trated that equation (2.5) is a reasonable estimator.
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Example 2.1 (Non-parametric estimation of a pdf).The pdf ofYt at y is estimated
by

f̂(y) = [1; y] =
1

Nh

N∑

t=1

k(
y − Yt

h
) (2.6)

where the meaning of the notation[1; y] follows from (2.5).

Assume thatY has pdff(y), then

f(y) = lim
h→0

1

2h
P (y − h < Y ≤ y + h) (2.7)

An estimator off(y) is

f̂(y) =
1

2hN
[Number of observations in(y − h; y + h)] (2.8)

Define therectangular kernel

w(u) =

{
1
2

if |u| < 1
0 otherwise

(2.9)

then the estimator (2.8) can be written as

f̂(y) =
1

N

N∑

t=1

1

h
w(
y − Yt

h
)

Now consider the general kernel (
∫
k(u)du = 1). Then the estimator is

f̂(y) =
1

Nh

N∑

t=1

k

(
y − Yt

h

)
(2.10)

which clearly is equal to equation (2.6). �

Example 2.2 (Non-parametric estimation of the conditionalmean). The estimator
of the conditional expectation ofG(Zt), givenYt = y is

Ê[G(Zt)|Yt = y] =
[G(Zt); y]

[1; y]

=
1

N ′

∑
G(Zt)k(

y−Yt

h
)

1
N

∑
k(y−Yt

h
)

(2.11)

where[1; y] was found in the previous example.

Of special interest is the caseG(Zt) = Yt+1, where (2.11) estimatesE[Yt+1|Yt =
y]. �
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2.2.3 Central limit theorems

Central limit theorems can be established under various weak dependence condition
on the process{Yt}. LetF v

u be theσ-field of events generated byYt; u ≤ t ≤ v. Then
introduce the coefficient

αj = sup
A∈Ft

−∞,B∈F∞
t+j

|P (A ∩ B) − P (A)P (B)|; j > 0 (2.12)

Definition 2.1 (Strong mixing condition). If αj → 0 asj → ∞ the processXt is
said to bestrongly mixing. N

The strong mixing condition is used frequently in the asymptotic theory of estimators
for time series; but the condition is often very difficult to check.

Central limit theorems for non-parametric estimators of pdfs of a process{Yt}, as well
as of conditional pdfs and conditional expectations at continuity points, are given by
[Robinson 1983] under the strong mixing condition.

2.3 Kernel estimation for regression

This section describes in more detail the kernel estimationtechnique. Since the method
is useful for non-parametric regression in general a notation which is related to non-
parametric regression will be used; but the problem is highly related to the estimator
in (2.11), and thus also useful in time series analysis.

2.3.1 An estimator for regression

Kernel based non-parametric regression is first proposed byNadaraya (1964). Let
Y denote the dependent variable (also called the response, target, output), and let
X(1), . . . , X(q) denote theq independent variables (also called regressor, covariate,
feature, input).

Assume that the theoretical relation is

Y = g(X(1), . . . , X(q)) + ǫ (2.13)

whereǫ is white noise, andg is an unknown continuous function.
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GivenN observations

O = {(X(1)
1 , . . . , X

(q)
1 , Y1), . . . , (X

(1)
N , . . . , X

(q)
N , YN)}

the goal is now to estimate the functiong.

Using the result in Example 2.2 thekernel estimatorfor g given the observations in
the caseq = 1 is

ĝ(x) =
1
N

∑N
s=1 Ysk{h−1(x−Xs)}

1
N

∑N
s=1 k{h−1(x−Xs)}

(2.14)

Note that if we compare with equation (2.5) thenG(Zt) = Zt = Yt, and the indepen-
dent variable isX.

Various candidate functions for thekernelk have been proposed. [Härdle 1990] has
shown that the parabolic kernel with bounded support, called the Epanechnikov kernel
minimizes (asymptotically) the mean squared error among all kernels in which the
bandwidthh is optimally chosen.

TheEpanechnikov kernelwith bandwidthh is given by :

KEpa
h (u) = h−1kEpa(uh−1) =

3

4h
(1 − u2

h2
)I{|u|≤h}. (2.15)

Other possibilities are the rectangular, triangular or theGaussian kernelgiven by:

KGau
h (u) = h−1kGau(uh−1) =

1

h
√

2π
exp

(
− u2

2h2

)
. (2.16)

These kernels are depicted in Figure 2.1. The Epanechnikov kernel is shown forh = 1,
and the Gaussian kernel forh = 0.45.

If we allow q > 1 in (2.14) a kernel ofq’th order have to be used, i.e. a real bounded
functionkq(u1, . . . , uq), where

∫
kq(u)du = 1.

By a generalization of the bandwidthh to the quadratic matrixh with the dimension
q × q the more general kernel estimator forg(X(1), . . . , X(q)) is

ĝ(x) =
1
N

∑N
s=1 Yskq[(x−Xs)h

−1]
1
N

∑N
s=1 kq[(x−Xs)h

−1]
(2.17)

wherex = (x1, . . . , xq) andXs = (X
(1)
s , . . . , X

(q)
s ). This is called theNadaraya-

Watson estimator.
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Figure 2.1: Some univariate kernel functions.

2.3.2 Product kernel

In practice product kernels are used, i.e.

kq(xh
−1) =

q∏

i=1

k(xi/hi) (2.18)

wherek is a kernel of order 1.

Assuming thathi = h, i = 1, . . . , q the following generalization of the one dimen-
sional case in (2.14) is obtained

ĝ(x) =
1
N

∑N
s=1 Ys

∏q
i=1 k{h−1(xi −X

(i)
s )}

1
N

∑N
s=1

∏q
i=1 k{h−1(xi −X

(i)
s )}

. (2.19)

2.3.3 Non-parametric LS

Let us now describe how the kernel estimation compares to locally-weighted least
squares (LWLS). LWLS techniques for non-parametric estimation will be further con-
sidered in Section 2.5.2.
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If we define the weight

ws(x) =

∏q
i=1 k{h−1(xi −X

(i)
s )}

1
N

∑N
s=1

∏q
i=1 k{h−1(xi −X

(i)
s )}

(2.20)

then it is seen that equation (2.19) corresponds to the localaverage:

ĝ(x) =
1

N

N∑

s=1

ws(x)Ys. (2.21)

The estimate is actually anon-parametric least squares estimateat the pointx. This
is recognized from the fact that the solution to the least squares problem

arg min
θ

1

N

N∑

s=1

ws(x)(Ys − θ)2 (2.22)

is given by

θ̂LS(x) =

∑N
s=1ws(x)Ys∑N

s=1ws(x)
. (2.23)

This shows that at eachx, ĝ is essentially a weighted LS location estimate, i.e.

ĝ(x) = θ̂LS(x)
1

N

N∑

s=1

ws(x) = θ̂LS(x). (2.24)

since 1
N

∑N
s=1ws(x) = 1 cf. Eq.(2.20).

2.3.4 Bias problems

Kernel estimators tends to give bias problems at the boundary of the predictor space
(i.e. the space spanned by the independent variables). Thisis due to the fact that
the kernel neighborhood at the boundary is asymmetric. Thisproblem can somehow
be accomplished for by modifying the kernel and for instanceusing a non-symmetric
kernel – see [Härdle 1990].

Bias can also be a problem in the interior of the predictor space if the predictors are
non-uniform or if the true regression curve has a substantial curvature. These problems
are most dominant when the predictors are multidimensional. A variety of kernel
modifications have been proposed to provide approximate andasymptotic adjustments
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for these biases; but in practice it is difficult to implementthe necessary modifications,
in particular in the multivariate case.

A family of procedures which does not have the above problem is the regression
smoothers, which will be described in Section 2.5.2.

2.3.5 The bandwidth

In analogy with smoothing in spectrum analysis the bandwidthh determines the smooth-
ness of̂g:

• If h is large the variance is small but the bias is large.

• If h is small the variance is large but the bias is small.

In the limits:

As h→ ∞ it is seen that̂g(x) = Ȳ .

As h→ 0 it is seen that̂g(x) = Yi for x = (X
(1)
i , . . . , X

(q)
i ) and otherwise0

2.3.6 Selection of bandwidth - Cross validation

The ultimative goal for the selection ofh is to minimize (see [Härdle 1990])

MSE1(h) =
1

N

N∑

i=1

[ĝ(X i) − g(Xi)]
2π(X i) (2.25)

Whereπ(. . . ) is a weighting function which screens off some of the extremeobserva-
tions, andg is the unknown function.

An easy solution is the ’plug-in’ method, whereYi is used as an estimate ofg(Xi) in
(2.25).

Hence, the criterion is

MSE2(h) =
1

N

N∑

i=1

[ĝ(X i) − Yi]
2π(X i) (2.26)
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but it is clear that̂MSE2(h) → 0 for h→ 0, sinceyi− ĝ(xi) → 0 whenh→ 0. Hence
a modification is needed.

In the “leave one out” estimator the idea is to avoid that(X i) is used in the estimate for
Yi. For every data(X i, Yi) we define an estimator̂g(i) for Yi based on all data except
(X i).

TheN estimatorŝg(1), . . . , ĝ(N) (called the “leave one out” estimators) are written

ĝ(j)(x) =
1

N−1

∑
s 6=j Ys

∏q
i=1 k{h−1(xi −X

(i)
s )}

1
N−1

∑
s 6=j

∏q
i=1 k{h−1(xi −X

(i)
s )}

(2.27)

Now theCross-Validation criterionusing the “leave one out” estimatesĝ(1), . . . , ĝ(N)

is

CV (h) =
1

N

N∑

i=1

[Yi − ĝ(i)(X i)]
2π(X i). (2.28)

and the optimal value ofh is then found by minimizingCV (h).

It can be shown that under weak assumptions the estimate of the bandwidtĥh that is
obtained when minimizing the Cross-Validation criterion is asymptotic optimal, i.e. it
minimizes (2.25) – see [Härdle 1990].

An example of using the CV procedure is shown in Figure 2.7.

2.3.7 Variance of the non-parametric estimates

To assess the variance of the curve estimate at pointx Härdle (1990) proposes the
point-wise estimator given by

σ̂2(x) =
1

n

n∑

s=1

ws(x)(Ys − ĝ(Xs))
2. (2.29)

where the weights are given as shown previously by

ws(x) =

∏q
i=1 k{h−1(xi −X

(i)
s )}

1
n

∑n
s=1

∏q
i=1 k{h−1(xi −X

(i)
s )}

(2.30)

Remembering the WLS interpretation this estimate seems reasonable.
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2.4 Applications of kernel estimators

2.4.1 Identification of the model order

In linear time series analysis the order of, for instance, anARMA model is determined
by considering the autocorrelation function (ACF), the partial autocorrelation function
(PACF) and/or the inverse autocorrelation function (IACF).

In non-linear time series some equivalent functions, called Lag Dependent Functions
(LDF), have resently been introduced in [Nielsen & Madsen 2001]. These methods
are based on non-parametric methods and described in Section 3.3.

2.4.2 Non-parametric estimation of the conditional mean an d
variance

Assume that a realizationX1, . . . , XN of a stochastic process{Xt} is available. The
goal is now to use the realization to estimate the functionsg(·) andh(·) in the model

Xt = g(Xt−1, . . . , Xt−p) + h(Xt−1, . . . , Xt−q)ǫt. (2.31)

As in Tjöstheim (1994) we shall use the notation

M(xi1 , . . . , xid) = E[Xt|Xt−i1 = xi1 , . . . , Xt−id = xid ] (2.32)

V (xi1 , . . . , xid) = V[Xt|Xt−i1 = xi1 , . . . , Xt−id = xid ] (2.33)

whereij are positive integers arranged in increasing order.

One solution is to use the kernel estimator (other possibilities are splines, nearest
neighbor or neural network estimates).

Using a product kernel we obtain

M̂(xi1 , . . . , xid) =
1

N−id

∑N
s=id+1Xs

∏d
j=1 k{h−1(xij −Xs−ij)}

1
N−id+i1

∑N+i1
s=id+1

∏d
j=1 k{h−1(xij −Xs−ij)}

(2.34)

Assuming thatE(Xt) = 0 the estimator forV (·) is

V̂ (xi1 , . . . , xid) =

1
N−id

∑N
s=id+1X

2
s

∏d
j=1 k{h−1(xij −Xs−ij)}

1
N−id+i1

∑N+i1
s=id+1

∏d
j=1 k{h−1(xij −Xs−ij)}

(2.35)
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If E[Xt] 6= 0 it is clear that the above estimator is changed to

V̂ (xi1 , . . . , xid) =
1

N−id

∑N
s=id+1X

2
s

∏d
j=1 k{h−1(xij −Xs−ij)}

1
N−id+i1

∑N+i1
s=id+1

∏d
j=1 k{h−1(xij −Xs−ij)}

− M̂2(xi1 , . . . , xid)

(2.36)

Example 2.3 (Estimation of conditional mean and variance).We have simulated
10 stochastic independent time series for both of the following non-linear models:

A : Xt =

{
−0.8Xt−1 + ǫt, Xt−1 ≥ 0

0.8Xt−1 + 1.5 + ǫt, Xt−1 < 0

B : Xt =
√

1 +X2
t−1ǫt

Using the simulated time series 10 estimates of the conditional mean and the condi-
tional variance are found using a Gaussian kernel withh = 0.6. The results forM(x)
andV (x) are shown in Figure 2.2 and 2.3, respectively.

The theoretical conditional mean and variance are shown with ’+’. �

2.4.3 Non-parametric estimation of the pdf

An estimate of the probability density function (pdf) is [Robinson 1983] :

f̂(xi1 , . . . , xid) =
1

N − id + i1

N+i1∑

s=id+1

d∏

j=1

h−1k{h−1(xij −Xs−ij)}. (2.37)

Compare with the univariate pdf in (2.6).

2.4.4 Non-parametric estimation of non-stationarity - An e x-
ample

Non-parametric methods can be applied to an identification of the structure of the ex-
isting relationships leading to proposals for a parametricmodel. An example of iden-
tifying the diurnal variation in a non-stationary time series is given in the following.

Measurements of heat supply from 16 terrace houses in Kulladal, a suburb of Malmö
in Sweden, are used to estimate the heat load as a function of the time of the day. The
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Figure 2.2: EstimatedM(x) for model A (above) and model B
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Figure 2.5: Supplied heat versus time of day and night.



52 CHAPTER 2. NON–PARAMETRIC METHODS AND TIME SERIES ANALYSIS

46

48

50

52

54

56

58

60

62

0 3 6 9 12 15 18 21 24

[kJ/s]

Hour

Nadaraya-Watson Estimator – Epanechnikov Kernel

Figure 2.6: Smoothing of the diurnal power load curve using an Epanechnikov kernel
and bandwidths 0.125, 0.625,. . . , 3.625.

heat supply was measured every 15 minutes for 27 days. The transport delay between
the consumers and the measuring instruments is not more thana couple of minutes.

In the present investigation it is assumed that the heat supply can be related to the
time of day, and that there is no difference between the days for the considered period.
Then the regression curve is a function only of the time of day, and it is this functional
relationship, which will be considered.

An approach for describing the dynamics, using filtering of explanatory variables such
as e.g. weather variables, is shown later on.

Thus, the assumption of independence between measurementsis not fulfilled. The
consequence of this is that the information about the regression function contained in
data is minor compared to a set of data with the same number of independent observa-
tions.

Figure 2.6 shows the Epanechnikov curve estimate calculated for a spectrum of band-
widths. It is clear, that the characteristics of the non-smoothed averages gradually
disappear, when the bandwidth is increased.

Bringing the Cross-Validation function into action for bandwidth selection on the orig-
inal data gives the result shown in Figure 2.7. Obviously theminimum of the CV-
function is obtained for a bandwidth close to1.3. This value most likely somewhat
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Figure 2.7: CV-function applied on the original data using the Epanechnikov kernel.

bigger than the visually chosen, and the drop at 5.15 in the morning will clearly disap-
pear in a curve estimate with this bandwidth.

These results indicate the need of non-parametric curve estimates in which the band-
width is not only a function of the density of the predictor variables, but for instance
also of the gradient of the regression curve.

If a Gaussian kernel is used in the smoothing procedure the effect of choosing vary-
ing bandwidth is shown in Figure 2.8. Clearly it is difficult visually to observe any
difference between the curve estimates obtained with the Epanechnikov and Gaussian
kernel.

A general conclusion :The choice of the kernel (window) is not important as long as
it is reasonably smooth.It is the choice of the bandwidth that matters.

2.4.5 Non-parametric estimation of dependence on external
variables – An example

This examples illustrates the use of kernel estimators for exploring the (static) depen-
dence on external variables. Data are collected in the district heating system in Esbjerg,
Denmark, during the period August 14 to December 10, 1989.
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Figure 2.8: Smoothing of the diurnal power load curve using aGaussian kernel and
bandwidths 0.025, 0.125,. . . , 0.925.

The dependent variable is the heat load in a district heatingsystem, and the inde-
pendent variables are the two most influential explanatory variables in district heating
systems, i.e. ambient air temperature and supply temperature. The data will also be
used later for estimating some parametric non-linear time series models.

For the estimation of the regression surface the kernel method is applied using the
Epanechnikov kernel (2.15). A product kernel is used, i.e. the power load estimate,p,
at timet, at ambient air temperaturea and for supply temperatures is estimated as

p̂ht,ha,hs
(t, a, s) =

3843∑

i=1009

piKht
(t− ti)Kha

(a− ai)Khs
(s− si)

3843∑

i=1009

Kht
(t− ti)Kha

(a− ai)Khs
(s− si)

. (2.38)

whereKh(u) = h−1k(u/h). The bandwidths were chosen using a combination of
Cross-Validation and visual inspection.
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Figure 2.9: Heat loadp(t) versus ambient air temperaturea(t) and supply temperature
s(t) from August 14th to December 10th in Esbjerg, Denmark.
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Figure 2.10: Kernel estimate of the dependence on time of day, td, ambient air temper-
ature,a and supply temperature,s, shown attd = 7.



56 CHAPTER 2. NON–PARAMETRIC METHODS AND TIME SERIES ANALYSIS

(ht; ha; hs) = (3:35; 2:24; 2:24)-5 0 5 10 15 20 60 70 80 90 10050100150200250300 a [ oC] s [ oC]�̂ [MJ/s]
Figure 2.11: Point-wise estimate of standard deviation of the surface estimates.
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2.5 Smoothing

The kernel estimates considered in the previous section provide a localconstantes-
timate of the response or dependent variableY as a function of the predictor or in-
dependent variableX. Hence the kernel estimate produces a smooth estimate of the
variation which are less variable thanY itself. This tool is therefore also called akernel
smoother.

In general asmootheris a tool for estimating the response variable as a function of
the predictor variables. An obvious generalization of the principles of using a local
constant approximation is to use a local polynomial approximation.

In this section some other smoothing principles will be outlined and some applications
related to time series analysis will be given. First a basic smoothing principle, namely
the bin smoother, will be introduced. Secondly, the principles of smoothing bylocal
weighted least squaresregression is outlined. This method is generalized using the
conditional parametric models, and extended to time series models by introducing the
conditional parametric ARX-models. Finally, some examples will be provided.

2.5.1 Regressogram (Bin smoother)

Thebin smoother, also calledregressogram[Tukey 1961], is simply a rectangular ker-
nel estimator based on a partitioning of the predictor values into a number of regions,
and then averaging the response in each region. In the following the regressogram
estimates for the conditional mean and variance are defined.

Definition 2.2 (Regressogram – bin smoother).Let I1, . . . , IdN
be a partition of an

interval [a, b] made up of intervals of lengthhj , and denoteIx = Ij for x ∈ Ij, and
h(x) = hj for x ∈ Ij . The regressogram estimatorŝM andV̂ for the conditional mean
and variance, respectively, are defined by

M̂(x) =
(Nh(x))−1

∑N
t=1 YtI{Xt ∈ Ix}

(Nh(x))−1
∑N

t=1 I{Xt ∈ Ix}
(2.39)

V̂ (x) =
(Nh(x))−1

∑N
t=1(Yt − M̂(x))2I{Xt ∈ Ix}

(Nh(x))−1
∑N

t=1 I{Xt ∈ Ix}
(2.40)

whereI{·} is an indicator function. N

Often the intervals are of equal length. Typically five regions are chosen, and the
cutoff points are selected so that there is approximately anequal number of points in
each region [Hastie & Tibshirani 1990].
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The estimate provided by the bin smoother is not very smooth because it jumps be-
tween the intervals.

2.5.2 Locally-weighted polynomial regression

Let us return to the non-parametric least squares estimate as described in Section 2.3.3
where the following weighted least squares problem is considered

arg min
θ

1

N

N∑

s=1

ws(x)(Ys − θ)2 (2.41)

The underlying model is obviously thatθ is (locally) constant, i.e.Yt = θ + ǫt. The
estimate becomes, however, a function ofx. Note the similarity with adaptive LS and
adaptive RLS – see for instance Chapter 2 and 9 in [Madsen 1995a].

If the curvature of the true regression curve is substantialthen only a small fraction
of the observations can be used to estimate a local constant if that estimate shall pro-
vide a reasonable (local) estimation of the regression curve. Therefore it is obvious
to consider a generalization to local regression models where, for instance, a local
polynomial approximation can be used. This is the main idea behind locally-weighted
regression, which is also calledLocally-Weighted Least Squares (LWLS).

Model and estimation

The underlying model for local regression is

Yt = µ(X t) + ǫt (2.42)

where the functionµ is assumed to be smooth and estimated by fitting a polynomial
P (Xt,x) model within a sliding window, and parameterized such that

µ(x) = P (x,x) (2.43)

For each fitting point, and for a given parameterizationθ of the polynomium, the
following locally least squares problem is considered

arg min
θ

1

N

N∑

s=1

ws(x)(Ys − P (Xs,x))2 (2.44)

The local least squares estimate ofµ(x) is nowµ̂(x) = P̂ (x,x).
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Example 2.4 (Locally-weighted linear model).Consider the local linear approxima-
tion

P (Xt, x) = θ0 + θ1(Xt − x) (2.45)

By takingθ = (θ0, θ1) the parameters are estimated locally at each fitting pointx by
solving

arg min
θ

1

N

N∑

s=1

ws(x)(Ys − (θ0 + θ1(Xs − x))2 (2.46)

and the local linear estimate ofµ(x) is

µ̂(x) = θ̂0 (2.47)

�

Note that each least squares problem producesµ̂(x) for that single point – to estimate
at additional points a new locally weighted problem has to besolved.

Weight functions

In Section 2.3.3 the weightsws(x) were defined using the kernel; but in the non-
parametric least squares setting the weight normally arises using a nowhere increasing
functionW . Some weight functions are given in Table 2.1.

Name Weight function

Box W (u) =

{
1, u ∈ [0; 1)
0, u ∈ [1;∞)

Triangle W (u) =

{
1 − u, u ∈ [0; 1)
0, u ∈ [1;∞)

Tri-cube W (u) =

{
(1 − u3)3, u ∈ [0; 1)
0, u ∈ [1;∞)

Gauss W (u) = exp(−u2/2)

Table 2.1: Some weight functions.

In the case of a spherical weight function the weight is givenby

ws(x) = W (||x−Xs||/h(x)), (2.48)
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where||x −Xs|| is the Euclidean distance betweenx andXs. A product kernel is
characterized by distances being calculated one dimensionat a time, i.e.

ws(x) =

q∏

i=1

W (|xi −X(i)
s |/h(x)), (2.49)

whereq is the dimension ofx. The scalarh(x) > 0 is called the bandwidth. Compare
with (2.20).

For the choice of thebandwidtheither ametricor arankprinciple can be used. Ifh(x)
is chosen so that a certain fraction (α) of the observations (Xs) is within the bandwidth
it is denoted anearest neighbor (NN) bandwidth. If h(x) is constant for all values of
x it is denoted afixed bandwidth. If x has dimension of two or larger, ascalingof the
individual elements ofx before applying the method should be considered, see e.g.
[Cleveland & Devlin 1988]. Other coordinate systems than that dictated byx might
also be relevant as e.g. Mahalanobis type measures (xT Σ−1x) – compare also with
(2.17).

Example 2.5 (Locally weighted LS).Figure 2.12 shows the locally LWLS estimate
using a local constant model and a NN method, whereas Figure 2.13 shows the results
using a local quadratic model.
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Figure 2.12: LWLS – Local constant approximation.

It is clearly seen that the bias is much larger for the local constant model than for the
local quadratic model.

�
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Figure 2.13: LWLS – Local quadratic approximation.

2.6 Conditional parametric models

This class of models is a further generalization to models which are (globally) lin-
ear in the some of the regressors; but the coefficients of the model are assumed to
change smoothly as an unknown function of other variables. The models are also
calledvarying-coefficient models[Hastie & Tibshirane 1993]. When all coefficients
depend on the same variable the model is, however, denoted aconditional parametric
model.

The model

Assume that observations of the responseYt and the predictor variablesX t andZt

exist for observation numberst = 1, . . . , N . The conditional parametric modelis
defined as

Yt = ZT
t θ(X t) + ǫt; t = 1, . . . , N, (2.50)

where{ǫt} is zero mean iid random variables.

The parameters of the above model is again estimated locallyby using the straightfor-
ward generalization of (2.44), namely by solving

arg min
θ

1

N

N∑

s=1

ws(x)(Ys −ZT
s θ(x))2 (2.51)
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whereθ(x) most frequently is parameterized using polynomials, as in (2.44). Regard-
ing the weight function we refer to the previous section. Letus illustrate the method
by an example.

Example 2.6 (Locally-weighted linear model).Assume that the global variable is
ZT

t = (1, Z1t), anddim(x) = 1.

In aconstant locally-weighted linearsettingθT = (θ0, θ1).

In a quadratic locally-weighted linearsetting were the local constant parameter as-
sumption is replaced by a local quadratic assumption ofθ(x) the above value ofZt is
replaced by

ZT
t = (1, Xt, X

2
t , Z1t, Z1tXt, Z1tX

2
t ) (2.52)

and the parameter vector is now

θT = (θ00, θ01, θ02, θ10, θ11, θ12) (2.53)

After (locally) estimating the parameters in (2.53) the local estimates ofθ0 andθ1 are

θ̂0(x) = θ̂00(x) + θ̂01(x)x+ θ̂02(x)x
2

θ̂1(x) = θ̂10(x) + θ̂11(x)x+ θ̂12(x)x
2

�

2.6.1 Conditional parametric ARX-models

In this section we shall use the previously defined varying-coefficients models to define
a very useful class of non-linear ARX models, where the coefficients depend on some
other external variables. Most of the text and the discussion is taken from [Nielsen,
Nielsen & Madsen 1997]. In this reference also the effect of correlation in the input is
studied in some detail.

It is well known that a linear ARX-model can be written in the form (2.50), wheret is
the time index,θ(·) is a constant parameter vector andZt contains input and lagged
values ofYt. Hence, if the parameters depend on an external variable, asfor instance
Xt−m, it is obvious to defineconditional parametric ARX-modelsas models written in
the form

Yt =
∑

i∈Ly

ai(Xt−m)Yt−i +
∑

i∈Lu

bi(Xt−m)Ut−i + ǫt, (2.54)

wheret is the time index,Yt is the output variable,Xt andUt are input variables,
{ǫt} is zero mean white noise,Ly andLu are sets of positive integers defining the
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autoregressive and input lags in the model, andm is a positive integer.ai(·) and
bi(·) are unknown but smooth functions which are to be estimated. Extensions to
multivariateXt andUt are strait forward.

A simulation study in [Nielsen et al. 1997] has shown that it is reasonable to use the
techniques from the conditional parametric models to estimate parameters in the above
defined class of non-linear dynamic models.

2.6.2 Functional-coefficient AR-models

The functional-coefficient AR-models ([Chen & Tsay 1993] isa model where the co-
efficients are function of previous values of the process itself. More specifically the
functional-coefficient AR-model(FAR model) is a model on the form

Yt =

p∑

i=1

ai(Y
∗
t−1)Yt−i + ǫt, (2.55)

whereai(·) are unknown but smooth functions of previous values of the process as col-
lected in the vectorY ∗

t−1. This model is a special case of thestate-dependent models,
which will be described in more detail in Chapter 7. It is alsoseen that for instance the
EXPAR model is a special case of the above FAR model. Note alsothat the functional-
coefficient AR-model is different from the fractional autoregressive model defined in
Chapter 1.

2.6.3 Case study

Let us illustrate the use of the conditional parametric ARX model by consider real data
and a real problem which focus on modelling the dynamic relation of temperatures in
a district heating system. In such a system the energy neededfor heating and hot tap-
water in the individual households is supplied from a central heating utility. The energy
is distributed as hot water through a system of pipelines covering the area supplied.

Models of the relationship between supply temperature and inlet temperature are of
high interest from a control point of view. Previous studieshave lead to a library
of ARX-models with different time delays and with a diurnal variation in the model
parameters. Methods for on-line estimating of the varying time delay as well as a con-
troller which takes full advantage of this model structure have previously been pub-
lished [Søgaard & Madsen 1991, Palsson, Madsen & Søgaard 1994, Madsen, Nielsen
& Søgaard 1996].
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A more direct approach is, as suggested in [Nielsen et al. 1997], to use one ARX-model
but with parameters replaced by smooth functions of the flow rate. This approach is
addressed in the following. A big advantage for this approach is that the need for
on-line estimation of the time delay is eliminated.

Data

The data covers the periods from 1 April until 31 May and 1 September until 17 De-
cember, 1996. Data consists of five minute samples of supply temperature and flow
at the plant together with the network temperature at a majorconsumer, consisting of
84 households. In 1996 that consumer used 1.2% of the produced energy. Based on
the observations half-hour averages were calculated, and these values are used in the
following.

Non-linear FIR and ARX models

The network temperature is modelled by models of the structure (2.54), where one time
step corresponds to 30 minutes,Yt represents the network temperature,Ut represents
the supply temperature, andXt represents a filtered value of the flow.

Below results corresponding to two different model structures are presented, (i) the
non-linear Finite Impulse Response (FIR) model

Yt =

30∑

i=0

bi(Xt)Ut−i + ǫt (2.56)

and thenon-linear ARX-model

Yt = a(Xt)Yt−1 +
15∑

i=3

bi(Xt)Ut−i + ǫt (2.57)

It will be illustrated how some of the terms used for ordinarylinear models, like the
stationary gain and poles, can be used also for this type of non-linear models.

Results

For both the FIR-model and the ARX-model described in the previous section local
quadratic estimates and nearest neighbor bandwidths are used. The coefficient func-
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tions are estimated at 50 equally spaced points ranging fromthe 2% to the 98% quantile
of the filtered flow.

The coefficient functions of the FIR-model are estimated using a nearest neighbor
(NN) bandwith forα equal to0.1, 0.2, . . . , 0.9. In Figure 2.14 the impulse response
as a function of the flow is displayed forα = 0.4. Equivalent plots for the remain-
ing bandwidths revealed that forα ≤ 0.2 the fits are too noisy, whereas in all cases
sufficiently smoothness is obtained atα = 0.5. Only minor differences in the fits are
observed forα ∈ {0.3, 0.4, 0.5}.
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Figure 2.14: Impulse response of the FIR-model.

In Figure 2.15 a contour plot corresponding to Figure 2.14 isshown. From the plot the
varying time delay of the system is revealed, it seems to varyfrom three lags when the
flow is large to approximately ten lags when the flow is near itsminimum. The peak
at lag zero for the lower flows is clearly an artifact.

The residuals of the FIR-model show diurnal variation. The sample inverse autocorre-
lation function of the residuals indicates that an AR(1)-model can account for most of
the correlation.

Based on the results obtained for the FIR-model the ARX-model described in Sec-
tion 2.6.3 is purposed. The coefficient functions of the model are estimated forα
equal to 0.3, 0.4, and 0.5. Very similar results are obtainedfor the three different band-
widths. Forα = 0.4 the impulse response as a function of the flow is displayed in
Figure 2.16. The varying time delay is clearly revealed.

In Figure 2.17 the stationary gain of the two models and the pole of the ARX-model
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Figure 2.15: Contour plot of the impulse response of the FIR-model (α = 0.4). The
contour lines is plotted from -0.1 to 0.7oC in steps of 0.1oC, lines corresponding to
non-positive values are dotted.
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Figure 2.16: Impulse response of the ARX-model.
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Figure 2.17: Stationary gain of the FIR-model (left) and ARX-model (middle) and
the pole of the ARX-model (right) all plotted against the flowand for NN bandwithα
equal to 0.3, 0.4, and 0.5.

are shown. The model describes the relation between the temperature at the plant and
the network temperature. Hence, in the case of no temperature loss the stationary gain
(the stationary gain for constant flow) must be 1.

From the estimated values of the stationary gain it is seen that the temperature loss
changes from 6% when the flow is large to 12-15% when the flow is small. This
clearly illustrates that no single values exists for the stationary gain as for the linear
models; in the considered case the stationary gain and the location of the pole depend
on the flow.
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Chapter 3

Identification

3.1 Introduction

This chapter focus on various aspects related to theidentificationof a non-linear (or
non-Gaussian) time series model. The identification step involves determining the
structure of the functional description of a (possibly) non-linear relation. A method,
which is related to the kernel estimation of the conditionalmean described in the pre-
vious chapter, is outlined in Section 3.2.

The identification of the functional relation is based on theassumption that the number
of needed lags in the function is identified. In linear time series analysis the number
of needed lags is traditionally determined by considering the sample ACF and sample
PACF for the time series. However, these tools are not suitable for identifying some
non-linear lag dependency. Therefore some equivalent tools, called theLag Dependent
Functionsare introduced in Section 3.3, for identifying the lag dependency in the more
general non-linear case.

3.2 Identification of a functional relation

In this section a method for detecting nonlinearities and determining the structure of
the functional relationship is considered. The method usesestimated cumulative con-
ditional mean and variance functions.

Assume that the conditional mean and variance of the stationary process{Xt} given

69
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Xt−1, Xt−2, . . . only depend onXt−1. This holds for the very important nonlinear
model

Xt = g(Xt−1) + h(Xt−1)ǫt, (3.1)

where{ǫt} is white noise with unit variance.

In section 2.4.2, non-parametric estimates of the conditional mean and variance were
used to obtain non-parametric estimates of the functions inthe nonlinear model (3.1).
For convenience we will use the following notation :

λ(x) = E[xt | xt−1 = x], (3.2)

γ(x) = V [xt | xt−1 = x]. (3.3)

Given a time series{X1, . . . , Xn} the above estimates can therefore be used toidentify
the functions. It is important to note that asymptotic results for the estimators ofλ and
γ are only usefulpointwise.

Introducecumulativeversions of the conditional mean and variances

Λ(·) =

∫ ·

a

λ(x)dx (3.4)

Γ(·) =

∫ ·

a

γ(x)dx (3.5)

where attention is restricted to some fixed interval[a, b]. Obviously estimates ofΛ and
Γ can be used toidentifythe nonlinear functions as well.

The advantages of considering the cumulative versions are that

• It is possible to derive functional limit theorems (whereasasymptotic results for
kernel estimators ofλ andγ are only useful pointwise).

• As an implication of the item above, tests can be constructedfor testing a partic-
ular model.

• The estimators forΛ andΓ are relatively insensitive to variations in the band-
width compared to the estimator forλ andγ.

In the following we restrict the attention to theregressogram[Tukey 1961] as defined
in Section 2.5.1.

Let I1, . . . , Idn
be a partition of[a, b] made up of intervals of equal lengthhn, and

denoteIx = Ij for x ∈ Ij . The regressogram estimatorsλ̂ andγ̂ follows using (2.39)
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and (2.39) withYt ∼ Xt andXt ∼ Xt−1, i.e.

λ̂(x) =
(nhn)−1

∑n
t=1XtI{Xt−1 ∈ Ix}

(nhn)−1
∑N

t=1 I{Xt−1 ∈ Ix}
(3.6)

γ̂(x) =
(nhn)−1

∑n
t=1(Xt − λ̂(x))2I{Xt−1 ∈ Ix}

(nhn)−1
∑n

t=1 I{Xt−1 ∈ Ix}
(3.7)

Now introduce the estimators

Λ̂(·) =

∫ ·

a

λ̂(x)dx, (3.8)

Γ̂(·) =

∫ ·

a

γ̂(x)dx. (3.9)

Simulation studies have shown that there should be at least five observations in each
interval [McKeague & Zhang 1994]. It is clear that more sophisticated estimators (e.g.
the kernel estimators considered in the previous chapter) would outperform the regres-
sograms in estimatingλ andγ. However, the integration has a strong smoothing effect,
so the gain obtained by using kernel estimators applied to the cumulative characteris-
tics might be small. For higher order models the kernel estimators probably would be
useful.

Under some weak conditions (e.g. that the marginal density of Xt does not vanish on
[a, b] – see [McKeague & Zhang 1994] for a further description of theconditions) an
asymptotic100(1 − α)% confidence bandfor Λ is given by

Λ̂(x) ± cαn
−1/2Ĥ(b)1/2

(
1 +

Ĥ(x)

Ĥ(b)

)
; x ∈ [a, b], (3.10)

whereĤ(·) =
∫ ·

a
γ̂/f̂dx, andf̂ is the histogram estimator forf , i.e.

f̂(x) = (nhn)−1
n∑

t=1

I{xt−1 ∈ Ix} (3.11)

cα is the upperα quantile of the distributionsupt∈[0,1/2] |B0(t) |, whereB0 is a Brow-
nian bridge. Values ofcα are given in Table 3.2.

A confidence band forΓ can be found in a similar way.

Test of simple hypothesesλ = λ0 andγ = γ0, whereλ0 andγ0 are specified, can be
made by checking whether the confidence bands containΛ0 andΓ0.
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α 0.99 0.95 0.90 0.75 0.50
cα 1.552 1.273 1.133 0.920 0.720

Table 3.1: Some percentiles of distributionsupt∈[0,1/2] |B0(t) |.
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3.3 Identification of lag dependencies

In classical time series analysis the sample autocorrelation function (SACF ) and the
sample partial autocorrelation function (SPACF ) has gained wide application for
identification of the model order, or lag dependency, for linear time series models.
For non-linear time series these tools are not sufficient since they only address linear
dependencies.

This section describes generalizations applicable for identification of the model order,
in terms of the needed lags, for non-linear time series models. The presentation fol-
lows [Nielsen & Madsen 2001]. The generalized functions arethe Lag Dependence
Functions(LDF), and thePartial Lag Dependence Functions(PLDF). Furthermore a
measure of the distance from linearity, called Non-linear Lag Dependence Function
(NLDF), and a Cross Dependence Function is briefly mentioned.

The tools are founded on the non-parametric methods as described in Chapter cha:kernel.
The generalizations do not prescribe a particular smoothing technique. In fact, when
the smoother is replaced by a linear regression the sample versions of LDF and PLDF
reduce to close approximations of the sample versions of ACFand PACF. The gener-
alizations allow for graphical presentations, very similar to those used for SACF and
SPACF.

Under a hypothesis of independence bootstrap confidence intervals [Efron & Tibshirani
1993] of the lag dependence function are readily calculated, and it is proposed that
these can also be applied for the partial lag dependence function. Furthermore, under a
specific linear hypothesis, bootstrapping can be used to construct confidence intervals
for the non-linear lag dependence function. Since the size of the confidence intervals
depend on the flexibility of the smoother used it is informative to apply the tools using
a range of smoothing parameters.

The lag dependence function and the non-linear lag dependence function are readily
calculated in that only univariate smoothing is needed, whereas multivariate smoothing
or backfitting is required for the application of the partiallag dependence function.

In Section 3.3.1 the study is motivated by considering a simple deterministic non-linear
process for which the sample autocorrelation function is non-significant. Section 3.3.2
describes some preliminaries leading to the generalization. The proposed tools are
described in Sections 3.3.3, 3.3.4, and 3.3.5 and bootstrapping is considered in Sec-
tion 3.3.6. Examples of application by considering simulated linear and non-linear
processes and the Canadian lynx data [Moran 1953] are found in Section 3.3.7.
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3.3.1 Motivation

The sample autocorrelation function, commonly used for structural identification in
classical time series analysis, measures only the degree oflinear dependency. In fact
deterministic series exists for which the sample autocorrelation function is almost zero,
see also [Granger 1983]. Consider, for instance, the deterministic process:

Xt = 4Xt−1(1 −Xt−1) (3.12)

for which Figure 3.1 shows 1000 values usingX1 = 0.8 and the corresponding sam-
ple autocorrelation functionSACF together with an approximative 95% confidence
interval of the estimates under the hypothesis that the underlying process is i.i.d. Fur-
thermore lagged scatter plots for lag one and two are shown. From the plot of the series
and theSACF the deterministic structure is not revealed. However, the lagged scatter
plots clearly reveal that the series contains a non-linear dynamic dependency.
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Figure 3.1: The time series (top),SACF (bottom, left),Xt versusXt−1 (bottom,
middle), andXt versusXt−2 (bottom, right) for 1000 values the deterministic proces
Xt = 4Xt−1(1 −Xt−1) with X1 = 0.8.

In practice the series will often be contaminated with noiseand it is then difficult to
judge from the lagged scatter plots whether any dependence is present. Smoothing the
lagged scatter plots will aid the interpretation but different smoothing parameters may
result in quite different estimates. Therefore it is important to separate the variability
of the smooth from the underlying dependence.

From Figure 3.1 it is revealed that, in principle,xt can be regarded as a function of
xt−k for any k > 0, but k = 1 is sufficient, sincext can be predicted exactly from
xt−1 alone. This indicates that there may exist a non-linear equivalent to the partial
autocorrelation function.
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3.3.2 Multiple linear regression, correlation and partial cor-
relation

In this section the relations between multiple linear regression, correlation, and partial
correlation are presented with a focus on aspects leading tothe generalized tools.

Estimates of correlation and partial correlation are closely related to values of theco-
efficient of determination(R-squared) obtained using linear regression models. The
generalizations of the sample autocorrelation functionSACF and the sample partial
autocorrelation functionSPACF are based on similarR-squared values obtained us-
ing non-linear models.

Consider the multivariate stochastic variable(Y,X1, . . . , Xk). The squared multiple
correlation coefficientρ2

0(1...k) betweenY and(X1, . . . , Xk) can be written [Kendall &
Stuart 1961, p. 334, Eq. (27.56)]

ρ2
0(1...k) =

V [Y ] − V [Y |X1, . . . , Xk]

V [Y ]
. (3.13)

Given observationsyi, x1i, . . . , xki; i = 1, . . . , N of the stochastic variables(Y,X1, . . . , Xk)
and assuming normality the maximum likelihood estimate ofρ2

0(1...k) is

R2
0(1...k) =

SS0 − SS0(1...k)

SS0
, (3.14)

whereSS0 =
∑

(yi−
∑
yi/N)2 andSS0(1...k) is the sum of squares of the least squares

residuals when regressingyi linearly onx1i, . . . , xki (i = 1, . . . , N). R2
0(1...k) is also

called the coefficient of determination of the regression.R2
0(1...k) can be interpreted as

the relative reduction in variance due to the regressors.

Hence it follows that when regressingyi linearly onxki the coefficient of determination
R2

0(k) equals the squared estimate of correlation betweenY andXk, and furthermore it
follows thatR2

0(k) = R2
k(0).

The partial correlation coefficientρ(0k)|(1...k−1) betweenY andXk givenX1, . . . , Xk−1

measures the extent to which, by using linear models, the variation inY , which cannot
be explained byX1, . . . , Xk−1, can be explained byXk. Consequently, the partial cor-
relation coefficient is the correlation between(Y |X1, . . . , Xk−1) and(Xk |X1, . . . , Xk−1),
see also [Rao 1973, p. 270]. Using [Whittaker 1990, p. 140] weobtain

ρ2
(0k)|(1...k−1) =

V [Y |X1, . . . , Xk−1] − V [Y |X1, . . . , Xk]

V [Y |X1, . . . , Xk−1]
. (3.15)

Fork = 1 it is readily seen thatρ2
(0k)|(1...k−1) = ρ2

0(1). If the variances are estimated us-
ing the maximum likelihood estimator, assuming normality,it follows that an estimate
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of ρ2
(0k)|(1...k−1) is

R2
(0k)|(1...k−1) =

SS0(1...k−1) − SS0(1...k)

SS0(1...k−1)

. (3.16)

Besides an estimate ofρ2
(0k)|(1...k−1) this value can also be interpreted as the relative

decrease in the variance when includingxki as an additional predictor in the linear
regression ofyi onx1i, . . . , xk−1,i. Note that (3.16) may also be derived from [Ezekiel
& Fox 1959, p. 193].

InterpretingR2
0(1...k), R

2
0(k), andR2

(0k)|(1...k−1) as measures of variance reduction when
comparing models [Anderson-Sprecher 1994], these can be calculated and interpreted
for a wider class of models such as non-parametric and additive models.

In the following “˜ ” will be used above values ofSS andR2 obtained from models
other than linear models.

3.3.3 Lag Dependence Function

Assume that observations{x1, . . . , xN} from a stationary stochastic process{Xt} ex-
ists. It is readily shown that the squaredSACF (k) can be closely approximated by
the coefficient of determination when regressingxt linearly onxt−k, i.e.R2

0(k).

This observation leads to a generalization ofSACF (k), based oñR2
0(k) obtained from

a smooth of thek-lagged scatter plot, i.e. a plot ofxt againstxt−k. The smooth is an es-
timate of the conditional meanfk(x) = E[Xt |Xt−k = x]. Thus, the Lag Dependence
Function in lagk, LDF (k), is calculated as

LDF (k) = sign
(
f̂k(b) − f̂k(a)

)√
(R̃2

0(k))+ (3.17)

wherea andb are the minimum and maximum over the observations and the subscript
“+” indicates truncation of negative values. The sign is included to provide informa-
tion about the direction of the average slope. The truncation is necessary to ensure that
(3.17) is defined. However, the truncation will only become active in extreme cases.
By definitionLDF (0) is set equal to one.

Due to the reasons mentioned above, whenf̂k(·) is restricted to be linear,LDF (k) is
a close approximation ofSACF (k) and, hence, it can be interpreted as a correlation.
In the general caseLDF (k) can be interpreted as (the signed square-root of) the part
of the overall variation inxt which can be explained byxt−k.
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3.3.4 Partial Lag Dependence Function

For the time series{x1, . . . , xN} the sample partial autocorrelation function in lagk,
denotedSPACF (k) or φ̂kk, is obtainable as the Yule–Walker estimate ofφkk in the
AR(k) model

Xt = φk0 + φk1Xt−1 + . . .+ φkkXt−k + et, (3.18)

where{et} is i.i.d. with zero mean and constant variance. An additive,but non-linear,
alternative to (3.18) is

Xt = ϕk0 + fk1(Xt−1) + . . .+ fkk(Xt−k) + et. (3.19)

This model may be fitted using the backfitting algorithm [Hastie & Tibshirani 1990].
The functionfkk(·) can be interpreted as a partial dependence function in lagk when
the effect of lags1, . . . , k − 1 is accounted for. If the functionsfkj(·), (j = 1, . . . , k)

are restricted to be linear then̂fkk(x) = φ̂kkx and the function can be uniquely identi-
fied by its slopêφkk.

However, since the partial autocorrelation function in lagk is the correlation between
(Xt |Xt−1, . . . , Xt−(k−1)) and (Xt−k |Xt−1, . . . , Xt−(k−1)), the squaredSPACF (k)
may also be calculated asR2

(0k)|(1...k−1), based on linear autoregressive models of order
k − 1 andk. Using models of the type (3.19)SPACF (k) may then be generalized
using anR-squared value obtained from a comparison of models (3.19) of orderk− 1
andk. This value is denoted̃R2

(0k)|(1...k−1) and we calculate the Partial Lag Dependence
Function in lagk, PLDF (k), as

PLDF (k) = sign
(
f̂kk(b) − f̂kk(a)

)√
(R̃2

(0k)|(1...k−1))+. (3.20)

When (3.19) is replaced by (3.18)PLDF (k) is a close approximation ofSPACF (k).
As forLDF (k), generally,PLDF (k) cannot be interpreted as a correlation. However,
PLDF (k) can be interpreted as (the signed square-root of) the relative decrease in
one-step prediction variance when lagk is included as an additional predictor. For
k = 1 the model (3.19) corresponding tok − 1 reduces to an overall mean and the
R-squared value in (3.20) is thus̃R2

0(1), wherebyPLDF (1) = LDF (1) if the same
smoother is used for both functions. Fork = 0 the partial lag dependence function is
set equal to one.

The non-linear additive autoregressive model (3.19) is canbe fitted by the the back-
fitting algorithm [Hastie & Tibshirani 1990], see also [Nielsen & Madsen 2001] for
details.
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3.3.5 Strictly Non-Linear Lag Dependence

The lag dependence function described in Section 3.3 measures both linear and non-
linear dependence. If, in the definition ofR̃2

0(k), the sum of squares from a overall mean
SS0 is replaced by the sum of squaresSSL

0(k) of the residuals from fitting a straight line
to thek-lagged scatter plot, a measure of non-linearity is obtained. In this paper this
will be called the strictly Non-linear Lag Dependence Function in lagk, orNLDF (k).
Hence

NLDF (k) = sign
(
f̂k(b) − f̂k(a)

)
√√√√
(
SSL

0(k) − S̃S0(k)

SSL
0(k)

)

+

, (3.21)

wheref̂k is obtained as for (3.17), i.e. it is a smooth of thek-lagged scatter plot and
S̃S0(k) is the sum of squares of the residuals from this smooth.

3.3.6 Confidence Intervals

In principle, the smoothing parameters associated with thesmooth can be selected to
obtainR-squared values arbitrarily close to one. For this reason itis important to
obtain confidence intervals for, e.g., the lag dependence function under the hypothesis
that the underlying process is i.i.d. and for a given set of smoothing parameters.

As indicated above it is clear that the range of the confidenceintervals will depend on
the flexibility of the smoother. To detect a general non-linearity a flexible smoother
must be used whereby the range of the confidence interval willbe increased compared
to the case where we are only interested in detecting minor departures from linear-
ity or departures in the direction of near-global higher order polynomials. Thus, the
bandwidth of the smoother can be used to adjust the properties of the test. It is rec-
ommended to apply the methods using a range of bandwidths andsmoothers. These
aspects are exemplified in Section 3.3.7.

Under the hypothesis that the time series{x1, . . . , xN} are observations from an i.i.d.
process the distribution of any of the quantities discussedin the previous sections can
be approximated by generating a large number of i.i.d. time series of lengthN from
an estimate of the distribution function of the process and recalculating the quanti-
ties for each of the generated time series. Such methods are often denoted bootstrap
methods and in this context various approaches to the calculation of approximate con-
fidence intervals have been addressed extensively in the literature, see e.g. [Efron &
Tibshirani 1993]. An extensive description of the bootstrap methods for calculating the
confidence limits for LDF and PLDF estimates are found in [Nielsen & Madsen 2001].
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3.3.7 Examples

Non-linear processes

Three non-linear processes are addressed, namely (i) the non-linear autoregressive pro-
cess (NLAR(1))

Xt =
1

1 + exp(−5Xt−1 + 2.5)
+ et, (3.22)

where{et} i.i.d.N(0, 0.12), and (ii) the non-linear moving average process (NLMA(1))

Xt = et + 2 cos(et−1), (3.23)

where{et} i.i.d.N(0, 1) and (iii) the non-linear and deterministic process described in
Section 3.3.1, calledDNLAR(1) in the following. For all three cases 1000 observa-
tions are generated. The starting value forNLAR(1) is set to 0.5 and forDNLAR(1)
it is set to 0.8. Plots of the seriesNLAR(1) andNLMA(1) are shown in Figure 3.2.
The plot ofDNLAR(1) is shown in Figure 3.1.

0 200 400 600 800 1000

-0
.2
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0

0 200 400 600 800 1000

-2
0

2
4

Figure 3.2: Plots of the seriesNLAR(1) (top) andNLMA(1) bottom.

For the calculation ofLDF , PLDF , andNLDF a local linear smoother with a near-
est neighbour bandwidth of 0.5 is used. Actually, lagged scatter plots indicate that a lo-
cal quadratic smoother should be applied, at least forNLMA(1) andDNLAR(1), but
to avoid a perfect fit for the deterministic series a local linear smoother is used. Confi-
dence intervals are constructed using standard normal intervals, since normal QQ-plots
of the absolute values of the 200 bootstrap replicates showed this to be appropriate.
The confidence interval obtained forLDF is included on the plots ofPLDF .

Figure 3.3 showsSACF , SPACF , LDF , andPLDF for the three series. For
NLMA(1) andDNLAR(1) the linear tools,SACF andSPACF , indicate indepen-
dence andLDF shows that lag dependence is present. From these observations it can
be concluded thatNLMA(1) andDNLAR(1) are nonlinear processes. From the plots
of LDF andPLDF it cannot be inferred whetherNLMA(1) is of the autoregressive
or of the moving average type. ForDNLAR(1) the autoregressive property is more
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clear sincePLDF drops to exactly zero after lag two. In the case ofDNLAR(1) a
more flexible smoother will result in values ofLDF being significantly different from
zero for lags larger than two, while, forNLMA(1), LDF will be close to zero for
lags larger than one independent of the flexibility of the smoother used. This is an
indication ofDNLAR(1) being of the autoregressive type andNLMA(1) being of
the moving average type.
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Figure 3.3:SACF , SPACF , LDF , andPLDF (columns, left to right) for series
NLAR(1), NLMA(1), andDNLAR(1) (rows, top to bottom).

ForNLAR(1) the linear tools indicate that the observations come from anAR(1) pro-
cess. This is not seriously contradicted byLDF or PLDF , althoughLDF declines
somewhat slower to zero thanSACF . To investigate if the underlying process is linear,
a GaussianAR(1) model is fitted to the data and this model is used as the hypothesis
under which 200 (parametric) bootstrap replicates ofNLDF are generated. Normal
QQ-plots show that the absolute values of the bootstrap replicates are approximately
Gaussian. Figure 3.4 showsNLDF and 95% standard normal intervals, constructed
under the hypothesis mentioned above. From Figure 3.4 it is concluded that the un-
derlying process is not the estimatedAR(1)-model, and based onPLDF it is thus
concluded that the observations originate from a non-linear process of theAR(1) type.

ForNLAR(1) Figure 3.5 shows the estimated relation betweenxt andxt−1 using the
same smoother as used above. This should only be regarded as apreliminary estimate.
Note that although the investigation above indicates thatNLMA(1) is of the non-
linearMA(1) type the models fitted with the purpose of calculatingLDF , PLDF ,
andNLDF are not of this type. A different method is required for estimation.
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Figure 3.4:NLDF for NLAR(1), including a 95% confidence interval under the
assumption of anAR(1) process (dotted).
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Figure 3.5: Scatter plot ofxt againstxt−1 for NLAR(1), together with the true (solid)
and estimated (dotted) relation using a local linear smoother and a nearest neighbour
bandwidth of 0.5.
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Canadian lynx data

Lin & Pourahmadi (1998) analyzed the Canadian lynx data [Moran 1953] using non-
parametric methods similar to the methods presented in thispaper. The data is also
described in [Tong 1990a, Section 7.2]. In this paper a thorough analysis of the data
will not be presented, but the data will be used to illustratehow the methods suggested
can be applied. As in [Lin & Pourahmadi 1998] the data islog10-transformed prior to
the analysis.

For the transformed dataLDF , PLDF , andNLDF are computed using a local
quadratic smoother and nearest neighbour bandwidths of 0.5and 1. A local quadratic
smoother is used since lagged scatter plots indicate that for some lags the underly-
ing dependence may contain peaks. ForLDF 200 bootstrap replicates are generated
under the i.i.d. hypothesis and QQ-plots indicate that standard normal intervals are ap-
propriate. The same apply forNLDF with the exception that the bootstrap replicates
are generated under the hypothesis that theAR(2) model of Moran (1953), also de-
scribed by Lin & Pourahmadi (1998), is true. Confidence intervals are computed also
for PLDF for the nearest neighbour bandwidth of 1.0. The intervals are based one
hundred bootstrap replicates ofPLDF generated under the i.i.d. hypothesis.

In Figure 3.6 plots ofLDF , NLDF , andPLDF are shown. Dotted lines indicate
95% confidence intervals under the i.i.d. hypothesis (LDF ) and under theAR(2)
model of Moran (1953) (NLDF ). The intervals obtained forLDF are also shown
on the plots ofPLDF . Furthermore, for the nearest neighbour bandwidth of 1.0, a
95% confidence interval for white noise is included on the plot of PLDF (solid lines).
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Figure 3.6: Canadian lynx data (log10-transformed). Plots ofLDF , NLDF , and
PLDF using local quadratic smoothers and nearest neighbour bandwidths 0.5 (top
row) and 1.0 (bottom row).

From the plots ofLDF it is clearly revealed that the process is not i.i.d. The plots of
NLDF for a nearest neighbour bandwidth of 0.5 show hardly any significant values,
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but when a nearest neighbour bandwidth of 1.0 is used lags twoto four show weak
significance. This indicates that a departure from linearity in the direction of an almost
quadratic relationship is present in the data.

Finally, the plots ofPLDF clearly illustrate that lag one and two are the most im-
portant lags and that other lags are, practically, non-significant. In conclusion, an
appropriate model seems to be a non-linear autoregressive model containing lag one
and two, i.e. a model of the type (3.19) withk = 2.

Estimating this model using local quadratic smoothers and anearest neighbour band-
width of 1.0 yields the results shown in Figure 3.7. The response for lag one seems
to be nearly linear. This aspect should be further investigated. The results agree well
with the results of Lin & Pourahmadi (1998).

2.0 2.5 3.0 3.5

-1
.5

-0
.5

0.
0

0.
5

1.
0

1.
5

Figure 3.7: Non-linear additive autoregressive model for the log10-transformed Cana-
dian lynx data (̂f21(·) solid, f̂22(·) dotted). The estimate of the constant term is 2.76
and theMSE of the residuals is 0.0414.

3.3.8 Lagged Cross Dependence

Given two time series{x1, . . . , xN} and{y1, . . . , yN} the Sample Cross Correlation
Function between processes{Xt} and{Yt} in lag k (SCCFxy(k)) is an estimate of
the correlation betweenXt−k andYt. It is possible to generalize this in a way simi-
lar to the wayLDF is constructed. LikeSCCF this generalization will be sensitive
to autocorrelation, or lag dependence, in{Xt} in general. ForSCCF this problem
is (approximately) solved by prewhitening [Brockwell & Davis 1987, p. 402]. How-
ever, prewhitening is very dependent on the assumption of linearity, in that it relies on
the impulse response function from the noise being independent of the level. For this
reason, in the non-linear case, it is not possible to use prewhitening and the appropri-
ateness of the generalization ofSCCF depends on{Xt} being i.i.d.
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3.3.9 Final Remarks

Most of the methodology presented in this paper is implemented in an S-PLUS library
called LDF which can be downloaded from http://www.imm.dtu.dk/∼han/software.html.



Chapter 4

Cumulants and polyspectra

4.1 Introduction

Linearity and Gaussianity are highly related. This important fact is further discussed
in section 4.2.

Some of the traditional tools for testing for non-linearityare based on tests in the
frequency domain. For this reason the traditional power spectrum is generalized to
higher order spectra in section 4.3. The higher order spectra is defined as a Fourier
transformation of the auto covariance function to higher order moments using higher
order cumulants for the process. Most frequently, however,only the bispectrum is
considered. The bispectrum, including a method for estimating the bispectrum, is de-
scribed in section 4.4. Section 4.5 contains non-parametric tests for non-linearity and
non-Gaussianity based on the bispectrum. Finally, some parametric tests for deter-
mining the nonlinearity, in particular the Lagrange multiplier statistic are presented in
section 4.6.

Aspects of model validation, which relates to the identification problem are described
in Chapter 3.

4.2 Gaussianity and linearity

The following decomposition theorem is well known from linear time series analysis
– see e.g. [Madsen 1989].

85
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Theorem 4.1 (Wold’s Theorem).LetXt be a zero mean second order stationary pro-
cess. ThenXt can be expressed in the form

Xt = Ut + Vt

where

• {Ut} and{Vt} are uncorrelated processes.

• {Ut} is non-deterministic with a one-sided representationUt =
∑∞

i=0 aiηt−i

wherea0 = 1 and
∑∞

i=1 a
2
i < ∞, {ηt} is an uncorrelated sequence which is

uncorrelated with{Vt}.

• The sequences{ai} and{ηt} are uniquely determined.

• {Vt} is deterministic.

Proof. Omitted. �

This theorem implies thatany Gaussian process conforms to a linear process. Note
that the converse is not necessarily true, i.e. not every linear process is Gaussian.

4.3 Polyspectra

4.3.1 Cumulants and polyspectra

Definition 4.2 (Joint Cumulants). The joint cumulant for the random variablesX1, X2, ..., Xk

is defined by

C{X1, X2, ..., Xk} =
∑

ν

(−1)p−1(p− 1)!µν1µν2...µνp
(4.1)

whereµνi
is the mean of the products ofX ’s corresponding to the partitionνi. The

sum is over all partitions of the numbers1, · · · , k andp is the size of the partition. N
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Example 4.1.

C{X1} = E[X1] (4.2)

C{X1, X2} = E[X1X2] − E[X1] E[X2] (4.3)

C{X1, X2, X3} = E[X1X2X3] − E[X1X2] E[X3] − E[X1X3] E[X2]

E[X1] E[X2X3] + 2 E[X1] E[X2] E[X3] (4.4)

�

Remark.The cumulants are equal to thek’th order central moment fork = 1, 2, 3,
but not for higher values ofk. This means thatC{X1, X2} = Cov{X1, X2}, and the
third-order cumulant is

C{X1, X2, X3} = E[(X1 −E[X1])(X2 − E[X2])(X3 − E[X3])] (4.5)

H

Definition 4.3 (Moment Generating Function). The moment generating function for
the random variablesX1, X2, ..., Xk is defined by

M(θ1, ..., θk) = E{exp(θ1X1 + ... + θkXk)} (4.6)

N

Definition 4.4 (Cumulant Generating Function). The cumulant generating function
K(θ1, ..., θk) is defined by

K(θ1, ..., θk) = logM(θ1, ..., θk) (4.7)

N

Some tedious (but straight forward) algebra shows that

∂

∂θ1
...

∂

∂θk
M(θ1, ..., θk)|θi=0,i=1,...,k = E{X1...Xk} (4.8)

and
∂

∂θ1
...

∂

∂θk
K(θ1, ..., θk)|θi=0,i=1,...,k = C{X1...Xk}. (4.9)

Definition 4.5 (Polyspectrum of a Stationary Process).Consider a stationary stochas-
tic process{Xt} and define

C(τ1, τ2, ..., τk−1) = C{Xt, Xt+τ1 , Xt+τ2 , ..., Xt+τk−1
} (4.10)
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Now thek-th order polyspectrum for the process{Xt} denoted byfX(ω1, ω2, . . . , ωk−1)
is defined by the Fourier transform ofC{Xt, Xt+τ1 , Xt+τ2 , ..., Xt+τk−1

}, i.e.

fX(ω1, ω2, ..., ωk−1) = (
1

2π
)k−1

∞∑

τ1=−∞

...
∞∑

τk−1=−∞

C(τ1, τ2, ..., τk−1)

exp{−i(ω1τ1 + ω2τ2 + ... + ωk−1τk−1)}. (4.11)

Note that the second order polyspectrum equals the standardspectrum of a stationary
process. N

Definition 4.6 (Time reversibility). A stationary process is said to betime reversible
if for any integern, and everyt1, · · · , tn the joint distribution of(X−t1 , · · · , X−tn) is
the same as that of(Xt1 , · · · , Xtn).

A stationary time series which is not time reversible is saidto betime irreversible. N

For atime reversibleprocess it follows that

C(τ1, · · · , τk−1) = C(−τ1, · · · ,−τk−1), (4.12)

which implies thatIm{fX(ω1, ω2, ..., ωk−1) = 0}.

4.3.2 Polyspectra, non-Gaussianity and non-linearity

Theorem 4.7.Consider a stationary Gaussian stochastic process{Xt}. Then all of its
polyspectra of order higher than2 vanish.

Proof. Assume that the random variablesX1, X2, ..., Xk, k ≥ 2, have a Gaussian joint
distribution with meanm and covarianceΣ. The characteristic function of the random
variables is

exp{imT t− 1

2
tTΣt} (4.13)

Thus the moment generating function is given by

exp{mTθ +
1

2
θT Σθ} (4.14)

This shows that the cumulant generating function is quadratic in θ and its derivatives
with order higher than two vanish. This completes the proof. �
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4.4 Bispectrum

Definition 4.8 (Bispectrum). The third order polyspectrumf(ω1, ω2) of a stationary
stochastic process is called bispectrum. N

By theorem 4.7 the bispectrum of a stationary Gaussian process is identically zero.
This providesa basis for a test for Gaussianity.

4.4.1 Bispectra and Linearity

Suppose that the two stationary processes{Xt} and{Yt} arelinearly related through

Xt =
∞∑

i=0

hiYt−i. (4.15)

Then
fX(ω1, ω2) = H(−ω1 − ω2)H(ω1)H(ω2)fY (ω1, ω2), (4.16)

whereH(ω) is the frequency response function of the filter with impulseresponse
{hi}. The result follows directly from the definition of bispectrum.

If {Yt} is a white noise process then equation (4.15) defines a linearstationary process.
Assume that a stationary process{Xt} has the linear representation

Xt =
∞∑

i=−∞

aiǫt−i (4.17)

where{ǫt} is a sequence of independent, zero mean, identically distributed random
variables (white noise). Denoting the third moment ofǫt by µ3, we have

(
µ3

2π
)2 =

fX(ω1, ω2)

H(ω1)H(ω2)H(−ω1 − ω2)
(4.18)

and denoting the second moment ofǫt by µ2,

fX(ω) =
µ2

2π
|H(ω)|2

Hence, under the linearity hypothesis, the quantity

|fX(ω1, ω2)|2
|fX(−ω1 − ω2)fX(ω1)fX(ω2)|

(4.19)
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is a constant for allω1 andω2. This providesa basis for a test for linearity. Fur-
thermore, if the process is Gaussian, this constant is identically zero for all frequency
pairs. Therefore, the estimation of the bispectrum from observed data is a fundamental
step in one possible test for linearity and Gaussianity.

Example 4.2 (The bispectrum for an ARMA(1,1) process).This example illustrates
how to calculate the bispectrum for an ARMA(1,1) process with non-Gaussian noise
input.

Consider the ARMA(1,1) process

Xt + aXt−1 = ǫt + bǫt−1 (4.20)

where{ǫt} is a sequence of identically distributed independentΓ(k, β)-distributed ran-
dom variables.

The frequency response function is easily found as (see [Madsen 1995a])

H(ω) =
1 + be−iω

1 + ae−iω
(4.21)

When we include the above in equation (4.16) we get

fX(ω1, ω2) = fǫ(ω1, ω2)
P (b, ω1, ω2)

P (a, ω1, ω2)
(4.22)

where the real part is given by

Re[P (x, ω1, ω2)] = 1 + x3 + (x2 + x) cos(ω1) +

(x2 + x) cos(ω2) + (x2 + x) cos(ω1 + ω2)

and the imaginary part by

Im[P (x, ω1, ω2)] = (x2 − x) sin(ω1) + (x2 − x) sin(ω2) +

(x− x2) sin(ω1 + ω2).

As {ǫt} is a sequence of independent random variables it follows directly from the
definition of the bispectrum that

fǫ(ω1, ω2) =
µ3

(2π)2
, (4.23)

whereµ3 = m(0, 0). Sinceǫt is Gamma distributed

ft(ω1, ω2) =
2kβ3

(2π)2
(4.24)
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Figure 4.1: Real part of the theoretical bispectrum for an ARMA(1,1) process with
Gamma distributed noise
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Figure 4.2: Imaginary part of the theoretical bispectrum for an ARMA(1,1) process
with Gamma distributed noise

sinceµ3 = 2kβ3 for X ∼ Γ(k, β).

The theoretical bispectrum for the ARMA(1,1) process givenby a = 0.5 andb = −0.3
is shown in Figure 4.2.

�

4.4.2 Estimation of bispectra

LetX1, X2, ..., XN be realizations from a stationary (at least up to third order) process
{Xt} with third central momentC(τ1, τ2). The natural estimate ofC(τ1, τ2) will be
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Ĉ(τ1, τ2) =
1

N

N−γ∑

t=1

(Xt − X̄)(Xt+τ1 − X̄)(Xt+τ2 − X̄), (4.25)

τ1, τ2 > 0,

γ = max(0, τ1, τ2).

Then from the definition of bispectrum, we introduce the estimateI(ω1, ω2):

I(ω1, ω2) =
1

N(2π)2
{

N∑

1

(Xt − X̄) exp(−iω1t)} (4.26)

×{
N∑

1

(Xt − X̄) exp(−iω2t)} (4.27)

×{
N∑

1

(Xt − X̄) exp(i(ω1 + ω2)t)} (4.28)

This estimate is often called thethird order periodogram. Exactly as in the peri-
odogram case, this estimate is asymptotically unbiased butnot consistent. Thus, it
must be smoothed by choosing some suitable window.

4.4.3 Consistent estimate of bispectra

In order to obtain a consistent estimate of the bispectrum, the bispectrum is smoothed
by using a kernel in the frequency domain. This is a direct generalization of peri-
odogram smoothing for estimation of spectra and is closely related to the non-parametric
methods discussed in Chapter 2. Recall that the smoothed periodogram estimate at a
frequency is obtained by a weighted average of periodogram estimates at neighbor
frequencies or equivalently by

f̂M(ω) =

∫ π

−π

I(θ)KM(θ − ω)dθ

whereKM(·) is a kernel with bandwidth determined byM , f̂M(ω) is the estimate of
the spectrumf(·), andI(·) is the raw periodogram estimate.
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We consider unit bandwidth kernels in two parametersK0(θ1, θ2) that satisfy:

K0(θ1, θ2) = K0(θ2, θ1) = K0(θ1,−θ1 − θ2) = K0(−θ1 − θ2, θ2) (4.29)∫

θ2

∫

θ1

K0(θ1, θ2)dθ1dθ2 = 1, (4.30)
∫

θ2

∫

θ1

K2
0(θ1, θ2)dθ1dθ2 <∞, (4.31)

∫

θ2

∫

θ1

θ2
iK0(θ1, θ2)dθ1dθ2 <∞, i = 1, 2. (4.32)

Exercise4.1. Using the symmetry condition (4.29), show that

1

2

∫ ∞

−∞

∫ ∞

−∞

θ2
iK0(θ1, θ2)dθ1dθ2 = −

∫ ∞

−∞

∫ ∞

−∞

θ1θ2K0(θ1, θ2)dθ1dθ2, i = 1, 2.

Now denote the inverse Fourier transform ofK0(θ1, θ2) by λ0(τ1, τ2), i.e.

λ0(τ1, τ2) =

∫ π

−π

∫ π

−π

exp(iτ1θ1 + iτ2θ2)K0(θ1, θ2)dθ1dθ2.

The functionλ0(τ1, τ2) is a window in time domain (note that convolution in frequency
domain corresponds to windowing in time domain and vice versa). We further assume
that the first partial derivatives ofλ0(τ1, τ2) with respect toτ1 andτ2 at (0, 0) vanish
but the second derivatives are different from zero. Such window functions are said to
belong to theC(2)

K class. A kernel with bandwidthM , KM(θ1, θ2), is defined by

KM(θ1, θ2) = M2K0(Mθ1,Mθ2). (4.33)

It can be shown that ifM is chosen such thatM → ∞, whereN is the number of
samples, butM

2

N
→ 0, then the smoothed estimate of the bispectrum given by

f̂M(ω1, ω2) =

∫ π

−π

∫ π

−π

KM(θ1 − ω1, θ2 − ω2)I(θ1, θ2)dθ1dθ2 (4.34)

is asymptotically unbiased and consistent. The following theorem may be used to
assess the mean square error of the smoothed bispectrum estimate.

Theorem 4.9.Let the second order partial derivatives off(ω1, ω2) exist and be finite,
and letC(τ1, τ2) satisfy the condition

∞∑

τ1,τ2=−∞

|τiC(τ1, τ2)| <∞, i = 1, 2.

Further, letK0(·, ·) ∈ C
(2)
K . Then the asymptotic bias off̂(ω1, ω2) denoted byb(ω1, ω2)

is given by

b(ω1, ω2) =
BK

M2
D(2)(ω1, ω2)
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and the asymptotic variance term var(f̂(ω1, ω2)) by

M2

N

V2

2π
f(ω1)f(ω2)f(ω1 + ω2)

where

Bk = −
∫

θ2

∫

θ1

θ1θ2K0(θ1, θ2)dθ1dθ2, (4.35)

V2 = (2π)2

∫

θ2

∫

θ1

K2
0(θ1, θ2)dθ1dθ2, (4.36)

D(2)(ω1, ω2) = (
∂2

∂ω2
1

+
∂2

∂ω2
2

− ∂2

∂ω1ω2

)f(ω1, ω2). (4.37)

Exercise4.2. Let
M∗(ω1, ω2) = arg min

M
MSE(ω1, ω2)

where the mean square error is given by

MSE(ω1, ω2) = |b(ω1, ω2)|2 + var(f̂(ω1, ω2)).

Show that
M∗(ω1, ω2) = MRG(ω1, ω2)

where

MR = (
BK√
V2

)
1
3 ,

G(ω1, ω2) =

[
2D(2)(ω1, ω2)

√
πN

f(ω1)f(ω2)f(ω1 + ω2)

] 1
3

.

Notice thatG does not depend upon the choice of kernel. Further, show thatthe optimal
value ofMSE (with respect toM) is given by

2[
1

2πN
f(ω1)f(ω2)f(ω1 + ω2)D

(2)(ω1, ω2)V2Bk]
−2/3,

which indicates that the termV2BK is instrumental in evaluating the appropriateness
of the type of kernel to be employed among the class ofC

(2)
K kernels.

Exercise4.3. Consider the one dimensional lag windowλ0(τ) satisfying

λ0(0) = 1, λ′0(0) = 0, λ′′0(0) 6= 0, (4.38)

and the (unit bandwidth) kernel defined by

K0(θ1, θ2) =
1

(2π)2

∞∑

τ1=−∞

∞∑

τ2=−∞

λ0(τ1, τ2) exp(−iτ1θ1 − iτ2θ2),
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whereλ0(τ1, τ2) = λ0(τ1)λ0(τ2)λ0(τ1 − τ2). Verify that condition (4.29) holds for this
window. Moreover, verify that the first partial derivativesof λ0(τ1, τ2) with respect to
τ1 andτ2 at (0, 0) vanish but the second derivatives are different from zero. Repeat
the above for the constructionλ0(τ1)λ0(τ2). Does the window defined byλ0(τ1)λ0(τ2)

belong to theC(2)
K class? Finally show that (4.38) is satisfied by (unit bandwidth)

Daniell, Tukey-Hamming, Parzen, and Bartlett-Priestley windows (see e.g. [Madsen
1995a], Table 6.2).

Summary of Window and Bandwidth Selection:

• See [Madsen 1995a], pp. 178, Table 6.2. Choose a window and setM = 1 to
obtainλ0(·).

• Compute the three dimensional windowλ0(τ1, τ2) = λ0(τ1)λ0(τ2)λ0(τ1 − τ2).
ChooseM , noting that

– If it is possible, M should be less than the square root of the sample size, N.

– It should be smaller than the value ofM used in estimating the spectral
density.

– Use (4.2) to calculate the optimal bandwidth. Once for some selection of
kernelX, the optimal bandwidthMX is found theM value for others, say,
Parzen windowMPar is calculated according to

MPar =
MR,Parzen

MR,X
MX (4.39)

whereMR,· denotes the value ofMR for the corresponding window selec-
tion.

Example 4.3 (Estimation of bispectra).Consider a time series of lengthN = 500
which is generated by the ARMA(1,1) process with Gamma distributed noise consid-
ered in Example 4.2.

Figure 4.4 and 4.6 show the estimated bispectrum withM = 10 andM = 18, respec-
tively. In both cases a Parzen window is used.

As expected a more smooth variation of the estimated bispectra is seen forM = 10
compared toM = 18.

A comparison with the theoretical bispectrum in Figure 4.2 indicates a reasonable
agreement for the real part; but for the imaginary part the estimated bispectra seems
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Figure 4.3: Real part of estimated bispectrum, Parzen window,N = 500,M = 10
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Figure 4.4: Imaginary part of estimated bispectrum, Parzenwindow,N = 500, M =
10

having trouble with detecting the local minima observed in the imaginary part of the
theoretical bispectrum.

�

This concludes our discussion ofnon-parametric methodsfor estimating the bispec-
trum of a process. If the data generating mechanism is knowna priori, e.g. a bilinear
model, it is also possible to explicitly compute the bispectrum for that model and eval-
uate the result for some estimated parameter values. This isaparametric method.
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Figure 4.5: Real part of estimated bispectrum, Parzen window,N = 500,M = 18
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Figure 4.6: Imaginary part of estimated bispectrum, Parzenwindow,N = 500, M =
18

4.5 Tests using the bispectrum for Gaussianity
and linearity

Statistical Test for Gaussianity (Symmetry)

Here we have to test the null hypothesisH0: f(ωi, ωj) = 0 for all ωi, ωj. However, as
a result of the following symmetry relations:

f(ω1, ω2) = f(ω2, ω1) (4.40)

= f(ω1,−ω1 − ω2) (4.41)

= f(−ω1 − ω2, ω2) (4.42)

= f ∗(ω2, ω1) (4.43)
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it will be enough to evaluate the bispectrum at the points confined to the area with
boundaries: 




ω2 − ω1 = 0
ω2 + 1

2
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Figure 4.7: Choice of grid for P=7, n=9. The coarse grid points are marked by X and
the fine grid points are marked by vertical or horizontal linepieces.

Our aim is to estimate a (complex)P × 1 vectorη where thei’th element is the
bispectrum of thei’th node. In order to estimateη, we estimate the bispectrum for the
points corresponding to fine grid (see Figure 4.7). These estimates are then gathered
in n vectors (each vector havingP elements), each denoted byξ(i), i = 1, ..., n. Now
estimate:

η̂ =
1

n

n∑

i=1

ξ̂(i) (4.44)

A =

n∑

i=1

[ξ(i) − η̂][ξ(i) − η̂]T (4.45)

Σ̂ξ =
A

n
(4.46)

Under the null hypothesis thatf(ωi, ωj) = 0 for all ωi, ωj, the statisticF1 defined by

F1 =
2(n− p)

2p
T 2 (4.47)

T 2 = nη̂TA−1η̂ (4.48)
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is distributed as a centralF distribution with (2P, 2(n − p)) degrees of freedom.
The latter is the complex generalization of Hotelling’sT 2 test (see [Giri 1965, Khatri
1965]).

Test for Linearity

This test is very similar to the previous one, with the following modifications. The
vectorξ(i) is modified toY (i). The elements of the vector are now

|f(ωi, ωj)|2
f(ωi)f(ωj)f(ωi + ωj)

(4.49)

instead off(ωi, ωj). Denote the counter-part of the vectorη byZ. Now estimate:

Ẑ =
1

n

n∑

i=1

Y (i) (4.50)

S =
n∑

i=1

(Y (i) − Ẑ)(Y(i) − Ẑ)T (4.51)

Σ̂Y =
S

n
(4.52)

Define the statisticF2 by

F2 =
n−Q

Q
T 2 (4.53)

T 2 = nβTS−1
B β (4.54)

β = BẐ (4.55)

SB = BΣ̂YB
T (4.56)

whereQ = P − 1 andB is aQ× P matrix defined by



1 −1 0 . . . 0
0 1 −1 . . . 0

...
0 0 . . . 1 −1




Under the null hypothesis, the statisticF2 is F distributed with(Q, n−Q) degrees of
freedom.

For a more comprehensive study of non-parametric tests in the frequency domain see
[Subba Rao & Gabr 1984b].
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Figure 4.8: Monthly observations of unemployment in Germany.

There also exist other non-parametric tests. For example, atest procedure is suggested
by Hinnich which is basically the same as Rao-Gabr’s test with slight modifications.
The finite Fourier transform of the sample is used to construct a consistent estimator of
the bispectrum, instead of Rao-Gabr’s standard windowed sample covariance method.
For details see [Hinnich 1982].

Some comments on the use of bispectra

Mellentin (1992) has experimented with the estimation of bispectra and non-parametric
tests for Gaussianity and non-linearity, see [Mellentin 1992]. He points out some draw
backs of Rao-Gabr’s test and their results gathered in [Subba Rao & Gabr 1984b]. He
suggests among others that the test quantity in some cases isvery sensitive to the test
parameters, e.g. the distance between the points of the fine grid. Furthermore, he crit-
icizes Rao-Gabr’s choice of Daniell window in [Subba Rao & Gabr 1984b], since it in
some cases results in a negative value of the spectrum in somefrequency ranges. This
obviously questions the credibility of the test results. Healso suggests that one should
not use the same window and truncating point for estimation of spectra and bispectra.
Nevertheless, he believes that the tests in bispectra have the advantage that they are
non-parametric and are not restricted to ana priori structure.

His experimentation with Hinnich’s proposed test, as described in [Hinnich 1982]
shows that the test results are superior to Rao-Gabr’s procedure. However, Hinnich’s
test is computationally more demanding.

Example 4.4 (Tests for Gaussianity and linearity in German unemployment data).
Mellentin (1992) has analyzed the German unemployment dataseries{Zt} in the pe-
riod January 1948 - May 1980. The time series is shown in Figure 4.8.
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Figure 4.9: The time series DIFFARBL.

Test for. . . Test in Test in 95% quant. in F-dist.
[Subba Rao & Gabr 1984b] [Mellentin 1992] F(14,4)/F(6,3)

Gaussianity 349.9 399.1 5.89
Linearity 221.53 1084.7 8.94

Table 4.1: Tests in the bispectra for Gaussianity and linearity

In order to remove variations in the data, he performs the following transformation:

Yt = (1 − B)(1 − B12)Zt

The series{Yt} is denoted by DIFFARBL and shown in Figure 4.9.

Estimated bispectra for DIFFARBL are shown in Figures 4.4 and 4.4. In the latter
figure normalized values of the bispectra are considered.

It is clearly seen that the bispectrum is non-zero. This means that the process in non-
Gaussian. Considering the large number of extreme values inDIFFARBL this seems
very reasonable.

The statistical non-parametric tests based on estimation of bispectra rejects the Gaus-
sianity and linearity hypothesis.

Tests for Gaussianity and linearity are shown in Table 4.1 – the results are further
discussed in [Mellentin 1992]. The tests are based on a Daniell window with M = 20
andd = 12 (Furthermorek = 6 andr = 2).

The statistical non-parametric tests based on estimation of bispectra rejects both the
Gaussianity and the linearity hypothesis.
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Figure 4.10: Modulus of bispectrum for DIFFARBL, Daniell,M = 16
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Figure 4.11: Modulus of bispectrum for DIFFARBL, Daniell,M = 10

Is is seen from Table 4.1 that [Subba Rao & Gabr 1984b] and [Mellentin 1992] obtains
different results using the same data. However, in both cases the Gaussianity and
the linearity is rejected. The differences illustrate the fact that tests using the non-
parametric bispectra is sometimes rather doubtful. The problems is further discussed
in [Mellentin 1992]. �

4.6 Parametric tests

Some parametric tests are based on the Lagrange Multiplier (LM) statistic – see sec-
tion 4.7.2 for an introduction.

Problem Formulation: Suppose that the model can be written as

Xt = βT
1 Xt−1 + f(β2, Xt−1) + ǫt (4.57)

Partition the parameter vectorβ asβ = [β1, β2] whereβ1 andβ2 parameterize the
linear and non-linear parts, respectively. It is desired totest:

H0 : β2 = 0
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Figure 4.12: Norm. bispectrum for DIFFARBL, Parzen,M = 15
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Figure 4.13: Norm. bispectrum for DIFFARBL, Parzen,M = 20

against the alternative:
H1 : β2 6= 0

In general the procedure is:

1. Minimize

S(β) =
T∑

t=1

ǫ2t (β) (4.58)

under the restrictionβ2 = 0 and estimateβ1 denoted byβ̂1. Denote the residuals
under the null hypothesis bỹǫt.

2. Compute the efficient score

zt(β) =
∂ǫt
∂β

(4.59)

for the hypothetical non-linear model. Evaluatezt(β) at (β1, β2) = (β̂1, 0) and
denote it by

z̃t = [z̃′1t, z̃
′
2t]

where partitioning is performed in the obvious way.
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3. Compute the statistic

LM = σ̃−2(
∑

z̃2tǫ̃t)
′{
∑

z̃2tz̃
′
2t−
∑

z̃2tz̃
′
1t(
∑

z̃1tz̃
′
1t)

−1
∑

z̃1tz̃
′
2t}−1(

∑
z̃2tǫ̃t)

(4.60)
whereσ̃2 is a maximum likelihood estimate for the variance of the residuals un-
derH0. In a standard situation, the statistic LM is asymptotically χ2 distributed
with degrees of freedom equal to the dimension ofβ2.

For a further discussion about the LM test, see [Harvey 1989]and [Saikkonen &
Luukkonen 1988].

4.7 Model validation

4.7.1 Introduction

There is no universally accepted procedure for modeling a system. In time series
analysis, however, there are various “tools” to verify the validity of an assumed model
or model structure. One of the most primary test procedures is test for linearity and
Gaussianity that was thoroughly investigated in the section on identification of non-
linear time-series. In this section, we are mostly concerned with the other end of the
problem: Given a model and a set of observations, how to verify that the model is a
“good” fit to the true system. The appropriateness of the fit isobviously a goal oriented
quantity (if such quantity is defined at all).

It is common practice within the time-series community to define the “distance” be-
tween the model and the true system by some quadratic expression of the prediction
errors (or residuals). Thus the appropriateness of a model is normally defined as its
ability to provide a better prediction of the future behavior. In the following, we men-
tion some widely accepted (or at least widely known) criteria. The interested reader
may consult [Tong 1990b] and [Madsen 1995a] for details.

4.7.2 Tests for Structure Discrimination

Likelihood Ratio Test

The problem is to test the hypothesis

H0 : θ ∈ M0
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against the alternative
H1 : θ ∈ M1

whereθ is the parameter vector andM0 ⊂ M1.

Λ = L(θ̂0)/L(θ̂1) (4.61)

LR = −2 log Λ ∈a.s. χ
2(s− r) (4.62)

whereL(θi) (i = 0, 1) is the maximized likelihood function underH0 andH1, respec-
tively. s andr denote the dimensions ofM1 andM0.

Lagrange Multiplier Test

If the subsetM0 is defined as ther-dimensional subspace for which thes-dimensional
parameterθ is restricted by the vector of independent constraintsg(θ) = 0, one may
apply the Lagrange Multiplier Test. The test quantity is

LM = N−1d̂
T
Ŝ

−1
d̂ (4.63)

where

d =
∂ logL
∂θ

(4.64)

and

S = N−1∂
2 logL
∂θ∂θT

(4.65)

andN is the number of observations.̂d and Ŝ are obtained by evaluatingd andS
at theconstrainedmaximum likelihood estimatêθ. UnderH0, the test quantityLM
is asymptotically distributed asχ2(s − r). LM is also know as the efficient-score
statistics

Another variant of the test known as Wold’s test is obtained by evaluatingd andS at
the unconstrained maximum likelihood estimate, see [Harvey 1989].

Bayesian Model Discrimination

We wish to test the null hypothesis that the true model isM0 against the alternative
H1 that the true model isM1. Let’s denote the loss of choosingH1 whenH0 is
true byL(H0, H1) and similarly defineL(H1, H0). If H0 andH1 are true with prior
probabilitiesP (H0) andP (H1), then Bayes’ rule yields that the posterior probabilities
(given dataY) become:

P (H0|Y) = P (Y|H0)P (H0)
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and similarly forH1. Now,H0 is accepted if

P (H1|Y)L(H1, H0) < P (H0|Y)L(H0, H1)

Combining this last inequality with the Bayes’ rule yields thatH0 is accepted if:

P (Y|H0)

P (Y|H1)
>
P (H1|Y)L(H1, H0)

P (H0|Y)L(H0, H1)

This is the same as likelihood ratio test with the advantage that the critical values of the
test are determined by the loss of making wrong decision and the prior probabilities.

4.7.3 An Overview of the Model Order Determination Crite-
ria

AIC (Akaike Information Criterion) is given by

AIC = −2 log(maximized likelihood) + 2p

The minimizer ofAIC determines the model order. A draw back of the criterion is
its tendency to overestimate the order of the model for largedata records. In order to
relieve this problem another criterion called Bayesian Information Criterion (BIC) is
often used:

BIC = −2 log(maximized likelihood) + p logN (4.66)

4.7.4 Model Validation and Residual analysis

The idea behind residual analysis is to figure out if the system’s response is “close”
to the predictions from the model. Under the assumption thatthe model is valid the
residual sequenceǫi must be uncorrelated. Thus

ρ̂k =

∑N
k+1(ǫi − ǭ)(ǫi−k − ǭ)
∑N

i=1(ǫi − ǭ)2
(4.67)

will provide an estimate of the auto-correlation function of the residuals for lagk =
0, 1, 2, .... It is well known that under the null hypothesis the sequenceis white noise,√
Nρ̂k, k = 1, 2, ... is Gaussian with mean value zero and unit variance. Then in

this case is easy to test the null hypothesis. There are othertests based on cumulative
periodogram and tools involve investigating if the input and the residual sequence are
correlated, see [Madsen 1995a].



Chapter 5

Parameter estimation in nonlinear
systems

5.1 Introductory discussion

This chapter treats parameter estimation in nonlinear systems with discrete time. The
systems are supposed to be described with models containingunknown parameters,
given the structure determination and tests for nonlinearity that were discussed in the
previous chapter. A couple of algorithms for parameter estimation will be discussed,
keeping in mind some of important properties of the resulting parameter estimate that
are to be sought, as e.g.

• asymptotic unbiasedness, i.e. no systematic error when thenumber of data points,
(N), increased unboundedly,

• asymptotic consistency, i.e. the variance of the estimate goes to zero asymptoti-
cally withN → ∞,

• asymptotic efficiency, i.e. minimal variance amongst unbiased estimates.

In addition we are interested in knowing the distribution ofthe estimates, if that is
computable. Finally, we would like to say something about the convergence speed as
function foN .

The general problem will be appoached by the Maximum Likelihood method, and by
a Prediction error technique, sometimes, cf. [Tong 1990b] called the conditional least-

107
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squares method. Just as in the linear case these two methods will show some similari-
ties, cf. e.g. [?] for a discussion. Due to the variety of nonlinear model representations,
the properties of the parameter estimates can be expected tobe very diverse, hence in
addition to study the general principles mentioned, the prediction error method will
also be discussed in connection with estimation in models with thresholds and in bi-
linear models.

The model selection and validation problems are also discussed and a couple of tests
will be presented.

5.1.1 On a previous test

The Lagrange multiplier (LM) approach presented in the previous chapter gives a pos-
sibility to test possible extensions of a basic linear or nonlinear model with (extra)
nonlinear terms without having to estimate the ’large’ model, i.e. the model with full
parametrization. The procedure saves computations and if the extended model indeed
is an overfit the procedure also makes it possible to avoid numerical trouble. The idea
is of course also applicable in the linear case, cf. [Bohlin 1978] where a test of this
type is shown to give asymptotic maximum discrimination power. The test statistic,
which is a function of the efficient score,∂ε

∂β
has under the nulhypothesis aχ2 distri-

bution with as many degrees of freedom as the number of parameters in the nonlinear
part of the model.

Note the important property of this type of procedure being that it not only gives at test
of nonlinearity but also gives an idea about the alternative.

5.1.2 On e.g. Hammerstein models

A Hammerstein model (introduced already in the mid-sixties) is an exemple of a non-
linear model with a regression structure, with a predictor like e.g.

ŷ(t|θ) =
∑

i

θT
i ϕi(u

t, yt−1)

where theϕi are arbitrary functions of past data. Look on this as a finite-dimensional
parametrization of an unknown nonlinear function. The choice of nonlinear functions,
i.e. ϕi depends on possible physics, intuition, data, etc and maybetested as above.

The Hammerstein case is when we have

A(q−1)y(t) = B1(q
−1)u(t) + ..+Bp(q

−1)up(t) + e(t)
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wheree(t) is a noise sequence and theB:s are polynomials in the backward shift op-
erator. It may be regarded as a simple form for Volterra modelwith a simple form of
generalized transfer function, cf. section 1.2.1. By introducing the unknown parame-
ters in the polynomials asθ and correspondingly for the output and input signals we get
something of the sort mentioned above. The predictor thus contains an ARMAX part
and a nonlinear part that depends on powers of the input signal. The parameter estima-
tion may be based on e.g. a least-square approach, and have nice convergence proper-
ties, given a sufficiently exciting input signal, cf. e.g. [Söderström & Stoica 1988] or
[Olbjer et al. 1994].

Note that in this case we have a static and continuous nonlinearity working on the
input or the system. In cases when such a nonlinearity actingon an external signal is
discontinuous or its derivative is discontinuous, such as e.g. when there is a saturation
or a hysteresis before the linear part of the system, a new problem pops up, that of
determining the point of change. That problem is however notsolved in full generality,
but it might be seen (partly) as a threshold problem, cf. below.

Nonlinear models of this polynomial type are common as first approximations to gen-
eral nonlinear systems. The applicability of least-squares methods for parameter es-
timation makes the useful also in connection with adaptive control or adaptive signal
processing. This is treated in the thesis, [Vadstrup 1988] in connection with adaptive
control of nonlinear systems with static nonlinearities onthe input. He defined what
you might mean with an optimal predictor and showed that under suitable conditions
you do indeed get an optimal predictor and optimal control also in the asymptotic
adaptive case.

5.2 Maximum Likelihood in general

5.3 An approximative Maximum Likelihood method
for nonlinear systems

Let the unknown system be decribed by

Xt+1 = f(Xt, ut, θ) + g(Xt, ut, θ)wt, (5.1)

Yt = h(Xt, ut, θ) + et. (5.2)

Assume that the initial condition is Gaussian, and that the functionsf(), g() andh()
are continuous. Write the likelihood for the states,Xt, denoting the sample path of the
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state variable byX
L(θ,XN ) = pX(XN |θ) = (5.3)

=

[
N∏
pX(Xt|Xt−1, θ)

]
pX(Xt0 |θ).

pX(Xt0 |θ) is the density for the initial state. This equation is however most often
not a possible starting point for achieving a working algorithm when estimating the
unknown parameters,θ. The problems are e.g. that the distribution of the statesXt as
a whole have to be computed for every time step and every considered candidate of the
unknown parameter,θ. Furthermore, usuallyX is not observed.

However, by alternatively considering the observations,Y , the likelihood can be writ-
ten

L(θ,YN) = pY (YN |θ) = (5.4)

=

[
N∏
pY (yt|Y t−1, θ)

]
pY (yt0 |θ).

where, the entire history of the output signal is used in the conditioning, sinceyt gives
an incomplete observation of the state vector. Again, the problem is the unknown
densities. However, by considering the one-step prediction errors

εt(θ) = yt − h(X̂t|t−1, ut, θ) (5.5)

and assuming Gaussianity of these variables, resting on theassumtion that the obser-
vation noisee(t) is Gaussian, then the likelihood for the outputsY , which is expressed
by using the prediction errors, can be completely characterized by the first and second
moments in the conditional distributions, which gives

L(θ,YN) = −1

2

N∏

t

(
1

2π

)N
2

det(Rt|t−1)
− 1

2 exp(−1

2
εT

t Rt|t−1εt), (5.6)

giving the loglikelihood

logL(θ,YN) = −1

2

N∑

t

[
log det(Rt|t−1) + εT

t Rt|t−1εt)
]
+ const, (5.7)

with Rt|t−1 being the conditional variance, i.e.

Rt|t−1 = Var(yt|Y t−1, θ). (5.8)

Now the approximative maximum likelihood estimate of the parameters are found by
minimizing (5.7), giving the estimateŝθ. An estimate of the precision of the esti-
mate may be obtained from the inverse Hessian obtained from the estimation routine.
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The Hessian can be interpreted as an estimate of the information matrix. The proper-
ties of this approximative algorithm depends on the validity of the assumption about
Gaussianity above. Hence no general statements can be made,but will depend on the
nonlinear functions involved and on the distributions of the disturbances acting on the
state and on the output.

5.4 Maximum likelihood estimation in nonlinear
systems

The presentation here will be very brief, a more thorough discussion may be found e.g.
in [Hall & Heyde 1980] where general properties of maximum likelihood estimation
of parameters in stationary ergodic Markov chains is discussed.

The presentation here will first be in a handwaiving manner, then some very short
arguments will be given towards a more strict presentation.

Start with a sample of data
YN = (Y1, . . . , YN) (5.9)

from a time series{Yt} with a probability densityPN(y1, . . . , yN ; θ) that depends on a
parameterθ, with a true valueθ0. Start with the single parameter case.

Introduce the loglikelihood functionLN(θ) = logPN(y1, . . . , yN , θ), its gradientdLN (θ)
dθ

and the increment of gradient as

ui(θ) =
dLi(θ)

dθ
− dLi−1(θ)

dθ
, (5.10)

which givesdLN (θ)
dθ

=
∑
ui. Assume thatL0(θ) = 0 and thatEθ(

dLN (θ)
dθ

)2 <∞.

Then the ML-solution,̂(θ), to the problem is computed as a solution to the likelihood
equation

dLN (θ)

dθ
= 0. (5.11)

The estimate is iteratively computable via the Taylorexpansion of dLN (θ)
dθ

0 =
N∑
ui(θ) − (θ − θ∗)IN(θ) + remainder, (5.12)

where the expressionIN(θ), can be regarded as an approximation of Fisher’s Informa-
tion Matrix. It is computed from

IN =

N∑
E(u2

i |Y i−1). (5.13)
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Now the Maximum Likelihood estimate attains a Gaussian distribution as the number
of data points increases

[IN(θ0)]
1
2 (θ̂ − θ0) → N (0, 1). (5.14)

This estimate has a number of nice properties such as e.g. that any other consistent
estimate ofθ which has an asymptotic Gaussian distribution when normalized with
[IN(θ)]

1
2 will have a larger estimation error variance.

This is indeed just browsing over the material. However the important message is that
everything is as should be expected and including that we getan expression for the
precision of the estimates, to be interpreted as the Fisher information for the estimation
procedure.

Furthermore, as usual, the computation of the likelihoodfunction and the estimate of
the information matrix might be the difficult and demanding parts of this solution of
the estimation problem.

Remark.A (slightly) more precise discussion starts by defining amartingale. Let Bn

be a sequence of growingσ-algebras andXn being a random variable.

Definition5.1. (Xn,Bn) is amartingaleif

• Xn is measurable with respect toBn

• E|Xn| <∞

• E(Xn|Bm) = Xm; m < n
if ≥ Xm we have asubmartingaleand
if ≤ Xm we have asupermartingale.

N

An important property of this type of processes is that a limited submartingale is con-
vergent!

Introduce the loglikelihood function and its gradient as above in equation(5.10 to arrive
at

Eθ(ui|Y i−1) = 0

whereY i is theσ-algebra generated by theYi sequence and{gLi,Y i} can be shown
to be a square integrable martingale.
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Hence{ui,Y i} is a square integrable martingale difference sequence and

IN(θ) =
N∑

1

Eθ(u
2
i |Y i−1)

expresses the conditional information on the data onθ (≈ Fisher Information).

Then, under some conditions that are stated in [Tong 1990b] from [Hall & Heyde
1980], we get, asN → ∞, that

[IN(θ)]
1
2 (θ̂N − θ) → N (0, 1)

whereθ̂N is a root of the likelihood equation

gL(θ) = 0.

H

This form of maximum likelihood estimates of parameters in nonlinear systems is
indeed also efficient in a specifiable meaning. IfSN is another consistent estimate of
the parameterθ, for which we have

[IN(θ0)]
1
2 (SN − θ0) → N (0, γ2(θ0)), (5.15)

whereγ() is bounded and continuous inθ, then under suitable regularity conditions
γ2(θ0) ≥ 1. Hence the ML estimate attains the optimal variance.

In case there are more than one parameter to estimate, the extension of this maximum
likelihood algorithm essentially goes via a definition of the increment of the gradient
of the likelihoodfunction

u(θ) =
∂

∂θ
(Li(θ) − Li−1(θ))

and a corresponding definition of the ’Fisher information’

IN (θ) =
N∑

1

Eθ(ui(θ)ui(θ)
T |Bi−1)

leading to consistency and asymptotic normality.

Remark.To see the analogy with the linear case, start with the likelihood function for
estimation in an AR(1) process written on regression form

PN(x1, . . . , xN , θ) = ΠNp(xi|xi−1, . . . , θ) · p(initial values)
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and find the loglikelihoodfunction as

LN(θ) = · · · = const− 1

2σ2

N∑
ε2(t, θ)

and thus the increment of its gradient

ui = gLi − gLi−1 = · · · =
1

σ2
εiϕi.

Hence

Eθ(ui|X i−1) = 0 (5.16)

Eθ(u
2
i |X i−1) = · · · =

1

σ2
ϕ2

i (5.17)

which as desired, gives

∑
Eθ(u

2
i |X i−1) =

1

σ2

∑
ϕ2

i

and the information matrix in the linear case is refound, cf.[?] or [?]! H

Example 5.1. Look at a nonlinear autoregression of first order, an NLAR(1)process,
given as

Xt = λ(xt−1, θ) + εt. (5.18)

The loglikelihood function, given the initial values and assuming that the noise se-
quence is Gaussian,εt ∈ N (0, 1), is

LN (θ) = −1

2

N∑
[xi − λ(xi−1, θ)]

2 + constant (5.19)

which gives the increment of the gradient

ui(θ) = εi
dλ(xi−1, θ)

dθ
, (5.20)

which indeed has zero conditional expectation. The information matrix is

IN (θ) =

N∑
Eθ(u

2
i |X i−1) (5.21)

=

N∑(
dλ(xi−1, θ)

dθ

)2

(5.22)

→ NE

(
dλ

dθ

)2

, N → ∞. (5.23)
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Asymptotically the parameter estimate attains a Gaussian distribution

θ̂ − θ → N (0,

[
NE

(
dλ

dθ

)2
]−1

). (5.24)

If, in particularλ(x, θ) = θχ(x) we get

θ̂N =

∑N xiχ(xi−1)∑N χ2(xi−1)
(5.25)

Var(θ̂N ) =
1

NEχ2(x1)
. (5.26)

Note that this in indeed a Hammerstein model, revisited. �

5.5 Prediction error methods

Prediction error methods in their general form, presented in connection withlinear
system identification, are applicable also in the nonlinearcase. Again, refer to [Hall &
Heyde 1980] and to [Tong 1990b] for details. The original reference to the prediction
error technique is the nonlinear case is [Klimko & Nelson 1978], and the method is
treated in depth also in [?].

Start by defining the lossfunction

QN(θ) =

N∑

1

(xj − Eθ(xj |Xj−1))
2 ,

where the processxt is predicted by its conditional mean Eθ(xj |Xj−1) given the pre-
vious observations that are collected in the information set (sigmaalgebra)X . The
parameter estimates are given by the solution to the set of equations

∂QN

∂θi
= 0; i = 1, . . . , p.

We see that the one-step prediction errors for the nonlinearprocess enter into this for-
mulation of the loss function, but the problem formulation allows different parametriza-
tions e.g. in order to reflect the intended use of the model. Hence, if prediction models
might be developped also fork-step predictions withk > 1.
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In ordet to derive an estimation algorithm, a Taylor expansion of the loss functionQ
aroundθ0 is performed, to get

QN (θ) = QN(θ0) + (θ − θ0)DθQN(θ0)

+
1

2
(θ − θ0)

TVN(θ − θ0)

+
1

2
(θ − θ0)

TTN(θ∗)(θ − θ0)

HereD is a gradient,VN is the Hessian atθ0 and

TN(θ∗) = D2
θQN (θ∗) − VN

andD2
θQN(θ∗) is the Hessian atθ∗.

Then, if

• TN(θ∗) is small

• (2N)−1VN → V

• N−1DθQN(θ0) → 0,

there is a sequence of estimates{θ̂N} such that

θ̂N → θ0, a.s.

and forε > 0; ∃ an eventE with P (E) > 1− ε and anN0 such that onE forN > N0,
θ̂N satisfies the (conditional) least squares equation

∂QN

∂θi

= 0; i = 1, . . . , p.

andQN attains it relative minimum at̂θN .

Note that the discussion on “eventE” can be seen as a way of treating the fact that the
sequence of estimates does not necessarily stay inside the stationarity region during
the iterative search, in particular when the estimate has tobe based on few datapoints.
WhenN → ∞ the character of the loss function guarantees the estimate almost surely
to stay inside the region in parameter space where stationarity as well as invertibility
are guaranteed.

The precision computations done in the linear case carries over to the nonlinear for-
mulation as well, and so does the asymptotic normality. Infact, it is possible to prove

N0.5(θ̂N − θ0) → N (0, Pθ)
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wherePθ = V −1WV −1 andW stems from the convergence of

0.5N0.5DθQ(θ0) → N (0,W )

which is identical with the linear case (to be illustated in aremark below).

Furthermore, for any non-zero vectorc of constants one can show a iterated logarithm
law like

lim supN→∞

N0.5cT (θ̂N − θ0)

(2σ2 log logN)0.5
= 1 a.s.

σ2 = cTPθc

giving the rate of convergence forN0.5(θ̂N − θ0).

Example 5.2. Look, as in example (5.1) at estimation of a single parameterin a non-
linear autoregression of first order, an NLAR(1) process, given as

xt = λ(xt−1, θ) + εt, (5.27)

where the noise sequence is assumed to be a sequence of independent random vari-
ables, with a non-specified distribution. The one-step prediction in this model is

x̂t+1|t = λ(xt, θ), (5.28)

which gives the gradient of the loss function

dQN(θ)

dθ
=

d

dθ

N∑
(xj − λ(xj−1, θ))

2,

= −2

N∑
εj(θ)

dλ(xj, θ)

dθ
(5.29)

and its Hessian

d2QN (θ)

dθ2
= −2

(
N∑
εj(θ)

d2λ(xj, θ)

dθ2
−

N∑
(
dλ(xj, θ)

dθ
)2

)
. (5.30)

Now, dividing byN and lettingN → ∞ means that the first term in the expression for
the Hessian tends to an estimate of the correlation between the noise sequence and a
function of previous information, which then tends to zero due to the assumptions on
independent noise. This gives that

N−1d
2QN (θ)

dθ2
≈ 2

N

N∑
(
dλ(xj, θ)

dθ
)2 → 2V, (5.31)

where

V = lim
N→∞

1

N

N∑
(
dλ(xj, θ)

dθ
)2. (5.32)
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In the same way we consider the gradient of the lossfunction and define

W = lim
N→∞

1

N

1

2

dQN(θ)

dθ
(
1

2

dQN(θ)

dθ
)

=
1

N
(

N∑
εj(θ)

dλ(xj, θ)

dθ
)(

N∑
εi(θ)

dλ(xi, θ)

dθ
)

≈ 1

N

N∑
(
dλ(xj, θ)

dθ
)2 → V, (5.33)

such that indeed, as in the previous example 5.1

θ̂ − θ → N (0,

[
NE

(
dλ

dθ

)2
]−1

). (5.34)

Hence in this case the estimate obtained by applying the prediction error method to
the problem has the same asymptotic properties as the estimate gotten when using the
maximum likelihood method when the noise was assumed to be Gaussian. Hence,if
the noise is Gaussian, the prediction error method in this case will produce an effi-
cient estimate. When the noise isnot Gaussian, then we have seen consistency and
asymptotic normality of the resulting estimate in the prediction error case. However,
the efficiency question is then unsolved. �

Remark.To be completed!
In the linear case...
It is also possible to include a discussion about the exact expression for the parameter
covariancePθ. It is then the same as in the case discussed in connection with linear
systems. H

Notice, that in this case we have to compute the conditional expectation in order to
predictxt, or alternatively, we need to invert the process to compute the prediction
error. The assumption on invertibility is thus inherent in the algorithm, and a test of
invertibility might be a necessary part of the algorithm during the estimation procedure,
as is the case in linear estimation in e.g. ARMA-processes, cf. [?]. Whether this is a
difficult part of the algorithm or not, depends on the processstructure. Note also, that
we did not assume anything about e.g. how the noise enters into the system!

In chapter?? the prediction error method will be applied in a practical case of mod-
elling a district heating system, showing results from parameter estimation in linear as
well as non-linear models.
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5.6 Threshold models

Parameter estamation in threshold models contains some newfeatures to be considered
before applying e.g. the prediction error technique. In order to realize that, one may
observe that the previous discussion on parameter estimation methods is based on the
(not explicitly expressed) assumtion that the parameter estimate as a function of the
random data is a continuous random variable. This is in particular manifested in the
fact that the asymptotic distribution is found to be Gaussian.

In threshold models, like e.g. in the SETAR(2,1,1) model below

xt =

{
α0 + α1xt−1 + εα,t xd ≤ r
β0 + β1xt−1 + εβ,t xd > r

(5.35)

this is not the case. The unknown set of parameters includes in addition to the param-
eters in the two autoregressions also the threshold value,r, and the delay,d, between
current time and the regime decision time. The delay time attains just non-negative in-
teger values and the lossfunction, equation (5.5), is discontinuous at the observations
and constant between them when considered as function of thethreshold value. The
sum of squared prediction errors thus obtains its minimum asfunction of the threshold
value over an interval. Hence, the threshold estimate has tobe given particular con-
sideration when part of the estimation procedure, and the presentation below is based
on [?], and is also presented in [Tong 1990b]. However, in cases when the structral
parameters in the threshold model are known, the predictionerror approach above is
directly applicable for estimation of the parameters in thedifferent regime models,
giving consistent and asymptotically normal estimates.

Hence, assume that a SETAR-process is given as

xt =

{
α0 + α1xt−1 + ..+ αpxt−p + σαεα,t xd ≤ r
β0 + β1xt−1 + ..+ βpxt−p + σβεβ,t xd > r

. (5.36)

The parameters to be estimated by using a dataset withN observations are collected
in the vectorθ = (αT , βT , r, d), and the estimates are collected in the corresponding
vectorθ̂N . The method demands the different regime models to be distinguishable, i.e.
and the a upper limit for the delay to be knowna priori. The estimates are found by
minimization of the loss function, i.e.

QN(θ) =
N∑

1

(xj − Eθ(xj |Xj−1))
2 , (5.37)

where the minimization procedure results in estimatesα̂N(r̂N , d̂n) and β̂N (r̂N , d̂n)

based on̂rN(d̂n).
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5.7 Validation

The model selection problem, considered as part of the validation contains a discussion
about

• the Akaike criterion

• the Bayesian approach

• the crossvalidation

• the Hannan-Quinn approach

• the Rissanen approach

In addition to [?], [Tong 1990b], [Madsen 1995b], [Olbjer et al. 1994] the validation
problem is treated in [Holst, Holst, Madsen & Melgaard 1992]for grey-box models
and in [Hjorth 1994] with emphasis on computer intensive methods.



Chapter 6

A case study:
Non–linear modeling of heat load
in district heating systems

The present case study considers the problem of constructing a dynamic model for the
heat load in a district heating (DH) system. The approach here will be explicitely to
model the nonlinearities in the system.

Another approach is that of using a model, which actually is insufficient, for instance,
a linear model, and applying adaptive estimation methods tolet the insufficient model
approximate the system locally.

A discussion of the advantages and drawbacks of the adaptiveapproach will be given
here, by means of which a motivation for the investigation ofthe nonlinear modelling
approach appears.

Instead of using the physical insight explicitly, the approach in this chapter will be to
use knowledge about variables, which are known to have an influence on the heat load
in DH systems, and to use statistical methods for determination of model orders.

It may be shown, cf. Sejling (1993), that the most important variables are the ambient
air temperature, the supply temperature and the time and type of day.

For the purpose of elaborating on nonlinear dependences theinvestigation in this chap-
ter will concentrate on forming a model using only these variables to explain the vari-
ations of the heat load.

121
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Results will be given for four different model classes:

• General linear transfer function models.

• Transfer function models for second order expansions of explanatory variables.

• Smooth threshold transfer function models.

• Neural network models.

6.1 Data

The investigation is carried out using observations from the DH system in Esbjerg,
Denmark. The energy is produced in a Combined Heat and Power plant (CHP), i.e.
hot water for district heating as well as electricity is produced. Data consists of two
separate periods of observations, hereafter referred to asData A and Data B, respec-
tively. The observations used are hourly averages of:

• Heat supply.

• Temperature of the supply water from the CHP plant in Esbjerg.

• Ambient air temperature at the CHP plant in Esbjerg.

The observations in Data A were sampled from July 6th until December 10th, 1989,
and in Data B from December 28th, 1989 until April 11th, 1990.In these two periods
there are no holidays apart from in the first few days of Data B,and the observations
from these days are not used for estimation or validation. Note that the first period
covers heat production during summer, autumn and beginningof the winter periods,
while the second period is dominated by winter conditions.

Throughout the investigation Data A is used for estimation of model parameters, and
Data B is used for validation of the models.

That is, the estimated models are applied on a different set of data to test the general
applicability of the model estimate.

Data A is chosen for the estimation as this is the set of data, which has the largest
variation range of the ambient air temperature.
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050100150200250300[MJ/s] Heat Supply
60708090100110[ oC] Supply Temperature
-100102030 336 672 1008 1344 1680 2016 2352 2688 3024 3360 3696

[ oC]
No.

Ambient Air Temperature
Figure 6.1: Heat supply, supply temperature and ambient airtemperature in Esbjerg in
Data A.
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50100150200250300[MJ/s] Heat Supply
60708090100110[ oC] Supply Temperature
-100102030 4536 4872 5208 5544 5880 6216 6552

[ oC]
No.

Ambient Air Temperature
Figure 6.2: Heat supply, supply temperature and ambient airtemperature in Esbjerg in
Data B.
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6.2 Estimation

All models considered can be written on the form:

yt = gθ

(
Y t−1,U t

)
+ et (6.1)

with
Y t−1 ≡ (yt−1, yt−2, . . .) (6.2)

and
U t ≡ (u1,t, u1,t−1, . . . , unu,t, unu,t−1 . . .) . (6.3)

That is,yt is a nonlinear functiongθ(·) of (Y t−1,U t) superposed by a sequence of
random variables,{et}, which are supposed to have zero mean, to have varianceσ2

e , to
be independent and identically distributed (i.i.d.), and to be independent of(Y t−1,U t).
nu is the number of external variables in the model.

Estimation method: The parameters in the models will be estimated by the prediction
error method, which was discussed in Chapter 5, and see also e.g. Klimko & Nelson
(1978) and Ljung (1995), i.e. by a minimization of the sum of squared one-step pre-
diction errors.

This means that the estimateθ̂N is found as the parameters minimizing the criterion

V (θ) =
1

N

N∑

t=1

1

2
(yt − ŷt(θ))

2 =
1

N

N∑

t=1

1

2
εt(θ)

2. (6.4)

The one-step prediction̂yt(θ) of the process{yt} at timet is obtained by conditioning
on the observed{yt} until timet−1 and{ui,t}, i ∈ [1;nu] until timet, i.e. it is assumed
that the external variables affecting the process at timet are known at that time. Hence,
the prediction is given as the expected value of the process conditioned on these sets
of observations for a given value of the parameter vector

ŷt(θ) ≡ E
[
yt | θ,Y t−1,U t

]
. (6.5)

The minimization routine provides the numerical approximation to the Hessian,̂H(θ̂N),
obtained in the minimum of the criterion,

Ĥ(θ̂N) =
∂2V (θ)

∂θ2

∣∣∣∣
θ=θ̂N

, (6.6)

and an estimate of the covariance matrix for the parameter estimate is given by

Ĉov
{
θ̂N

}
=
σ̂2

e

N

[
Ĥ(θ̂N )

]−1

, (6.7)
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where

σ̂2
e =

1

N

N∑

t=1

εt(θ̂)
2 (6.8)

is an estimate of the innovation variance.

6.3 Performance assessment

The one-step prediction qualities of the obtained model is adequately assessed by the
empirical RMS-value of the prediction errors, i.e.

SS(θ) =

√√√√ 1

t2 − t1 + 1

t2∑

t=t1

(yt − ŷt(θ))
2. (6.9)

Alternatively, in order to make comparisons between load modelling efforts in different
systems possible, a relative prediction error may be computed, leading to the following
quality measure

SS%(θ) =

√√√√ 1

t2 − t1 + 1

t2∑

t=t1

(
yt − ŷt(θ)

yt
100

)2

, (6.10)

which produces a relative measure of the prediction error inpercent of the simultane-
ous signal value.

A more appropriate criterion for determining the model order is the Bayes Information
Criterion (BIC), derived by Schwarz (1978), which apart from a constant is given by

BIC = N log σ̂2
e + np logN, (6.11)

whereN is the number of observations used in the estimation, andnp is the number
of parameters in the model.̂σ2

e is the ML estimator, (6.8), of the innovation variance
for normally distributed innovations. An estimate of the appropriate model is then be
found by minimizingBIC with respect to model order and model parameterization,
cf. Chapter 5.7.
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6.4 Modelling using transfer functions

6.4.1 General Transfer Function Models

First only linear transfer function models are considered.The models in this class can
be written on the form

A(q−1)yt =
nu∑

i=1

bi0
Bi(q−1)

F i(q−1)
q−kiui,t +

C(q−1)

D(q−1)
et (6.12)

with {ui,t, i ∈ [1;nu]} being external processes and{et} white noise with varianceσ2
e .

This class is in [Ljung 1987] referred to asthe general family of model structures
including a number of the commonly used model structures as special cases. For
instance, the finite impulse response (FIR) model is obtained with all polynomials
except theBi ones being one, and the ARMAX model corresponds to case wherethe
F i andD polynomials are one.

Each of the polynomialsA,Bi,F i,C andD are polynomials in the back-shift operator.
In the implementation they can all be specified as products ofa number of lower order
polynomials depending on the desired parameterization, i.e. each polynomial in (6.12)
is of the following form

G(q−1) ≡
nG∏

j=1

Gj(q
−1) ≡

nG∏

j=1

1 + gj,1q
−1 + · · ·+ gj,nGj

q−nGj . (6.13)

It is obvious that a transfer function model being linear in supply and ambient air
temperature will not be sufficient in describing the dynamicdependence on these vari-
ables. However, the purpose of showing the results with thiskind of model is to allow
for comparison with subsequent non-linear models.

After estimation of a number of the most appropriate structures of the transfer func-
tions from external variables and noise process, the model below was found

∇24pt = 3.57
1 − 0.91q−1

1 − 0.80q−1
∇24st

− 1.62
1 − 0.97q−1

1 − 1.32q−1 + 0.33q−2
∇24at +

[
−2.87 sin

(
2πt

24

)
−0.34cos

(
2πt

24

)
+4.14sin

(
2πt

12

)
+2.76cos

(
2πt

12

)]
∇24IA,t

+
1 + 0.05q−1 − 0.91q−24

1 − 1.10q−1 + 0.18q−2
et. (6.14)
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The variables in the model are

• pt : heat load.

• st : supply temperature.

• at : ambient air temperature.

IA,t is an indicator function defined as one if the current hour is on a day differing from
typical work days and zero otherwise.∇24 is the diurnal difference operator defined
by ∇24xt = xt − xt−24. This means that∇24IA,t is equal to one on the first non-work
day following a work day, and equal to minus one on the first work day following a
non-work day. For all other days is it zero.

All the parameter estimates of this model were found to be significant on 5 % level
using the Hessian approximation as an estimate of the parameter covariance matrix.

This model includes an additive diurnal profile, composed ofsine and cosine functions
with periods 24 and 12 hours, for weekend days and days classified as non-working
days. A diurnal profile common for all days is, in this particular model, redundant due
to the diurnal differencing of both heat load and external variables.

6.4.2 Second Order Nonlinear Models

The linearity of the transfer function model is evidently a restriction in the capability
of the model to describe load variations and dependence on external variables. Both
stationary and dynamic relations obviously depend on operation point and weather
condition.

Now it is tried to improve the performance of the dynamic model (6.14) by introducing
additional transfer functions with second order components.

As will appear, this extension implies, e.g. that stationary dependency relations be-
tween the supply temperature and the heat load varies linearly with the inverse mass
flow, being low-pass filtered.

Likewise for the ambient air temperature the stationary dependence varies linearly with
the low-pass filtered ambient air temperature.

This kind of models belongs to the class ofsecond order Volterra series expansions.

The response of the system to changes in the supply temperature must clearly depend
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Figure 6.3: Residuals corresponding to model (6.14).
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Figure 6.4: Autocorrelation of residuals corresponding tomodel (6.14).
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on the mass flow, since the time delays through the system, in steady state, is propor-
tional to the inverse of the mass flow.

Hence,ṁ−1
f,t is introduced in a supplementary transfer function from supply tempera-

ture to allow for an approximation of the mass flow dependent transfer function from
the supply temperature to the heat load.

This approximation of the model implies a linear relation between the stationary gain
and the low-pass filtered inverse mass flow.

As the result of estimation of a number of candidate models with second order trans-
fer functions the following model gave the lowest value of the information criterion
(BIC)

∇24pt =
(.04)

6.30
1−

(.01)

1.05 q−1

1−
(.02)

0.83 q−1

∇24st −

(.02)

9.32
1−

(.03)

1.22 q−1

1−
(.02)

0.87 q−1

ṁ−1
f,t−1 ∇24st −

(.08)

2.88
1−

(.002)

0.98 q−1

1−
(.02)

1.29 q−1+
(.02)

0.30 q−2

∇24at +

(.01)

0.12
1+

(.03)

0.24 q−1

1−
(.03)

0.08 q−1

af,t ∇24at +

[
−

(.02)

2.71sin

(
2πt

24

)
−

(.02)

0.18cos

(
2πt

24

)
+

(.02)

4.08sin

(
2πt

12

)
+

(.02)

2.54cos

(
2πt

12

)]
∇24IA,t

+
1+

(.006)

0.05 q−1−
(.005)

0.91 q−24

1−
(.02)

1.08 q−1+
(.02)

0.17 q−2

et. (6.15)

The filtered variables in this model are determined by exponential smoothing from

ṁ−1
f,t =

1 − α̂1

1 − α̂1q−1

st − rt

pt
, α̂1 =

(.002)

0.989, (6.16)

wherert is the return temperature, and

af,t =
1 − α̂2

1 − α̂2q−1
at, α̂2 =

(.001)

0.994 . (6.17)
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ṁf,t expresses, apart from a scale parameter, the low-pass filtered mass flow through
the heat plant.

The parameters of the filters (6.16) and (6.17) were estimated simultaneously with the
other parameters of the model. The filters implement a simpleexponential smoothing
with unit gain of the inverse mass flow and ambient air temperature, respectively.

Likewise, a transfer function from ambient air temperaturewith af,t-dependent gain is
introduced to obtain an approximation to the dependence of heat load on ambient air
temperature.

That is, the additional transfer function has the implication that the dynamic depen-
dence on ambient air temperature is a function of the low-pass filtered ambient air
temperature itself. For instance, this model can be given the interpretation that the
stationary gain of the relation between heat load and ambient air temperature depends
linearly on the level of the ambient air temperature (the low-pass filtered ambient air
temperature).

The estimated variance for the residuals is reduced from 5.80 for the linear model to
4.94 for the above non-linear model.

6.4.3 Smooth Threshold Transfer Function Models

Now the model class considered is thesmooth threshold autoregressive(STAR) model
applied on the transfer function model.

The basic idea of using thresholds in general transfer function models is that hereby
regimes are introduced in which one particular set of model components of the model
is valid. Applying the principle of thresholds in model (6.12) gives the following
general formulation of the model

AJt(q−1)yt =

nu∑

i=1

bi
Jt

0

BiJt (q−1)

F iJt (q−1)
q−k

Jt
i ui,t +

CJt(q−1)

DJt(q−1)
et. (6.18)

This means that the total model actually consists of a numberof models, all with the
structure of a linear transfer function model, where in every time step only one of the
models is active. The value ofJt corresponds to the regime being active at timet
determining what model structure and parameters are valid at this moment.

The smoothing is made by using a continuous and smooth function, and the logistic
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Figure 6.5: Residuals corresponding to model (6.15).
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Figure 6.6: Autocorrelation of residuals corresponding tomodel (6.15).
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distribution function is a relatively common choice,

Fα,β(x) =
1

1 + exp
(

−(x−α)
β

) . (6.19)

Among a number of different models with smooth threshold gain dependence the fol-
lowing resulted in the lowest value ofBIC. The standard deviations of the parameters
estimates are marked in parenthesis.

∇24pt =
(.1)

5.42
1−

(.02)

1.01 q−1

1−
(.03)

0.81 q−1

∇24st −

(.1)

3.40

1 + exp(
(.1)

4.08 −
(.1)

15.57 ṁ−1
f,t−1)

1−
(.04)

1.21 q−1

1−
(.05)

0.85 q−1

∇24st +




(.1)

1.19

1 + exp(
(.1)

19.14 −
(.04)

1.52 af,t)

−
(.1)

1.98


 1−

(.008)

0.97 q−1

1−
(.06)

1.36 q−1+
(.06)

0.37 q−2

∇24at +

[
−

(.2)

2.38sin

(
2πt

24

)
−

(.2)

0.27cos

(
2πt

24

)
+

(.1)

4.02sin

(
2πt

12

)
+

(.1)

2.60cos

(
2πt

12

)]
∇24IA,t

+
1+

(.008)

0.05 q−1−
(.009)

0.92 q−24

1−
(.02)

1.08 q−1+
(.02)

0.17 q−2

et. (6.20)

The filtered variables in this model are given by

ṁ−1
f,t =

1 − α̂1

1 − α̂1q−1

st − rt

pt
, α̂1 =

(.006)

0.974 (6.21)

and

af,t =
1 − α̂2

1 − α̂2q−1
at, α̂2 =

(.009)

0.951 . (6.22)

The estimated variance of the threshold model is 4.89 (little better than the second
order model).

The transfer function from supply temperature is seen to consist of two separate trans-
fer functions, one of which has a gain being dependent on the low pass filtered scaled
inverse mass flow, lagged one hour. Hereby, the composite transfer function at timet
includes parameters being function ofṁ−1

f,t−1. Fα,β(ṁ−1
f,t−1) is introduced to allow for

an approximation to a mass flow dependent transfer function from the supply temper-
ature to the heat load.
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Figure 6.7: Residuals corresponding to model (6.20).
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Figure 6.8: Autocorrelation of residuals corresponding tomodel (6.20).
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6.4.4 Analysis of Modelling Results

In this section the results for the three model types considered previously are further
analyzed.

First the DC-gain or stationary gain for the three models,Hs(e
iω) |ω=0, in the transfer

from supply temperature are compared. For the linear model the DC-gain is constant,
Hs(1) = 1.61 MJ/oCs, whereas for the second order model there is a linear dependence
between gain anḋm−1

f , i.e.

Hs(1) = 15.4ṁ−1
f − 1.89 MJ/oCs. (6.23)

For the smooth threshold model the DC-gain is

Hs(1) =
4.86

1 + exp(4.08 − 15.6ṁ−1
f )

− 0.389 MJ/oCs. (6.24)

For the observations in Data Ȧm−1
f is typically 0.5oCs/MJ in the summer period and

between 0.2 and 0.3oCs/MJ in the coldest period. Hereby it is seen that both the
threshold model and the second order model bear the, possibly erroneous, quality of
postulating a large DC-gain for the summer observations.

In the transfer functions from ambient air temperature to load the stationary gain is
found as the fraction between the stationary increase in load and an infinitesimal in-
crease in ambient air temperature, when contributions fromall other model compo-
nents are set to zero. Thus, for the second order model the stationary gain becomes

Ha(1) = 0.163a− 9.48 MJ/oCs, (6.25)

while for the smooth threshold model it is

Ha(1) =
5.17

1 + exp(19.1 − 1.52a)
− 8.62 MJ/oCs. (6.26)

For the linear model the gain isHa(1) = −7.35 MJ/oCs.

These relations between stationary gain and ambient air temperature, shown in Figure
6.10, seem reasonable.

The threshold model shows a two-level gain with a smooth transition for ambient air
temperature from 10oC to 15oC. The placement of the two levels is reasonable, and
the ambient temperature where the transition takes place seems also to be reasonable.
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Figure 6.9: Stationary Gain in transfer function from supply temperature.
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Figure 6.10: Stationary Gain in transfer function from ambient air temperature.
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6.5 Modelling using neural network

Finally, artificial neural networks are considered as a class of model structures holding
the capability of describing the existing nonlinear relations in the heat load dependence
on supply temperature and ambient air temperature.

It has been proved that multi-layer networks hold the capability of approximating any
continuous function. (Hornik, Stinchcombe and White, 1989).

This investigation considers the application of one particular choice of neural network
in gaining a sufficient nonlinear predictor of the heat demand. This class of neural
networks includes one, which previously has been successfully applied to, e.g. the
sunspot series.

Architecture

The general structure of the network is shown on Figure 6.11,where the neurons are
shown as circular nodes.

In this investigation only models with two layers of neuronsare considered. The mo-
tivation for the decision of leaving out the models with onlyone layer of neurons is an
intuitive belief that a two-layer model has a higher degree of flexibility in modelling
nonlinearities than a one-layer model, for the same number of parameters.

The network model hasnI inputs,ui,t, i ∈ [1;nI ], andn1 andn2 neurons in the two
intermediate layers, respectively. The network has one output corresponding to the
dependent variable, the variations of which is the object ofthe modelling.

In the general structure each input is connected to each neuron in the first layer, each
neuron in the first layer is connected to each neuron in the second layer and each neuron
in the second layer is connected to the output. Each connection has an adjustable
weight,w·.

The output and each neuron has an adjustable bias,b·.

The output from neuronj in the first layer at timet is

o
(1)
j,t = g

(
nI∑

i=1

w
(1)
ij ui,t − b

(1)
j

)
, j ∈ [1;n1], (6.27)

whereg(·) is the activation rule of the neuron, see below.
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Figure 6.11: Architecture.

The output at timet of neuronk in the second layer is

o
(2)
k,t = g

(
n1∑

j=1

w
(2)
jk o

(1)
j,t − b

(2)
k

)
, k ∈ [1;n2], (6.28)

and the output from the network is

ot =

n2∑

k=1

w
(o)
k o

(2)
k,t − b(o). (6.29)

The total number of parameters (weights and biases) is

Np = (nI + 1)n1 + (n1 + 2)n2 + 1. (6.30)

Using a neural network as a model describing functional relations has the same char-
acter as a non-parametric approach [Ripley 1993, Ripley 1996]. The reason is that a
neural network can be applied without using any physical knowledge about the system.

The neural network can simply be applied as a nonlinear approximation to the existing
system relations in the same way as a traditional nonparametric method can be applied.

Furthermore, it is not possible to give any physical interpretation of the individual
weights and biases in a neural network model.

Activation rule

The nonlinearity of the neural network is introduced in the activation rule of the neu-
rons.
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In this investigation the sigmoid, performing a smooth mapping (−∞;∞) → (0; 1),
given by

gS (x) =
1

1 + exp (−ax) , (6.31)

is used.

Dynamics of computation

If the identity (g(x) = x) is used as activation rule, the neural network degenerates
to a linear filter. Thus, the network will be able to perform asa predictor obtained
from an ARX-model, since for an ARX-model the one-step predictor is linear in both
model parameters and regressor variables. The neural network will, however, contain
superfluous parameters due to the intermediate layers rendering redundant in a linear
filter.

Determining the weights and biases in a neural network is, inthe neural network ter-
minology, referred to astraining of the net.

In statistics the process of determining the weights and biases is referred to as param-
eter estimation, the weights and biases being the parameters of the model.

It is assumed that the dependent variable can be described bythe following model

yt = o(ut) + et. (6.32)

Denoting the parameters of the modelθ, the prediction of the network is given as

ŷt(θ) = ot(ut; θ). (6.33)

The estimate of the neural network parameters, minimizing the prediction error vari-
ance, is thus found by minimization of the criterion function in (6.4).

In the section on general transfer function modelling the best performing model, rewrit-
ten to match the formulation in (6.32), would have the form

H1(q
−1)∇24pt = H2(q

−1)∇24st +H3(q
−1)∇24at

+H1(q
−1)∇24ν1,t +H1(q

−1)∇24 (ν2,tIA,t) + et. (6.34)

ν1,t andν2,t are trigonometric diurnal profiles, the first one actually being superfluous
due to the diurnal differencing.
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The chosen number of inputs is 15. With the dependent variable beingpt the inputs
are 




pt−1 st−24 1 − IA,t

pt−2 at sin(2πt/24)
pt−24 at−1 cos(2πt/24)
st at−24 sin(2πt/12)
st−1 IA,t cos(2πt/12)





For this selection of inputs, estimation were carried forn1 ∈ [2; 8] andn2 ∈ [2; 3].

In the estimation of the neural network models, the model estimate was continuously
applied on the validation set (Data B) to test its predictionperformance. The reason
for doing this that in the field of training neural network models, it is recommended
to apply the model, in the course of the estimation, on a test set, and stop the training
when the performance on the set deteriorates.

The idea of this approach is that the neural network structure should be so wide that it
for a certain set of weights and biases reaches the optimal prediction performance.

6.6 Model validation

Table 6.1, and figure 6.12 summarize the modelling results and show the standard
deviation of the prediction errors when the estimated models were applied on the two
datasets, Data A and Data B.

The important result is that, although the neural network model is superior in fitting
Data A, the second order model and the smooth threshold modelgives a smaller pre-
diction error variance when used on Data B. One interpretation of this result might be
that explicitely introducing physical characteristics ofthe system, as was done in the
non-linear models, improves the possibility for the model to describe data outside the
estimation set.

The linear transfer function model is still inferior to the others, but the difference from
the neural network is not so evident.
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Estimation (Data A) Validation (Data B)

Model σ̂2
e BIC σ̃2

e # Parameters

Linear 5.80 5104 11.29 15

Second Order 4.94 4695 9.59 23

Smooth Threshold 4.89 4672 9.89 25

Neural Network 3.92 4532 10.99 95

Table 6.1: Results from estimation and validation.

1.522.533.54[MJ/s]
Neural Network for n1 = 2;3; : : : ;8Estimation Validation Linear Second Order ThresholdLeft: Estimation Right: Validation������� ������� � � � � � �

Figure 6.12: Bar diagram of̂σe for the estimation set and̃σe for the validation set.
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Chapter 7

State space models

7.1 Introduction

State space models are very useful for describingnon-stationaryor time varyingsys-
tems. The reason is due to the (first order)Markov propertyof the state vector which
implies that prediction and state estimation is fairly easyalso for time varying systems
– see e.g. [Madsen 1995a]. But also somenon-linearsystems can conveniently be
described in state space form.

This chapter concentrates on state space models and in particular how to estimate
parameters in state space models. It is assumed that the reader is familiar with the
classical linear stochastic state space model. First a maximum likelihood method for
estimating the embedded parameters in a linear state space model is described in Sec-
tion 7.2.

Later on in Section 7.3 it is illustrated how the parameters of some doubly stochastic
models can be estimated by using the above mentioned maximumlikelihood method.

A traditional approach for estimating unknown parameters in state space models is to
include those parameters in the state vector and then use a state filtering approach,
which then (also) provides an estimate of the unknown parameters. An extended
Kalman filter for that purpose is briefly described in Section7.4.

The EM-method, which is a very useful method for parameter estimation in particular
cases, as e.g. in the case of missing observations, is described in Section 7.5.

Finally, the class of so-called state dependent models (SDM) is introduced in Sec-

143
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tion 7.6, and it is shown how many of the non-linear time series models can be written
in state space form using the SDM. Estimation of parameters in state dependent models
is briefly outlined.

7.2 Maximum likelihood estimators for state space
models

Let us first consider a linear state space model and a procedure for finding ML es-
timates of the embedded parameters of the state space model.The estimates are, in
general, found by numerical optimization.

The ML estimator for estimating parameters of, for instance, a multivariate ARMAX
models will come out of the method as a result under stationary conditions, where the
calculations can be tremendously simplified. This is shown in the final part of this
section.

The state space approach described is useful also for multivariate ARMAX models
with missing or aggregated output data. The state space method is used, for instance,
in Splus [Statistical Sciences 1995].

Consider the linear stochastic state space model:

X t = AtX t−1 +Btut−1 + e1,t, (7.1)

Y t = CtX t + e2,t, (7.2)

where{e1,t} and{e2,t} are mutually uncorrelated normal distributed white noise se-
quences with varianceΣ1,t andΣ2,t, respectively. Further we assume thatdimY = m
and that the model is global identifiable (will be discussed in a subsequent chapter).

The parameters are embedded in the matricesAt,Bt,Ct, Σ1,t andΣ2,t, which might
betime varying, as indicated by the notation.

Remark.We allow for a totalmissing observationof the output vector at timet by
putting (using a sloppy notation):

Σ2,t = ∞ (7.3)

For simplicity we will, however, assume thatm values are observed (possibly aggre-
gated) if an observation is not totally missing. H

By this remark and the following approach it is possible to estimate parameters based
on time series with missing observations. LetYt denote all observation up till and
including timet.
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Since{e1,t} and{e2,t} are normal distributedX t|Yt is also normal distributed and
entirely characterized by the mean:

X̂ t|t = E [X t|Yt] , (7.4)

and variance:
Σxx

t|t = V [X t|Yt] . (7.5)

The one-step predictions are:

X̂ t+1|t = AtX̂ t|t +Btut (7.6)

Σxx
t+1|t = AtΣ

xx
t|tA

T
t + Σ1,t (7.7)

Ŷ t+1|t = CtX̂ t+1|t. (7.8)

At time t + 1 we get the updated estimates by using aKalman filter (see the note
[Madsen 1992] about projections in Hilbert spaces) :

X̂ t+1|t+1 = E [X t+1|Yt,Y t+1]

= X̂ t+1|t +Kt+1

(
Y t+1 − Ŷ t+1|t

)
, (7.9)

Kt+1 = Σxx
t+1|tC

T
t

[
CtΣ

xx
t+1|tC

T
t + Σ2,t

]−1
(7.10)

Σxx
t+1|t+1 = Σxx

t+1|t −Kt+1CtΣ
xx
t+1|t. (7.11)

Note that in case of a missing observation at timet+1 no updating of neither the mean
nor the variance takes place.

Let us finally introduce theone-step prediction error(the innovation) and its covari-
ance:

Ỹ t+1|t = Y t+1 − Ŷ t+1|t, (7.12)

Rt+1 = V
[
Ỹ t+1|t

]
= V [Y t+1|Yt] = Σyy

t+1|t

= CtΣ
xx
t+1|tC

T
t + Σ2,t. (7.13)

Since the mean and variance ofY t+1|Yt now are calculated we are able to state the
conditional density function:

f (Y t+1|Yt) = [(2π)m detRt+1]
− 1

2 exp

[
−1

2
Ỹ

T

t+1|tR
−1
t+1Ỹ t+1|t

]
(7.14)
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Let θ denote the unknown parameters, andYN = (Y N , · · · ,Y 0) all N available
observations in the time series of lengthN (N < N).

Theconditional likelihood function(conditioned onY 0) is

L (θ;YN ) = f (YN |θ) (7.15)

= f (Y N |YN−1, θ) f (Y N−1|YN−2, θ) · · · f (Y 1|Y 0, θ) . (7.16)

By using the above calculated density function we obtain

L (θ;YN ) =

N∏

i=1

[(2π)m detRi]
− 1

2 exp

[
−1

2
Ỹ

T

i|i−1R
−1
i Ỹ i|i−1

]
, (7.17)

As starting values we can takêX0|0 = 0 andΣxx
0|0 = αI whereα is ’large’.

The maximization of the likelihood function is equivalent to maximization of

logL (θ;YN ) = −1

2

N∑

i=1

[log detRi + Ỹ
T

i|i−1R
−1
i Ỹ i|i−1] + const. (7.18)

and the ML-estimate ofθ is the argument which maximizes this, i.e.

θ̂ = arg
{

max
θ

logL (θ;YN )
}
. (7.19)

For the maximization a numerical method must be used.

As an approximation of the covariance of the parameter estimates we can use

V
[
θ̂
]
≃ −H−1, (7.20)

where

{H}ij =
∂2 logL (θ;YN )

∂θi∂θj

∣∣∣∣
θ=θ̂

. (7.21)

Note thatH is used as an approximation of the Fisher information matrix.

Using the above described method it is possible to estimatedparameters intime varying
modelsformulated as linear state space models. In Section 7.3 it isillustrated how the
method can be used also for estimating parameters in a class of non-linear models,
namely the doubly stochastic model.
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7.2.1 ML estimates under stationary conditions

It is straight forward to seen that in astationary situationthe problem reduces to the
following likelihood function

L (θ;YN) =
N∏

t=1

[(2π)m detΣ]−
1
2 exp

[
−1

2
Ỹ

T

t|t−1Σ
−1Ỹ t|t−1

]
(7.22)

= [(2π)m detΣ]N/2 exp

[
−1

2

N∑

t=1

Ỹ t|t−1Σ
−1Ỹ t|t−1

]
(7.23)

The assumption about stationarity implies that the matricesA, B, C, Σ1 andΣ2 are
constant. This also means that missing observations are notallowed, cf. (7.3).

Compared to the notation above we now use the symbolΣ for the covariance of the
innovation. Hence the problem is simplified to calculate theone-step prediction errors
Ỹ t|t−1 = Y t − Ŷ t|t−1, which is easily done for e.g. a multivariate ARMAX model.

The problem is most conveniently separated in the casesΣ known and unknown.

Σ known

In this case maximization of the likelihood function is equivalent to minimization of
S1(θ) where

S1(θ) =
1

N

N∑

t=1

Ỹ
T

t|t−1Σ
−1Ỹ t|t−1 (7.24)

whereỸ t+1|t = Y t+1 − Ŷ t+1|t is the one-step prediction error.

Let us introduce the sample covariance of the predictions errors, i.e.

D(θ) =
1

N

N∑

t=1

Ỹ t|t−1Ỹ
T

t|t−1 (7.25)

then thecost functionS1 is written

S1(θ) = trΣ−1D(θ) (7.26)

However, if the distribution assumption is postponed, the method is called aprediction
error methodwhere the cost function is given byS1. Remember that it is assumed that
Σ is known.
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Σ unknown

In this case the maximization of the likelihood function above is equivalent to mini-
mization of

S(θ,Σ) =
1

2
N log detΣ +

1

2

N∑

t=1

Ỹ
T

t|t−1Σ
−1Ỹ t|t−1 (7.27)

Differentiating with respect toΣ gives

∂S

∂Σ
=
N

2
Σ−1 − 1

2
Σ−1(

N∑

t=1

Ỹ t|t−1Ỹ
T

t|t−1)Σ
−1 (7.28)

which equals zero for

Σ =
1

N

N∑

t=1

Ỹ t|t−1Ỹ
T

t|t−1 = D(θ) (7.29)

This means that for any given value ofθ then (7.29) minimizes (7.27). Therefore the
problem can be reduced by imposing the constraintΣ = D(θ). By substituting this
constraint into the above cost function gives

Sc(θ) =
1

2
log detD(θ) +

1

2

N∑

t=1

Ỹ
T

t|t−1D
−1(θ)Ỹ t|t−1 (7.30)

or

Sc(θ) =
1

2
log detD(θ) +

1

2
tr

[(
N∑

t=1

Ỹ t|t−1Ỹ
T

t|t−1

)
D−1(θ)

]

=
1

2
log detD(θ) +

N

2
tr Im

=
1

2
log detD(θ) +

Nm

2

Since the last term is constant the ML estimate is found by minimizing thecost function

S2(θ) = log detD(θ) (7.31)

Again this is aprediction error methodif the assumption about the distribution must
be postponed, where, in the present case, the cost function is given byS2.
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7.3 Estimation of some doubly stochastic models

In this section it is outlined how the estimation method described in Section 7.2 can
be used to estimate the parameters in some doubly stochasticmodels. The principles
outlined can be generalized to other non-linear models.

Consider thenon-linearprocess:

Yt = ΦtYt−1 + ǫt (7.32)

Φt − µ = φ(Φt−1 − µ) + ζt (7.33)

where{ǫt} and{ζt} are mutually uncorrelated Gaussian white noise processes with
variancesσ2

ǫ andσ2
ζ , respectively. This model is some times referred to as an AR(1)-

AR(1) model, since both the model forYt and the embedded model for the parameter
variation is an AR(1) model.

The parameters of the non-linear model are(φ, µ, σ2
ǫ , σ

2
ζ ).

By choosing a different parameterization of the model it can, however, be written as a
linear state space model. The model for the parameter variation can be written

Φt = φΦt−1 + µ(1 − φ) + ζt

Hence, by introducingδ = µ(1 − φ) the variation of both{Yt} and {Φt} can be
described by the linear state space model

(
Φt

δt

)
=

(
φ 1
0 1

)(
Φt−1

δt−1

)
+

(
1
0

)
ζt (7.34)

Yt = (Yt−1, 0)

(
Φt

δt

)
+ ǫt (7.35)

Note that the new parameter is introduced as a state variable, and that there is a unique
relation between the new parameters(φ, δ, σ2

ǫ , σ
2
ζ ) and the parameters of the model

(7.32).

The principle outlined above is readily generalized. It is,for instance, rather easy to
see that the following doubly stochastic model (an AR(1)-AR(2) model)

Yt = ΦtYt−1 + ǫt (7.36)

Φt − µ = φ1(Φt−1 − µ) + φ2(Φt−1 − µ) + ζt (7.37)
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can be written as the following linear state space model




Φt

Φt−1

δt


 =




φ1 φ2 1
1 0 0
0 0 1






Φt−1

Φt−2

δt−1


 +




1
0
0


 ζt

Yt = (Yt−1, 0, 0)




Φt

Φt−1

δt


+ ǫt

whereδ = µ(1 − φ1 − φ2).

As soon as the doubly stochastic model is formulated as a linear state space model,
then the method for parameter estimation described in Section 7.2 can be used.

It is left as an exercise for the reader to generalize the principles to other doubly
stochastic models.

Example 7.1 (Doubly stochastic process - AR(1)-AR(1)).The above outlined class
of doubly stochastic processes provides a rather flexible description of non-linear phe-
nomena.

Consider as an example a doubly stochastic process with two different parameter sets
as described in Table 7.1.

Parameter φ µ σ2
ζ σ2

ǫ

True values No. 1 0.85 0.80 0.102 4.02

True values No. 2 0.95 0.80 0.102 4.02

Table 7.1: Parameters used for simulations of a doubly stochastic process.

Simulations of the process are shown on Figure 7.1 and 7.2 forthe two set of parame-
ters.

It is noticed that large values of the process is obtained in periods where the system
describing the embedded parameter variation is unstable. �

By considering for instance a second order parameter model,as the AR(1)-AR(2)
model, with complex poles in the transfer function from the noise to the value of the
parameter, it is possible to obtain a process which tends to show large values repeat-
ably with a certain period of time.
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Figure 7.1: A simulation of a doubly stochastic process -φ = 0.85
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Figure 7.2: A simulation of a doubly stochastic process -φ = 0.95.
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7.4 Extended Kalman filter used for parameter es-
timation

This section describes an often used principle for estimating parameters in state space
models, namely toinclude the unknown parameters in the state vectorand then use a
method for state estimation. The resulting state space model is in general a non-linear
state space model, and the extended Kalman filter is then mostoften used for the state
estimation.

Consider the following state space model

X t+1 = A(θ)X t +B(θ)ut + vt (7.38)

Y t = C(θ)X t + et (7.39)

where the parameter vectorθ is unknown.

By including (θ = θt) in a new state vector

Zt =

(
X t

θt

)

this leads to the following non-linear state space model

Zt+1 = f(Zt,ut) +

(
vt

0

)
(7.40)

Y t = h(Zt) + et (7.41)

(7.42)

where

f(Zt,ut) =

(
A(θ)X t +B(θ)ut

θt

)

h(Zt) = C(θ)X t

Now a state estimation will provide a simultaneous estimation of the original state
vector and the parameter vectorθ.

7.4.1 A version of the Extended Kalman Filter (EKF)

Consider thenon-linear, discrete time system

X t+1 = f(t,X t) + vt (7.43)

Y t = h(t,X t) + et (7.44)
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where
E[vvT ] = R1,t E[eeT ] = R2,t E[veT ] = 0

Then the EKF estimate ofX t+1 givenY 0,Y 1, · · · ,Y t is obtained by

X̂ t+1|t = f (t, X̂ t) +Kt[Y t − h(t, X̂ t|t−1)] (7.45)

where

Kt =F (t, X̂ t|t−1)P tH
T (t, X̂ t|t−1)[H(t, X̂ t|t−1)P tH

T (t, X̂ t|t−1) +R2,t]
−1

(7.46)

P t+1 =F (t, X̂ t|t−1)P tF
T (t, X̂ t|t−1) +R1,t (7.47)

−Kt[R2,t +H(t, X̂ t|t−1)P tH
T (t, X̂ t|t−1)]K

T
t (7.48)

and

F (t, X̂) =
∂

∂X
f(t,X)|X=X̂ (7.49)

H(t, X̂) =
∂

∂X
h(t,X)|X=X̂ (7.50)

This is called adiscrete-discrete extended Kalman filtersince both the system equation
and the observation equation are given in discrete time.

The basic idea of the extended Kalman filter is thus to linearize about each state esti-
mate. This is different from thelinearized Kalman filteror perturbation Kalman filter
where a global linearization of the non-linear model is used.

In Chapter 8 the extended Kalman filter and other higher orderfilters will be described
in more detail.

7.4.2 Some convergence results

The following references deals with the convergence of the state estimation when the
EKF is used for parameter estimation.

L. Ljung (1977): Reduced an investigation of the convergence of EKF to investigate
the stability of some ODE.

L. Ljung (1979): Showed that divergence can be traced down to miss-specification of
the state noise covariance.
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D. Wiberg (1990): By considering an extension of the EKF to include third order
moments, he proved that the EKF estimates, with probabilityone, converge to some
ML estimates.

New paper: “If an estimation of the Kalman Gain matrix is included, thenthe EKF
estimates converge to the true values.”

With these new results the EKF may become an attractive way ofestimating parame-
ters in non-linear dynamic models.
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7.5 The EM algorithm

The EM algorithm is proposed by [Dempster, Laird & Rubin 1977]. It is an iterative
method for computing ML estimates of parameters in a model. For some problems the
likelihood function for a complete data set is much more easyto find than the likelihood
function for the data at hand, which is assumed to be a subset of the complete data set.
The idea is then iteratively to find an estimate of the complete likelihood function
given the actual data and the current parameter estimate. This estimate of the complete
likelihood function is then maximized which results in an updated parameter estimate,
which again is used in improving the estimate of the completelikelihood function.

y

x

Figure 7.3: Complete (x) and incomplete data (y).

The algorithm contains thus two steps per iteration, theExpectation step for estimating
the complete likelihood function conditioning on the available data and the latest pa-
rameter estimates, and theMaximization step for finding the optimal parameter values
in the current iteration.

Given the ’complete data’x, the ’incomplete data’y and a mappingy = y(x). Then
the density function ofx is g(x|θ) with unknown parametersθ and the density func-
tion of y is

f(y|θ) =

∫

X (y)

g(x|θ)dx

The parametersθ are to be estimated using the ML method by maximizingf(y|θ)
overθ.

Here it is important to note that the basic idea is that it is normally much easier to
maximizeg(x|θ), i.e. the complete-data likelihood than the incomplete-data likeli-
hoodf(y|θ). However, that is not possible due to the lack of complete data. The
next point is then to find a method to use the ’easiness’, but base the estimation on the
incomplete set of data.

As mentioned the optimization of the complete likelihoodg represents for many prob-
lems an easier task than optimization of the incomplete summaryf . However, sincex
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is unobservable, we replacelog g(x|θ) by its conditional mean giveny and the current
fit θ(p) (the E step) and maximize the resulting function (the M step).

Hence, letk(x|y, θ) be the conditional density ofx giveny andθ, i.e.

k(x|y, θ) =
g(x|θ)
f(y|θ) .

where it has been used thaty is a subset ofx.

Then the log likelihood is (while replacing with the conditional means)

L(θ) = log f(y|θ) = Q(θ|θ(p)) −H(θ|θ(p))

Q(θ|θ(p)) = E
[
log g(x|θ)|y, θ(p)

]

H(θ|θ(p)) = E
[
log k(x|y, θ)|y, θ(p)

]
.

Now we can define the EM-iteration

• E-step: ComputeQ(θ|θ(p)) = Ep[logL(x, θ|y1, . . . , yn, θ
(p)],

• M-step: Chooseθ(p+1) to maximizeQ(θ|θ(p)).

That is the EM algorithm. The EM algorithm thus finds the maximum of the likelihood
function iteratively.

The notationEp denotes expectation with respect to the distribution that can be com-
puted using thep’th estimate.

From [Efron 1982] Efron: Maximum Likelihood and Decision Theory, Annals of Stat,
10, pp 340-356, 1982:

Some properties:

i) First of all
L(θ(p)) ≤ L(θ(p+1))

i.e. any EM sequence{θ(p)} increases the likelihood, i.e.L(θ(p)), if bounded
above, converges toL∗.

ii) If Q is continuous in both arguments thenL∗ is a stationary value ofL and ifθ
converges to someθ∗, thenθ∗ is a stationary point.
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iii) If [ii], under conditions onQ and if‖ θ(p+1) − θ(p) ‖→ 0, p→ ∞ this point is a
local maximum (under assumption that they are isolated).

iv) If L(θ) is unimodal (control by selecting different starting points for the esti-
mation) over the whole parameter space, and if the partial derivative ofQ with
respect to the first argument is continuous in both arguments, i.e. in bothθ and
θ(p), thenθ(p) converges to the unique maximizerθ∗ of L(θ).

-i) It is sensitive to the choice of initial value.

-ii) It might end up in a saddle point.

-iii) It might take some time to get along, i.e. sometimes it is a little slow.

Example 7.2 (EM-estimation of parameters in a NLAR(1) model). Consider the
Non-Linear AR(1)-model (NLAR(1))

Yt = h(Yt−1, θ) + ǫt (7.51)

where{ǫt} is i.i.d. N(0,1).

Assume that the available observations are

YN = (Y1, Y2, . . . , Yj−1, Yj+1, . . . , YN) (7.52)

i.e. Yj is missing.

The i’th iteration of the EM-algorithm is

• E-step: FindE[Yj|YN , θ
(i)] = Y

(i)
j ,E[Y 2

j |YN , θ
(i)] = (Y 2

j )(i),E[h(Yj)|YN , θ
(i)] =

h(Yj)
(i),E[h2(Yj)|YN , θ

(i)] = h2(Yj)
(i).

In the evaluation it can be used that (for the NLAR(1)-model)

p(Yj|YN) =
p(Yj|Yj−1)p(Yj+1|Yj)

p(Yj+1|Yj−1)
(7.53)

Note also thatp(Yj+1|Yj) = φ(Yj+1 − h(Yj)) whereφ is the density function of
N(0,1).

• M-step: Minimize with respect toθ the ’sum of squares’

N∑

t=1

Y 2
t − 2

N∑

t=1

Yth(Yt−1) +
N∑

t=1

h2(Yt−1) (7.54)

where we replaceYj, Y
2
j , h(Yj), h

2(Yj) by the values found under the E-step.
This givesθ(i+1).

�



158 CHAPTER 7. STATE SPACE MODELS

7.5.1 Estimation of parameters in a state space model

Given the system

xt = Φxt−1 + vt; t = 1, . . . , N

yt = M txt + et.

where{M t} is assumed known.

Suppose that the input and output noises as well as the initial values are stochastic
processes with Gaussian distributions with parameters(0,R1), (0,R2) and (µ,Σ),
respectively. The states as well as the parameters in the initial value and noise distri-
butions and the parameters in theΦ matrix are to be estimated.

The complete data set does in this case contain{xi}N
0 and{yi}N

1 . Since everything is
Gaussian, the log likelihood function for the complete datais

2 logL = − log detΣ − (x0 − µ)TΣ−1(x0 − µ)−

− n log detR1 −
N∑

1

(xt −Φxt−1)
TR−1

1 (xt −Φxt−1)−

− n log detR2 −
N∑

1

(yt −M txt)
TR−1

2 (yt −M txt) (7.55)

E-step:

The first step is to find the conditional mean for this functiongiven the actually mea-
sured data{yi}N

1 . The parameters that are to be estimated are collected in

θ(r) = (µ,Σ,Φ,R1,R2)
T .

The conditional expectation is

Q(θ|θ(r)) = Er(logL|y1, . . . , yN).

Note, thatEr denotes expectation with respect to the distribution that can be computed
using ther’th estimate.

Introducing (notice that the usualx̂-notion is skipped)

xt|s = E(xt|y1, . . . , ys)
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and correspondingly for the covarianceP t|s we get

2Q(θ|θ(r)) = − log detΣ − tr{Σ−1(P 0|N + (x0|N − µ)(·)T )}−
−N log detR1 − tr{R−1

1 (C −BΦT −ΦBT + ΦAΦT )}−

−N log detR2 − tr{R−1
2

N∑

1

[(yt −M txt|N)(·)T +M tP t|NM
T
t ]} (7.56)

where

A =

N∑

1

(P t−1|N + xt−1|Nx
T
t−1|N )

B =
N∑

1

(P t,t−1
t|N + xt|Nx

T
t−1|N)

C =

N∑

1

(P t|N + xt|Nx
T
t|N).

whereP t,t−1
t|N is the covariance betweenxt andxt−1 given all N observations.

Kalman smoother estimates The valuesxN
t ,P

N
t andPN

t,t−1 are thus the expec-
tation and covariance ofxt given all the N observations. These quantities are calcu-
lated using theKalman smootherestimates which can be obtained recursively by using
thebackward recursionsfor t = N,N − 1, . . . , 1

xt−1|N = xt−1|t−1 + J t−1(xt|N − xt|t−1) (7.57)

J t−1 = P t−1|t−1Φ
T (ΦP t−1|t−1Φ

T +R1)
−1 (7.58)

whereP t−1|t−1 is the covariance obtained by using an ordinary (forward) Kalman
filter.

The covariance of the smoothed estimator satisfies

P t−1|N = P t−1|t−1 + J t−1(P t|N − (ΦP t−1|t−1Φ
T +R1))J

T
t−1 (7.59)

M-step:

If we now define the(r+1)’st parameter estimate as the value ofθ that maximizes the
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conditional expectationQ(θ|θ(r)), we get in this case a closed solution which is

Φ(r+1) = BA−1

R
(r+1)
1 = N−1(C −BA−1BT )

R
(r+1)
2 = N−1

N∑

1

[(yt −M txt|N)(·)T +M tP t|NM
T
t ]

The initial values are just given as a single replicate. Chooseµ(r+1) = xN
0 andΣ

reasonable.

See [Shumway 1988] for further details.

• Hence we have closed the loop with the(r+ 1)’st estimate. Iterate until conver-
gence.

• We have simultaneously computed filtered and smoothed estimates of the states
and estimates of the parameters in the system.

• Note that the Kalman filter is included in the EM-algorithm for computation of
the conditional estimates. Compare with the previous described ML method for
estimating parameters in state space models, where the likelihood function was
optimized directly! (using a numerical method). One of the things that we then
got, but we didn’t get in the algorithm as it is presented hereis the precision of
the parameter estimates. If that is to be included in this algorithm, it has to be
extended.
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7.6 State-dependent models (SDM)

State-dependent models are proposed by [Priestley 1980]. Agood overview including
some examples is found in [Priestley 1988].

In Chapter 1 we introduced the general non-linear model,

Xt = h′(ǫt, ǫt−1, . . . ) (7.60)

which clearly is “infinite dimensional”, since infinitely many past variables are used.
The idea behind the state-dependent models is to reduce thisto a “finite dimensional”
form.

In a parsimonious finite description it might be a good idea toconsider previousX and
ǫ-values simultaneously.

Hence consider:

Xt = h(Xt−1, · · · , Xt−p, ǫt−1, · · · , ǫt−q) + ǫt (7.61)

Note that the functionh in (7.61) is not, of course, the same function as that which
appears in Chapter 1.

Define the “state vector”

x̃t = (ǫt−q+1, · · · , ǫt, Xt−p+1, · · · , Xt)
T

Priestly (1980, 1988) uses the term “state vector” althoughthe definition does not
in general lead to aminimal realization1. It is for instance well-known that for an
ARMA(p, q) model the minimal realization has a state vector of dimensionmax(p, q+
1), whereas the state vectorx̃t has the dimension(q + p).

After a first-order expansion ofh about some fixed time point we obtain theState-
Dependent Model (SDM) of order (p,q):

Xt +

p∑

i=1

φi(x̃t−1)Xt−i = µ(x̃t−1) + ǫt +

q∑

i=1

ψi(x̃t−1)ǫt−i (7.62)

1Recall that a realization of a state space model (represented by the triplet of matrices (A, B, C))
is minimal iff the corresponding system is completely controllable and completely observable



162 CHAPTER 7. STATE SPACE MODELS

(Note that this is also adoubly stochastic model- see Chapter 1).

The SDM model has an appealing interpretation as a locally linear ARMA model in
which the parametersφ, ψ andµ all depend on the “state” of the process,x̃, at time
(t− 1).

By selecting appropriate forms for the coefficients, the state-dependent model contains,
as special cases, many of the well-known non-linear models described in Chapter 1.

Example 7.3 (Some non-linear models on SDM form).Let us show by examples
how some of the well-known non-linear models are written as state-dependent model.

• ARMA models: µ, {φi} and{ψi} constants.

• Bilinear models: µ, {φi} constants, and

ψi(x̃t−1) = ci + Σm
j=1bjiXt−j ; i = 1, · · · , q (7.63)

By selectingq properly and by putting some ofci or bji equal to zero the general
bilinear model (1.34) is obtained.

• Threshold models:

{ψi} = 0

µt = a
(Jt)
0

φi(x̃t−1) = −a(Jt)
i if Xt−d ∈ R(Jt)

Note, for the threshold model, theφ are step-functions which are constrained to
depend on just one component of the state vector, namelyXt−d.

• Exponential AR models: Forµ = 0 , {ψi} = 0 and

φi(x̃t−1) = −(αi + βie
−δX2

t−1) i = 1, · · · , p (7.64)

then (7.62) reduces to the EXPAR model.

�

7.6.1 A formal state space description of the SDM

The “state vector”

x̃t = (ǫt−q+1, · · · , ǫt, Xt−p+1, · · · , Xt)
T
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together with the innovation,ǫt+1, determine completely the evolution from timet to
time t+ 1.

A formal state space representation is

x̃t+1 = µ(x̃t) + F (x̃t)x̃t + ǫ̃t+1

Xt = Cx̃t

where

µ(x̃t−1) = (0, · · · , 0 ... 0, · · · , µ(x̃))T

ǫ̃t = ǫt(0, · · · , 1
... 0, · · · , 1)T

C = (0, · · · , 0, 1)

and

F (x̃t) =




0 1 0 · · · 0
... 0 · · · · · · · · · 0

0 0 1 · · · 0
... 0 · · · · · · · · · 0

...
...

...
...

...
...

...

0 0 0 · · · 1
... 0 · · · · · · · · · 0

0 0 0 · · · 0
... 0 · · · · · · · · · 0

· · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · ·
0 · · · · · · · · · 0

... 0 1 0 · · · 0

0 · · · · · · · · · 0
... 0 0 1 · · · 0

...
...

...
...

...
...

...

0 · · · · · · · · · 0
... 0 0 0 · · · 1

ψq ψq−1 · · · ψ1
... −φp −φp−1 · · · −φ1




(7.65)

It is obvious from the discussion above that the state dependent model (7.62) represents
a local linearizationof the more general non-linear model (7.61), and the model may
be interpreted as representing the tangent plane to the surfaceh(x̃).

Hence we may introduce the “state dependent transfer function”

H(z) =
1 +

∑q
i=1 ψi(x̃t−1)z

−i

1 +
∑p

i=1 φi(x̃t−1)z−i
(7.66)
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7.6.2 Estimation of state-dependent models

In order to estimate a state-dependent model functional forms of the parametersµ(x̃), φi(x̃), ψi(x̃)
are needed.

For example we may assume a linear function of the state vector:

φi(x̃t) = φ
(0)
i + x̃t

Tαi (7.67)

ψi(x̃t) = ψ
(0)
i + x̃t

Tβi (7.68)

This form is appropriate for bilinear models (withαi = 0); but it is hardly reasonable
to suppose that all non-linear models can be approximated with the above linear ap-
proximation. However, as long asφ andψ are reasonable “smooth” functions ofx̃t it
would be quite reasonable to use the linear functions as a locally linear approximation.
Henceα andβ are themselves state-dependent.

The basic solution is then to includeα andβ in the “state vector” and allow them to
vary smoothly in time and to adapt the underlying variation.The natural approach is
to suggest arandom walkvariation forα andβ.

The estimation procedure is then based on an algorithm whichis closely related to the
Kalman filter – see [Priestley 1988] for details.



Chapter 8

Stochastic processes and state
filtering

8.1 Introduction – Physical modelling

In this chapter we shall start considering continuous time modelling of physical sys-
tems. The essence of the chapter is an attempt to answer the question on how to
incorporate the deterministic physical knowledge in the model while extending it also
to include a description of the disturbances.

The basic deterministic and physically based model of a realprocess or system is
assumed to be described by a set of non-linear differential equation. In most practical
applications, one should also include a stochastic part in the equations. There are a
number of arguments for including such a stochastic model component. Clearly, noise
is an intrinsic part of any real world system, e.g. as measurement disturbances. The
stochastic part may also represent disturbances or inputs to the system which are not
measured or known, or it may represent unmodelled dynamics of the system.

The chapter then will start by presenting a seemingly possible way of creating the
stochastic extension, which however will fail, but will lead to the introduction of the
Wiener process (Brownian motion), and the definition of a stochastic differential equa-
tion (sde).

dxt = f (xt, t) dt+G(xt, t) dβt (8.1)

βt is standard Brownian motion (Wiener process), to be defined shortly. The solu-
tion of such an equation is defined via a stochastic integral which is introduced and
discussed and the solution to the sde is presented.

165
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The presentation leads to a state space formulation of the system description. Most
often the state variables are unmeasurable and only a function of them is available.
The computation of an estimate of the state is a filtering problem, the solution of
which is exactly expressable but not always computationally achievable. Hence there
is a demand for approximative filters and in the end of the chapter, a number of such
approximations are presented.

The contents of the chapter are in various parts, but not always as a whole, treated
in the literature. The stochastic differential equations as such are discussed in e.g.
[Gard 1988], [Kloeden & Platen 1992] and [Øksendal 1989], the filtering problem is
the topic of e.g. [̊Aström 1970], [Jazwinski 1970] and [Maybeck 1982].

8.1.1 A first attempt to a stochastic differential equation

A seemingly very natural and heuristic extension of the differential equation

dxt

dt
= f(xt, t) (8.2)

to treating also a stochastic disturbance, is to add on a stochastic signalv(xt, t), which
is supposed to have zero mean, in order to get

dxt

dt
= f (xt, t) + v(xt, t). (8.3)

Let us suppose that the equation (8.3) is a state space model,which implies thatv(xt, t)
andv(ys, s) are independent∀xt,ys whent 6= s (otherwise the future states would
depend on the way the current states were obtained). If it furthermore is assumed that
v(xt, t) is continuous in mean square sense, i.e.

E[v(xt+h, t+ h) − v(xt, t)] → 0; h→ 0

and has a finite variance∀t, then it is possible to show, see [Åström 1970] that

E[v2(xt, t)] = 0 ! (8.4)

Hence, it is not possible to keep both the assumption on finitevariance and indepen-
dence, and if the final aim is to achieve a state space model, the assumption on finite
variance of the derivative has to be sacrified. The construction of a stochastic differen-
tial equation then starts with the Wiener process.
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8.1.2 The Wiener process

A Wiener process is a Gaussian stochastic process{βt, t ≥ 0}. The mathematical
properties which defines it are given by:

(i) β0 = 0 w.p.1

(ii) The incrementsβ1 − β0, β2 − β1, · · · , βn − βn−1, of the process, for any
partitioning of the time interval0 ≤ t0 < t1 < · · · < tn < ∞ are mutually
independent.

(iii) The incrementβt −βs for any0 ≤ s < t is Gaussian with mean and covariance
respectively

E[βt − βs] = 0 ; V[βt − βs] = σ2|t− s| (8.5)

Some other characteristics of the Wiener process are e.g. (cf. [Maybeck 1982]):

(i) The Wiener process is a Markov process with respect toAt (As is defined as the
σ-algebra generated byβ. in the time interval[0, s]) i.e.

p(βt|As) = p(βt|βs) (8.6)

for 0 ≤ s ≤ t.

(ii) It is furthermore a martingale with respect toAt, i.e. E[|βt|] < ∞, and for all
0 ≤ s < t,

E[βt|As] = βs w.p.1 (8.7)

(iii) The sample paths of the process are continuous with probability one, but they
are nowhere differentiable w.p.1.

Hence, the Wiener process is a nonstationary stochastic process that starts in0 and has
independent, stationary and Gaussian increments. By considering the process in[0, t],
we see that the variance of the process increases linearly with t, and that the covariance
function fulfills

rβ(s, t) = σ2 min(s, t). (8.8)

The continuity of the process follows from the continuity ofthe covariance function
in (8.8) on the diagonals = t. The non-differentiability of the process, e.g. in mean
square sense can be seen from

E

[
(βt+h − βt)

h

]2

=
σ2h

h2
=
σ2

h
→ ∞, h→ 0.
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The covariance function for the ’derivative’ of the processis

rβ′(s, t) =
∂2r(s, t)

∂s∂t
= −δ(s− t) (8.9)

whereδ(t) is a Dirac pulse, hence the covariance function for the ’derivative’ is defined
only as a generalised function, i.e. in distribution sense.Using it in this sence, it is
possible to compute e.g. the spectral density of the ’derivative’ of the Wienerprocess
to show that is has a constant spectral density for all frequencies and thus has infinite
variance. Note that this generalised process is discontinuous everywhere and that it at
time t is independent of the process at all other time instantss 6= t. This is the process
that is closest to the concept ’continuous time white noise’. It is now to be used in
constructing a stochastic differential equation.

8.1.3 A stochastic differential equation

One possible way of computing the solution to a deterministic differential equation is
to use finite differences, Eulers method being the most simple one. Conversely, the
deterministic differential equation may be defined from a difference equation formu-
lation by letting the timestep tend to zero. If the same procedure is applied in the
stochastic case, we have to start with stochasticdifferenceequation

xt+h − xt = hf (xt, t) +G(xt, t)(βt+h − βt) (8.10)

where the now introduced stochastic process{βt} is supposed to be a Wiener process.
Note in particular, that drift and diffusion expressions

E [xt+h − xt|xt] = hf (xt, t) – drift (8.11)

V [xt+h − xt|xt] = hG2(xt, t) – diffusion (8.12)

where it clearly is impossible to divide byh and let it tend to zero, since the diffusion
expression depends linearly onh, due to the properties of the Wiener process. How-
ever, it is possible to let the timestep tend to zero in equation (8.10), which gives us
the desired expression for thestochastic differential equation, cf. equation (8.1),

dxt = f (xt, t)dt+G(xt, t)dβt, (8.13)

with {βt} being a Wiener process,E[dβt]
2 = dt.
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8.2 Stochastic differential equations and stochas-
tic integrals

The stochastic differential equation in equation (8.13) isdefined using the Wiener pro-
cess, hence the derivative of the solutionxt does not exist as a normal function. Thus,
the interpretation of the solution remains to be discussed.

Again, compare with the deterministic case, where the solution to an ordinary differ-
ential equation may be computed using a pathwise integration. Hence consider the
stochastic differential equation

dxt = f (xt, t) dt+G(xt, t) dβt (8.14)

wheref(xt, t) is the drift coefficient,G(xt, t) is the diffusion coefficient, andβt is a
standard Wiener process, representing the source of noise in the system. A solution to
(8.14) would formally have the form

xt = x0 +

∫ t

0

f(xs, s) ds+

∫ t

0

G(xs, s) dβs (8.15)

The first of these integrals. i.e. the integral of the drift, can be intrepreted as a standard
integral defined e.g. in the Riemann sense.

The second integral is however more difficult to handle, since as discussed previously,
the sample paths of the Wiener process have unbounded variation. The problem is seen
if we try to approximate the integral with a sum

N−1∑

i=0

G(xτi
, τi)

(
βti+1

− βti

)
, ti ≤ τi < ti+1 (8.16)

and define the integral as the mean square limit of this rectangular approximation for all
partitionst0 < t1 < · · · < tN = t as the maximum step sizemaxi(ti+1 − ti) → 0. The
result clearly depends on the choice ofτi, sincexτi

to a varying extent is correlated with
βti

In fact, varying choices ofτi lead to various integral concepts, cf. e.g. [Gard 1988].
Here we choose to have

τi = ti (8.17)

which gives the approximating summation

N−1∑

i=0

G(xti , ti)
(
βti+1

− βti

)
, (8.18)
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theItô stochastic integral. An existence and uniqueness theorem, proved using succes-
sive approximations, holds for (8.18) when the drift and diffusion coefficients satisfy
Lipschitz and bounded growth conditions, see [Gard 1988, Kloeden & Platen 1992].

This, so defined integral has a couple of interesting properties, such as having the mean
value zero and giving the covariance between two integrals as the Riemann integral of
the mean value of the product of the integrands.

Hence, the solution to the stochastic differential equation is now well defined, and
we may continue to compute functions of the solution to the stochastic differential
equation, such as its moments.

8.2.1 Itô Calculus

Defining the Itô integral, one should notice that the ordinary calculus does not apply
any more. For example, ifyt = h(t, xt) with xt a solution to (8.1) andh a sufficiently
smooth function we obtain

dyt = (
∂h

∂t
+ f

∂h

∂x
+

1

2
G2∂

2h

∂x2
) dt+

∂h

∂x
Gdβt (8.19)

8.3 Solving stochastic differential equations

Let the model be described by the vector Itô stochastic differential equation

dxt = f (xt,ut, θ, t)dt+G(xt, θ, t)dβt (8.20)

with {βt} being a standard Wiener process. The observationsyk are taken at discrete
time instants,tk

yk = h(xk,uk, θ, tk) + ek (8.21)

where{ek} is a Gaussian white noise process independent ofβt, ∀t, k, andek ∼
N(0,S(θ, tk)). (The super- and subscriptk is shorthand notation fortk).

Condition1 (Itô Equation).Suppose the real functionsf andG, and initial condition
x0, satisfy the following conditions.f andG satisfy uniform Lipschitz conditions in
x :

‖f (x2, t) − f (x1, t)‖ ≤ K‖x2 − x1‖,
‖G(x2, t) −G(x1, t)‖ ≤ K‖x2 − x1‖.
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f andG satisfy Lipschitz conditions int on [t0, T ] :

‖f(x, t2) − f(x, t1)‖ ≤ K‖t2 − t1‖,
‖G(x, t2) −G(x, t1)‖ ≤ K‖t2 − t1‖.

The initial conditionx0 is a random variable withE[‖x0‖2] < ∞, independent of
{βt, t ∈ [t0, T ]}.

If condition 1 is satisfied then{xt} is a Markov process, and, in the mean square sense,
is uniquely determined by the initial conditionx0, see [Jazwinski 1970].

8.3.1 State Transition Distribution

The evolution of the probability densityp(xt|Yk), t ∈ [tk, tk+1[ is described byKol-
mogorov’s forward equationor theFokker-Planckequation:

dp(xt|Yk) = L(p) dt t ∈ [tk, tk+1[ (8.22)

where

L( · ) = −
n∑

i=1

∂( · fi)

∂xi

+
1

2

n∑

i,j=1

∂2( · (GGT )ij)

∂xixj

(8.23)

is the forward diffusion operator, see [Jazwinski 1970, Maybeck 1982]. This is the
evolutionbetweenobservations. The initial condition, attk, is p(xk|Yk). We assume
this density exists and is once continuously differentiable with respect tot and twice
with respect tox.

8.3.2 Updating Through Bayes’ rule

Now, we also assume that the observation mappingh, given in (8.26), is continuous in
x and int and bounded for eachtk w.p.1.

Integrating the Kolomogorov’s equation yieldsp(xk+1|Yk). When a new measurement
is available attk+1, the distribution should be updated through Bayes’ rule yielding
p(xk+1|Yk+1). This is used in turn as the new initial condition for Kolomogorov’s
equation, ... .

The updating equation is therefore

p(xk|Yk) =
p(yk|xk)p(xk|Yk−1)∫

[xk]
p(yk|ξ)p(ξ|Yk−1) dξ

(8.24)
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Note that the denomitor is simplyp(yk|Yk−1). Now, we have the analytical tool to
solve the state filtering problem.

8.4 Exact state filtering

8.4.1 What is a State Filtering Problem?

Consider again
dxt = f (xt,ut, θ, t)dt+G(xt, θ, t)dβt (8.25)

with the observation equation

yk = h(xk,uk, θ, tk) + ek (8.26)

xt is the state of a physical system. We do not have access to the state, i.e. we
can not directly measure it. However, we can directly measure a function of the state
(contaminated with noise). One can raise three questions inconnection with estimating
the state of the system at timet based on measurements until timetk. These questions
are labeled

• Interpolation problem ift < tk.

• Filtering problem ift = tk.

• Prediction problem ift > tk.

What we have achieved so far is that by defining a suitable integral (Itô integral), we
presented a solution to the transition distribution of the state (Kolomogorov’s equa-
tion). Then we used the observation equation and the Bayes’ rule to update the dis-
tribution after each measurement. Thus, we have the whole posterior probability dis-
tribution of the state. We often like to reduce the distribution to some numbers that
are much easier to work with. A very common approach is to lookupon the first and
second moments of the posterior distribution. In fact, it can be shown that choosing the
posterior mean of the state as an estimate for the value of thestate, we have minimized
a Bayesian risk. More precisely, we have the following theorem:

Theorem 8.1 (Optimal State Filtering).The estimate that minimizesE[(xt−x̂t)
TW (xt−

x̂t)], whereW ≥ 0 is some positive definite weight matrix andx̂t a functional onYk

for t ≥ tk is the conditional mean.

Proof. See [Jazwinski 1970]. �
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Let Ek[·] denote the conditional mean of[·] givenY tk . Also, let x̂t|k andP t|k denote
the conditional first and second moments givenY tk , respectively. Then we have the
theorem:

Theorem 8.2.Assume the conditions required for the derivation of the conditional
density in (8.22) and (8.24). Between observations, the conditional mean and covari-
ance satisfy

dx̂t|k/dt = f̂ (xt, t) (8.27)

dP t|k/dt = x̂tf
T − x̂t|kf̂

T
+ f̂ xT

t (8.28)

− f̂ x̂T
t|k + ĜGT (8.29)

for t ∈ [tk, tk+1[, where[̂ · ] = Ek[ · ]. When a new observation arrives attk we have

x̂k|k =
Ek−1(xkp(yk|xk))

Ek−1(p(yk|xk))
(8.30)

P k|k =
Ek−1(xkx

T
k p(yk|xk))

Ek−1(p(yk|xk))
− x̂k|kx̂

T
k|k (8.31)

Predictionsx̂t|k andP t|k, with t > tk, based onYk, also satisfy (8.27) and (8.29).

Proof. Is found e.g. in [Maybeck 1982]. �

The theorem provides the complete solution to the state filtering problem. However, in
order to obtain a computationally realizable filter, some approximations must be made.
First, we restrict our attention to a special but at the same time very important class of
models, namely, linear models.

Kalman Filter : The exact solution to the state filtering problem for lineardynamic
models, i.e. models described by stochastic differential equations of the form

dxt = A(ut, θ, t)xt dt+B(ut, θ, t)ut dt+G(θ, t) dβt

yk = C(uk, θ, tk)xk +D(uk, θ, tk)uk + ek

is given by Kalman Filter.

The Kalman Filter is described by the following equations:

x̂k|k = x̂k|k−1 +Kk(yk − ŷk|k−1) (8.32)

P k|k = P k|k−1 −KkRk|k−1K
T
k (8.33)

Kk = P k|k−1C
TR−1

k|k−1 (8.34)
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The formulas for prediction of mean and covariance of the state-vector and observa-
tions are given by,

dx̂t|k/dt = Ax̂t|k +B ut, (8.35)

dP t|k/dt = AP t|k + P t|kA
T +GGT , (8.36)

t ∈ [tk, tk+1[ (8.37)

ŷk+1|k = C x̂k+1|k +Duk+1 (8.38)

Rk+1|k = C P k+1|kC
T + S (8.39)

The initial conditions arêx1|0 = µ0 andP1|0 = V0. The dependencies of time and
external input of the matrices in the Kalman filter equationshave been suppressed for
convenience.

8.5 Approximate filters

8.5.1 Linearized Kalman Filter

In the general non-linear case, a very common approach is based on linearization of the
functions around a nominal trajectory. Thus, we will be ableto use the Kalman filter
derived for the linear model. The matrices are calculated byA(ut, θ, t) = ∂f

∂x

∣∣
x=x∗,

B(ut, θ, t) = ∂f

∂u

∣∣
x=x∗ etc., wherex∗ is some reference signal. There different ways

to calculate the reference trajectory. One way is integrating the state equation after
setting the noise equal to zero. This method, called thelinearized Kalman filter, will
only converge if the noise levels are sufficiently small.

8.6 Extended Kalman Filter (EKF)

A better choice for the linearization trajectory, is to use the current estimate of the
state. Linearizing about it at every sampling time and applying a Kalman filter to
the resulting linearized model yields the algorithm known as extended Kalman filter.
Performance improvement for the extended Kalman filter may be obtained by local
iterations (over a single sample period) on nominal trajectory redefinition and subse-
quent relinearization. If we iterate on the equations for the measurement update, by
replacing equation (8.32) with the following iterator

ηi = x̂k|k−1 +Kk(yk − h(ηi−1, tk) −C (x̂k|k−1 − ηi−1)) (8.40)
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with C = (∂h/∂x)
∣∣
x=ηi−1

, andKk = Kk(ηi−1), iterated fori = 1, · · · , l, starting

with η0 = x̂k|k−1, and terminating with the result̂xk|k = ηl, we have the algorithm
callediterated extended Kalman filter– see Figure 8.1.

evolution of states

filter subsampling

Extended Kalman

observations

Discrete time

Continuous-time

Figure 8.1: The continuous time and discrete time scales considered for the iterated
extended Kalman filter

8.7 Statistically linearized filter

In this approach, we consider approximatingf(xt, t) by a linear approximation of the
form

f(xt, t) = f0(t) + F (t)xt + ǫt (8.41)

which has the minimum mean square error

J = E[ǫT
t Wǫt|Yk−1] (8.42)

for all t ∈ [tk−1, tk[, whereW ≥ 0 is a weighting matrix. Calculating the partial
derivatives of (8.42), with respect tof0(t) andF (t) and setting them to zero yields,
using the notation of Theorem 8.2

f 0(t) = f̂ − F (t) x̂t (8.43)

F (t) = (f̂xT
t − f̂ x̂T

t )P−1
t|t (8.44)

with P t|t being the conditional covariance ofxt.

Similarly for the measurement equation:

h(xk, tk) ∼= h0(tk) +H(tk)xk (8.45)
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with the coefficients statistically optimized to get

h0(tk) = ĥ−H(tk) x̂k−1 (8.46)

H(tk) = (ĥxT
k − ĥx̂T

k−1)P
−1
k|k−1 (8.47)

The issue now is the computing of̂f , ĥ, F (t) andH(tk). They all depends upon
the conditional probability density function ofx, which is generally not available. We
therefore assume the density is Gaussian.

We obtain thestatistically linearized filter, with the following equations for the time
propagation

dx̂t|k/dt = f̂(xt|k, t), (8.48)

dP t|k/dt = F (t)P t|k + P t|kF
T (t) +GGT (8.49)

t ∈ [tk, tk+1[ (8.50)

withF (t) given by (8.44), and the conditional expectations involvedcalculated assum-
ing xt to be Gaussian with mean̂xt|k and covarianceP t|k. The measurement update
at timetk is given by

Kk = P k|k−1H
T (tk)[H(tk)P k|k−1H

T (tk) + S]−1 (8.51)

x̂k|k = x̂k|k−1 +Kk(yk − ĥ) (8.52)

P k|k = P k|k−1 −KkH(tk)P k|k−1 (8.53)

The conditional expectations are calculated as ifxk were Gaussian with mean̂xk|k−1

and covarianceP k|k−1. The equations for the gain and covariance are the same as those
for the EKF, but withF (t) replacing(∂f/∂x)

∣∣
x=x̂t|k

andH(tk) replacing(∂h/∂x)
∣∣
x=x̂k|k−1

.

8.7.1 Suggestions for Further Reading

For a more detailed treatment of the filtering problem see [Maybeck 1982] and [Jazwinski
1970]. In [Åström 1970] the stochastic control problem is the main issue. The book
is rather old, as is [Jazwinski 1970], but both of them are very well written and worth
reading.

The extended Kalman filter has been used also as a tool for estimating unknown pa-
rameter in a state space representation, via extension of the state with the unknown
parameters. This problem is in [Ljung 1979] shown to have a biased solution in most
implementations, due to the neglected parameter dependence of the gain matrix in
the Kalman filter. Two solutions to that problem are given in the same reference,
the first is computationally demanding and simply introduces and treats the parame-
ter dependence in the gain matrix. The second solution considers only the stationary
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Kalman gain and extends the state also with this gain. It is then shown that if properly
structured, the resulting algorithm is of prediction errortype, giving e.g. consistent
estimates.

The EKF approach to parameter estimation has furthermore been treated by Wiberg
and DeWolf in a series of papers, using an averaging approach, see e.g.[DeWolf &
Wiberg 1993, Wiberg & DeWolf 1993, Wiberg, Ljungkvist & Powell 1994]. They
derive comparatively complicated but tractable recursiveparameter estimation algo-
ritms that are consistent also for estimation of the parameters in the noise covariance
matrices. An essential extension that is done in their algorithms compared to stan-
dard extended Kalman filters, is the retention of also the third order moment in the
parameter and covariance update, which essentially takes care of the at least transially
nonsymmetric distribution of the parameter estimation errors.

In [Melgaard 1994], the application of filtering and prediction to estimation of phys-
ical parameters of a dynamic system is extensively investigated, and in [Hendricks
1992] parameter estimation in an engine model using physical modelling and extended
Kalman methodology is extensively discussed.
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Chapter 9

Modelling using stochastic
differential equations

9.1 Introduction

Often non-linearities and non-stationarities are most conveniently modelled by consid-
ering continuous time stochastic models.

By that approach information from physics is more easily used. The modelling tech-
nique described in this chapter is calledgrey box modelling, since it provides good
tools for combining information from physics with information from the data.

This chapter describes in detail amaximum likelihood methodfor estimation of linear
stochastic differential equations in state space form. Also the estimation of a class of
non-linear differential equations is considered. The state space formulation is adequate
for modelling some non-stationary time series.

Furthermore themaximum aposteriori estimation technique(MAP), the prediction
error method(PEM) (or non-linear least squares), and theindirect prediction error
method(IPEM) are considered. Finally, some methods for filtering the residuals along
with the estimation and some methods for making the estimation robust are described.

At the end of this chapter several cases of modelling physical systems using stochastic
differential equatins are presented.

179
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9.2 The continous time linear stochastic state space
model

The deterministic part of a model considered is frequently simply a system of ordinary
differential equations.

In matrix notation the equations can be concatenated inthe deterministic linear state
space model in continuous time

dX

dt
= AX +BU (9.1)

whereX is the state vector andU is the input vector.

The dynamical behavior of the system is characterized by thematrixA, andB is a
matrix, which specify how the input signals enter the system.

To describe the deviation between (9.1) and the true variation of the states an additive
noise term is introduced.

Then we have the stochastic differential equation

dX = AXdt+BUdt+ dw(t) (9.2)

where the stochastic processw(t) is assumed to be a process with independent incre-
ments. (9.2) isthe stochastic linear state space model in continuous time.

There are many reasons for introducing a noise term:

• Modeling approximations. For instance the dynamics, as described by the matrix
A in (9.2) might be an approximation to the true system.

• Unrecognized and unmodeled inputs. Some variables, which are not considered,
such as e.g. wind speed, may affect the system.

• Measurements of the input are noise corrupted. In this cases the measured input
is regarded as the actual input to the system, and the deviation from the true
input is described byw(t).

In the general case we assume that only a linear combination of the states is measured,
and if we introduceY to denote the measured or recorded variables we can write

Y (t) = CX(t) +DU(t) + e(t) (9.3)
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whereC is a constant matrix, which specifies which linear combination of the states
that actually are measured, andD is a constant matrix, which accounts for input vari-
ables which directly affect the output.

The equation is for obvious reasons calledthe measurement equation.

The terme(t) is the

• Measurement error. The sensors that measure the output signals are affected by
noise and drift.

In the following it is assumed thatw(t) and e(t) are mutually uncorrelated, which
seems to be quite reasonable.

As an example of a model belonging to the class (9.2) considerthe following model
describing the heat dynamics for a building

[
dTm

dTi

]
=

[
−1

ricm

1
ricm

1
rici

−
(

1
raci

+ 1
rici

)
][

Tm

Ti

]
dt+

[
0 0 Awp/cm

1/(raci) 1/ci Aw(1 − p)/ci

]

Ta

φh

φs


 dt+

[
dwm(t)
dwi(t)

]
(9.4)

T r(t) = (0 1)T (t) + e(t) (9.5)

The states of the model are given by the temperatureTm of a large heat accumulating
medium with the heat capacitycm, and by the temperatureTi of the room air and
possibly the inner part of the walls with the capacityci. The termri is the resistance
against heat transfer between the room air and the large heataccumulating medium,
while ra is the resistance against heat transfer from the room air to the ambient air with
the temperatureTa.

The input energy is supplied by the electrical heatersφh and the solar radiation which
penetrates through the windows facing southAwφs, whereAw is the effective window
area. The effective window area is the window area correctedfor shade effects, and
absorption and reflection by the triple glazed windows. Notethat only the indoor air
temperature is measured.
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9.2.1 Identifiability of State Space Models

A good reference is the tutorial paper by?.

It is a crucial question whether the parameters of a specifiedstate space model can be
identified. If a non identifiable model is specified, the methods for estimation will not
converge.

The identifiability concept has to do with the problem whether the identification pro-
cedure will yield a unique value of the parameters.

One aspect of the problem has to do with the experimental conditions, whether the
dataset is informative enough (persistent exciting), to distinguish between different
models.

The other aspect has to do with the model structure, i.e. if different sets of parameters
will give equal models, given that the dataset is informative enough. The latter topic
will be discussed here.

The problem ofstructural identifiabilityarises from the fact that for a given transfer
function model corresponds, in general, a continuum of state space models. It is there-
fore necessary to put restrictions on the structure of the state space model in order
to provide a unique relation between the parameters of the state space model and the
transfer function.

Consider a continuous time state space model

Ẋ(t) = AX(t) +BU (t) + e1(t) (9.6)

Y (t) = CX(t) +DU(t) + e2(t) (9.7)

where the state vectorX(t) has dimensionn, the inputU (t) has dimensionm and the
outputY (t) has dimensions, e1(t) ande2(t) are mutually independent white noise
processes with variancesΣ1 andΣ2 of dimensionn ands respectively. The part of the
output, that cannot be predicted from past data isǫ(t) = Y (t) − Ŷ (t). This quantity,
denoted byǫ(t) is called theinnovation.

By rewriting (9.6) and (9.7) we obtain theinnovation formof the state space descrip-
tion

˙̂
X(t) = AX̂(t) +BU (t) +Kǫ(t) (9.8)

Y (t) = CX̂(t) +DU(t) + ǫ(t) (9.9)

Introducingp as the differentiation operator the corresponding transfer function model
has the form

Y (t) = G(p)U(t) +H(p)ǫ(t) (9.10)
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whereǫ(t) is a white noise process of dimensions with varianceΣ.

The transfer functions are determined as

G(p) = C(pI −A)−1B +D (9.11)

H(p) = C(pI −A)−1K + I (9.12)

whereK, the continuous time Kalman gain, is given as

K = PC ′Σ−1
2 (9.13)

andP is the solution to the steady state Riccati equation :

0 = AP + PA′ + Σ1 −PC ′Σ−1
2 CP (9.14)

The variance of the noise processǫ(t) is given by

Σ = CPC ′ + Σ2 (9.15)

From the observations ofU(t) andY (t) we are able to observe the transfer matrices
G(p) andH(p) with elements of the form

Gij(p) =
bup

u + bu−1p
u−1 + · · ·+ b0

avpv + av−1pv−1 + · · · + a0
(9.16)

whereav = 1.

By comparing the parameterization of (9.11) with elements of the form (9.16) it is
possible to check if the parameters of a specified model is identifiable.

An example: The problem of identifiability is illustrated by an example.Consider a
system (9.6) and (9.7) with matrices:

A =

[
−a a
b −(b+ c)

]
, B =

[
0
d

]
, C =

[
0 1

]
,

D =
[

0
] (9.17)

The transfer functionG(p) given as (9.11) now becomes

G(p) =
d(p+ a)

p2 + (a+ b+ c)p+ ac
(9.18)

This should be compared to what we are actually able to observe, namely

G(p) =
b1p+ b0

p2 + a1p+ a0
(9.19)
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That is, we are able to observeb0, b1, a1 anda2. If (9.18) and (9.19) are compared, it
is seen that based upon these values, we are able to identifya, b, c andd. Hence the
model is identifiable for the parameters of the matricesA,B,C andD.

For the noise modelH(p) given by (9.12), there a more possibilities for parameteriza-
tion. One possibility is a direct parameterization of the innovations form, i.e. directly
estimation of the kalman gain

K =

[
k1

k2

]
(9.20)

by the calculations in (9.12), this gives the noise model

H(p) =
p2 + (a + b+ c+ k2)p+ (k1b+ k2a + ac)

p2 + (a+ b+ c)p+ ac
(9.21)

Comparing this model with the model of the kind (9.19) it is seen, that it is possi-
ble to findk1, k2 and the variance of the innovationsΣ, becauseG(p) in (9.18) was
identifiable. The total model including the noise model is inthis case identifiable.

Another way to parameterize the noise model is by the matrices Σ1 andΣ2. These
matrices are connected toK andΣ through (9.13), (9.14) and (9.15) in a fairly com-
plicated manner. Since the dimensions ofK is n × s andΣ hass(s + 1)/2 ele-
ments, wheren is the order of the system ands is number of outputs from the system,
ns+ s(s+1)/2 is the maximum number of parameters which can be identified for Σ1

andΣ2. For the considered example we are able to identify3 parameters for the noise
model this could be done by estimatingΣ2, which is1 parameter and the diagonal of
Σ1, which is2 parameters and then fixΣ1,12 = 0. With this parameterization of the
noise, the model is still identifiable.

Consider now the following slightly modified version of (9.17), namely the matrices

A =

[
−a b
c −d

]
, B =

[
0
e

]
(9.22)

the transfer function corresponding to this model becomes

G(p) =
e(p+ a)

p2 + (a+ d)p+ (ad− cb)
(9.23)

By comparison with (9.19) is is seen thatc andb can not both be identified; but only
the product.
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9.3 A maximum likelihood method for parameter
estimation in continous time stochastic state
space models

9.3.1 The Model

It is assumed that the model of the dynamics is described by the stochastic differential
equation

dX = AXdt+BUdt+ dw(t) (9.24)

whereX ism dimensional, and them dimensional stochastic processw(t) is assumed
to be a process with independent increments.

With the purpose of calculating the likelihood function,w(t) is restricted to be a
Wiener-process with the incremental covarianceRc

1(t).

The measured variables are written

Y (t) = CX(t) +DU(t) + e(t) (9.25)

The terme(t) is the measurement error. It is assumed thate(t) is normally distributed
white noise with zero mean and varianceR2. Furthermore, it is assumed thatw(t) and
e(t) are mutually independent.

9.3.2 From Continuous to Discrete Time

Since it is assumed that the system is described by the stochastic differential equation
(9.24), it is possible analytically to perform an integration, which under some assump-
tions exactly specifies the system evolution between discrete time instants.

The discrete time model corresponding to the continuous time model (9.24) is obtained
by integrating the differential equation through the sample interval[t, t+ τ).

Thus the sampled version of (9.24) can be written as

X(t+τ) = eA(t+τ−t)X(t)+

∫ t+τ

t

eA(t+τ−s)BU(s)ds+

∫ t+τ

t

eA(t+τ−s)dw(s) (9.26)

Under the assumption thatU(t) is constant in the sample interval the sampled version
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can be written as the following discrete time model in state space form

X(t+ τ) = φ(τ)X(t) + Γ(τ)U (t) + v(t; τ) (9.27)

where

φ(τ) = eAτ ; Γ(τ) =

∫ τ

0

eAsB ds ; v(t; τ) =

∫ t+τ

t

eA(t+τ−s) dw(s) (9.28)

On the assumption thatw(t) is a Wiener process,v(t; τ) becomes normally distributed
white noise with zero mean and covariance

R1(τ) = E
[
v(t; τ)v(t; τ)T

]
=

∫ τ

0

φ(s)Rc
1φ(s)Tds (9.29)

If the sampling time is constant (equally spaced observations), the stochastic difference
equation can be written

X(t+ 1) = φX(t) + ΓU(t) + v(t) (9.30)

where the time scale now is transformed such that the sampling time becomes equal to
one time unit.

The problem of calculating the exponential of a matrix is a major task - see [Madsen
& Melgaard 1991].

9.3.3 Maximum Likelihood Estimates

In the following it is assumed that the observations are obtained at regularly spaced
time intervals, and hence that the time indext belongs to the set{0, 1, 2, ..., N}. N is
the number of observations.

We further introduce

Y(t) = [Y (t),Y (t− 1), . . . ,Y (1),Y (0)]T (9.31)

i.e.Y(t) is a matrix containing all the observations up to and including timet. Finally,
let θ denote a vector of all the unknown parameters of theembedded continous time
modelin (9.24) – (9.25) - including the unknown variance and covariance parameters
inRc

1 andR2.



9.3. ML PARAMETER ESTIMATION IN STATE SPACE MODELS 187

The likelihood function is the joint probability density ofall the observations assuming
that the parameters are known, i.e.

LT (θ;Y(N)) = p(Y(N)|θ)
= p(Y (N)|Y(N − 1), θ)p(Y(N − 1)|θ)

=

( N∏

t=1

p(Y (t)|Y(t− 1), θ)

)
p(Y (0)|θ) (9.32)

where successive applications of the ruleP (A∩B) = P (A|B)P (B) is used to express
the likelihood function as a product of conditional densities.

Since bothv(t) ande(t) are normally distributed the conditional density is also nor-
mal. The normal distribution is completely characterized by the mean and the variance.

Hence, in order to parameterize the conditional distribution, we introduce the condi-
tional mean and the conditional variance as

Ŷ (t|t− 1) = E[Y (t)|Y(t− 1), θ] and (9.33)

R(t|t− 1) = V [Y (t)|Y(t− 1), θ] (9.34)

respectively. It is noticed that (9.33) is the one-step prediction and (9.34) the associated
variance. Furthermore, it is convenient to introduce the one-step prediction error (or
innovation)

ǫ(t) = Y (t) − Ŷ (t|t− 1) (9.35)

Using (9.32) - (9.35) the conditional likelihood function (conditioned onY (0)) be-
comes

L(θ;Y(N)) =

N∏

t=1

(
(2π)−m/2 detR(t|t− 1)−1/2 exp(−1

2ǫ(t)
TR(t|t− 1)−1ǫ(t))

)

(9.36)
wherem is the dimension of theY vector. Most frequently the logarithm of the con-
ditional likelihood function is considered. It is written

logL(θ;Y(N)) = −1
2

N∑

t=1

(
log detR(t|t− 1) + ǫ(t)TR(t|t− 1)−1ǫ(t)

)
+ const

(9.37)

The conditional mean̂Y (t|t − 1) and the conditional varianceR(t|t − 1) can be cal-
culated recursively by usinga Kalman filter. This is described in section 9.7.1.

The maximum-likelihood estimate (ML-estimate) is the setθ̂, which maximizes the
likelihood function. Since it is not possible analyticallyto optimize the likelihood
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function, a numerical method has to be used. A reasonable method is the quasi-Newton
method.

An estimate of the uncertainty of the parameters is obtainedby the fact that the ML-
estimator is asymptotically normally distributed with mean θ and variance

D = H−1 (9.38)

where the matrixH is given by

{hlk} = −E
[

∂2

∂θl∂θk

logL(θ;Y(N))

]
(9.39)

An estimate ofD is obtained by equating the observed value with its expectation and
applying

{hlk} ≈ −
(

∂2

∂θl∂θk
logL(θ;Y(N))

)∣∣∣∣
θ=θ̂

(9.40)

The above equation is thus used for estimating the variance of the parameter estimates.
The variances serves as a basis for calculating t-test values for test under the hypotesis
that the parameter is equal to zero. The correlation betweenthe estimates is readily
found based on the variance matrix.

9.4 Maximum aposteriori estimate

This method gives a possibility to include partialprior knowledge about the param-
etersin the estimation. The prior knowledge is expressed by someprior probability
density, and theBayesian approachis used for mixing the prior information with the
information in the data.

Compared to classical estimation, the Bayesian approach gives a conceptually dif-
ferent treatment of the parameter estimation problem. In the Bayesian approach the
parameter itself is considered as a random variable with theprior probability density

θ ∼ p(θ) (9.41)

Then based on observations of other random variables, the data setyN = [yN ,yN−1, · · · ,y1,y0],
which is correlated with the parameters, we may infer information about its value.
Suppose the conditional probability density of the observations, givenθ, (i.e. thelike-
lihood function) is

p(yN |θ), (9.42)
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Then by combining the prior information with the sample information, using Bayes’
theorem, it is possible to form the posterior information for θ, i.e. the conditional
probability density given the observations

p(θ|yN) =
p(yN |θ)p(θ)

p(yN )
∝ p(yN |θ)p(θ) (9.43)

It is seen, that theposterior probability densityis proportional to the likelihood func-
tion multiplied by the prior probability density.

From the posterior probability density,different point estimatesof θ can be determined,
for instance the value where the probability density attains its maximum. This is called
themaximum a posteriori estimate (MAP), i.e.

θ̂map = arg max
θ∈Ω

p(yN |θ)p(θ) (9.44)

over an admissible parameter setΩ.

The maximum likelihood estimator (ML) selects the parameter that maximizes the
likelihood of the data,

θ̂ml = arg max
θ∈Ψ

p(yN |θ) (9.45)

If the prior distribution in (9.44) is uniform then the MAP estimator is equivalent to
an ML estimator that is restricted toΨ = Ω. So the ML estimator corresponds to
the MAP estimator when the prior information is diffuse or non-informative, with the
constraintΨ = Ω.

Example 9.1 (MAP estimates).Assume that data can be described by:

yk = E(yk|yk−1, θ) + ǫk(θ) (9.46)

where the sequence of innovations{ǫk(θ)} is a stochastic process with the property
E(ǫk(θ)|yk−1) = 0. If we assume the innovations are mutually independent and
have the probability density functionp(ǫk(θ)|θ), we obtain the following likelihood
function of the data:

p(yN |θ) =

N∏

k=1

p(ǫk(θ)|θ) (9.47)

If the innovations are assumed to be Gaussian with zero mean,and covarianceRk(θ),
we have

p(yN |θ) ∝
N∏

k=1

(detRk(θ))
−1/2 exp(−1

2
ǫk(θ)

TR−1
k (θ)ǫk(θ)) (9.48)
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The maximizing argument of (9.48) with relation toθ thus yields the ML estimate,
θ̂ml. Let the prior distribution function forθ be given by a normal distribution with
meanµ = µθ and covarianceΣ = Σθ. Then

p(θ) ∝ exp(−1

2
(θ − µθ)

TΣ−1
θ (θ − µθ)) (9.49)

Following (9.43), the conditional pdf forθ given the datayN , that is the posterior pdf
for θ, is given by

p(θ|yN) ∝ exp(−1

2
(θ − µθ)

TΣ−1
θ (θ − µθ)) ×

N∏

k=1

(detRk(θ))
−1/2 exp(−1

2
ǫk(θ)

TR−1
k (θ)ǫk(θ)) (9.50)

The argument that maximizes (9.50) is the MAP estimate,θ̂map. The difference be-
tween ML and MAP is clearly seen from (9.48) and (9.50). As theprior standard de-
viation increases,Σθ → ∞, the prior pdf approaches a uniform and non-informative
distribution, and the MAP estimate becomes equivalent withthe ML estimate. �

The advantage of considering MAP estimators instead of ML estimators is of course
that our prior information about the parameters of the modelis incorporated in the final
estimate of the parameters. We may then be able to reach the same level of confidence
of the final estimates, from a shorter experiment. Ornon-identifiable modelsmay
become identifiable, due to the external information.

The problematic part of the MAP estimation approach, is the specification of the prior
pdf. The prior information can either be generated from samples of past data, e.g. from
ML estimation, in which case the asymptotic distribution ofthe estimates is known.
The prior information can also be specified from introspection, or theoretical consider-
ations, and in this case the prior information may differ forindividual persons, because
they have different beliefs. One should also consider the sensibility of the final esti-
mate from the specification of a wrong prior pdf. Often the prior pdf represents both
kinds of prior information, data-based and non data-based.

The Bayesian approach is quite appealing in relation togrey box identification, where
the idea is to utilize the prior information about the system, in the identification. The
MAP estimator is also called the grey box estimator by Tulleken (1993).

It can be shown that asymptotically (when the number of data observationsN → ∞)
the MAP estimator converge with probability one to the conventional ML estimator,
provided the admissible model set contains the the true parameters. That is, the MAP
estimator is asymptotically unbiased and efficient. This isa direct consequence of the
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fact that the likelihood will asymptotically become Gaussian distributed, around the
true parameters, with vanishing covariance matrix. This also means that the influence
from the prior distribution is vanishing with increasing number of observations in the
likelihood function, see [Tulleken 1993].

9.5 The prediction error method

The prediction error methods described in Section 5.5 is formulated in such a way
that the description is valid also for estimation of parameters in stochastic differential
equations using discrete time observations.

Hence, we consider the lossfunction – or the norm

VN (θ) =
N∑

1

(xj − Eθ(xj |Bj−1))
2 . (9.51)

and thePEM estimateis given as

θ̂N = arg min
θ∈DM

VN(θ) (9.52)

That is, the basic PEM estimator minimizes the sum of squaredone-step prediction
errors, given by

ǫ(tk, θ) = yk − ŷk (9.53)

ŷk = g(tk, θ,y
k−1,uk−1) (9.54)

whereg(tk, θ,yk−1,uk−1) is a deterministic function of old data and the parameters.

9.5.1 Filtering the prediction errors

The approach may be even further specialized as described inthe following. The idea
is to choose some norm that measures the size ofǫ, and then find the parameter vector
θ̂N that minimizes this norm.

Let the prediction error sequence be filtered through a stable linear filterL(q),

ǫf(tk, θ) = L(q)ǫ(tk, θ) (9.55)

for all k ∈ {1, 2, · · · , N}. Then use the following norm,

V (θ, zN) =
1

N

N∑

k=1

l(tk, θ, ǫf (tk, θ)) (9.56)
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wherel(·) is a scalar valued function. The estimateθ̂N is chosen as the minimizing
value of (9.56), i.e.

θ̂N = arg min
θ∈DM

V (θ) (9.57)

Following Ljung (1987) methods that corresponds to the approach of (9.57) are called
prediction error methods. This approach contains as special cases a number of known
methods, like theleast squaresandmaximum likelihoodmethods. The different meth-
ods apply by specific choices of the prefilterL(q) and the norml(·).

The effect of the filterL is easy to understand in a frequency domain interpretation of
the criterion (9.57).L acts like a frequency weighting of the criterion, i.e. ifL is a low
pass filter then the criterion will only be little affected byhigh frequency disturbances.
By another choice of the prefilter it is possible to remove slow drift terms in the data.
It should be noted that the inclusion of the filter is to allow extra freedom in dealing
with the properties of the prediction errors. The filter can be considered as a part of
the model, by changing the predictor. If we consider a model of the form

yk = G(q, θ)uk +H(q, θ)ek (9.58)

then the effect of prefiltering the prediction errors according to (9.55) is identical to
changing the noise model fromH(q, θ) to

HL(q, θ) = L−1(q)H(q, θ) (9.59)

see [Ljung 1987].

9.6 An indirect prediction error method

The so-calledindirect prediction error method (IPEM), suggested by Söderström, Sto-
ica & Friedlander (1991), is in fact a two-step estimation method. It is applicable to
situations where the parameters of a model of interest (M1) are functions of parame-
ters in a larger model (M2) which are relatively easy to estimate. In the first step the
parameters of the modelM2 is estimated, and in the second step estimates ofM1 are
found using the functional relation between the set of parameters:

measured data
(PEM)−→ parameters inM2 −→ parameters inM1

One typical application of the IPEM method is the situation whereM1 corresponds
to the parameters of a stochastic differential equation andM2 is the parameters of a



9.6. AN INDIRECT PREDICTION ERROR METHOD 193

discrete time counterpart, i.e. the corresponding difference equation. An example of
this application is shown in [Händel 1994].

Another well-known example is whereM2 corresponds to the parameters of a high or-
der autoregressive model andM1 to an ARMA model. This is for instance considered
by [Wahlberg 1987] and [Wahlberg 1989].

Let θ denote the parameters corresponding toM1 andα the parameters corresponding
toM2. The PEM estimates are given by

θ̂ = arg min
θ

N∑

t=1

ǫT
1 (t, θ)ǫ1(t, θ) (9.60)

α̂ = arg min
α

N∑

t=1

ǫT2 (t,α)ǫ2(t,α) (9.61)

whereǫ1(t, θ) is the prediction error

ǫ1(t, θ) = y(t) − ŷ(t | 1; θ)

in the model structureM1 and similarly forǫ2(t, α).

We will impose the following two assumptions on the model structuresM1 andM2

and the data.

A1. The structures are nested

M1 ⊂ M2 (9.62)

so that there exists a smooth map

α(θ) : S1 → S2;S1 ⊂ Rdim θ, S2 ⊂ Rdim α

such that

ǫ2(t,α(θ)) = ǫ1(t, θ). (9.63)

Furthermore,dimθ ≤ dimα andS1 is an open (nonzero measure) set inRdimθ

such thatǫ1(t, θ) is a stationary process for anyθ ∈ S1. We assume that
∂α(θ)/∂θ has full rank overS1.

A2. Both structures give parameter identifiability. This means that there existunique,
“true”, parameter vectorsα⋆ andθ⋆ such that

ǫ1(t, θ
⋆) = ǫ2(t,α

⋆) is white noise of zero mean and varianceλ2. (9.64)



194 CHAPTER 9. MODELLING USING STOCHASTIC DIFFERENTIAL EQUATIONS

Note that (9.64) and assumption A1 imply

α⋆ = α(θ⋆). (9.65)

Assumption A1 is solely a condition onM1 andM2, while A2 involves also the prop-
erties the data (“the system”). Assumption A2 may seem strong. The requirement that
the quantity in (9.64) is white noise is neither needed for derivation of the estimator
nor the interpretations. It is needed only for the ML interpretation used in the analysis
of asymptotic properties in [Söderström et al. 1991].

The algorithm: Assume PEM estimateŝα of α and an estimate of the corresponding
covariance matrix,̂Pα, are given. Assume furthermore that the relation betweenα

andθ is given by
α(θ) (9.66)

and that the JacobianJ = ∂α(θ)/∂θ has full rank overS1.

Given the initial estimates (guess)θ̂i the iterative equations are

J(i) =
(
∂α(θ)/∂θ |θ=θ̂i

)T
(9.67)

P̂ θ(i) = (J(i)P̂
−1

α J
T (i))−1 (9.68)

θ̂i+1 = θ̂i + P̂ θi
J(i)P̂

−1

α (α̂−α(θ̂(i))) (9.69)

A stop criterion is
||θ̂i+1 − θ̂i|| < δ

whereδ is some small number. Due to the iterative structure the algorithm may be
used for on-line implementations together with a recursivePEM.

An example of using the algorithm is given in [Händel 1994].

9.7 Robust norms

From the previous sections it has been shown that for minimizing the variance of the
estimated parameters the optimal choice of the scalar norml for the general PEM
criterion (9.56) is

l(ǫt(θ)) = − log p(ǫt(θ)) (9.70)

wherep(ǫt(θ)) is the probability density function of the innovations (theML criterion).
The problem is thatp(ǫt(θ)) may not be known for the true innovations. If we assume
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that the density is Gaussian, but the true density has thicker tails, this may have a large
influence on the estimation, cf. [Martin & Yohai 1985]. It is convenient to consider the
innovations as being generated from an outliers model, withthe following distribution
of the innovations

P (ǫt) = (1 − γ)N(0, σ2) + γG , 0 < γ < 1 (9.71)

whereG is some symmetric outlier generating distribution andγ is a small fraction.

In order to evaluate the influence of the outliers on the estimates when using a given
norm l, it is valuable to rewrite the expression for the covariancematrix of the param-
eters (??). Under the assumption thatS ∈ M and that the limiting parameters equals
the true ones,θ∗ = θ0, the expression for the covariance of the parameters can be
written,

P θ = κ(l) (W̄ ′′(θ0))
−1 (9.72)

where the covariance of the parameters is scaled by the scalar

κ(l) = Eǫ[ψ
2(ǫt(θ0))] / (Eǫ[ψ

′
ǫ(ǫt(θ0))])

2 (9.73)

whereψ(ǫt) = l′ǫ(ǫt) (derivation is with respect toǫ) and expectation should be taken
with respect to the true distribution of the innovations. Consider for simplicity the
scalar case of Gaussian ML with the given variance1, then (9.70) isl(ǫt) = 1

2
ǫ2t

(neglecting the constant term). For the ideal case where thetrue distribution of the
innovations is Gaussian we haveκ(l) = 1. If on the other hand the true distribution
is given by (9.71) with aγ > 0 this scalar can become much larger than1, cf. [Ljung
1987, pp. 397–398]. This means, that even if the fraction of outliers is very small
the variance of the parameters can be much deteriorated whenusing the norm (9.70).
Thus, the norm (9.70) is very sensitive to the true distribution of the innovations. This
is of course not desirable because the true distribution is usually unknown. In order
to make the criterion morerobust to the unknown variations of the distribution of
the innovations, it is suggested to modify (9.70) in such a way that ψ(x) in (9.73)
behaves likex for small values ofx, then saturates, and even tend to zero asx increases
(redescending). One choice of aψ-function, is calledHuber’sψ–function

ψH(x) =

{
x |x| ≤ cH

cH sgn(x) |x| > cH
(9.74)

If one wants protection against extremely heavy-tailed distributions, a redescending
psi-function can be used. A frequently used type of redescending function isTukey’s
bisquarefunction

ψB(x) =

{
x (1 − x2/c2B)2 |x| ≤ cB

0 |x| > cB
(9.75)

see [Martin & Yohai 1985] for a discussion of the psi-functions and robustness.
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Figure 9.1: Huber’s psi-function and Tukey’s bisquare function.

When off-line methods are of greatest interest we have the possibility of repeating the
estimation on the data set. Hence, we are able to detect and handle outliers in the data
set, e.g. in connection with the model validation. Thus for off-line methods it may
not be necessary to be protected against very heavy-tailed distributions, but it is still
useful to modify the estimation criterion according to e.g.Huber’s psi-function and
with a cH value that is not too small, e.g.cH = 3 σ̂. When such a robust norm is used
there will only be a small increase ofκ(l) when outliers are present and also when
the true distribution is Gaussian (no outliers) there is only a small loss of optimality
compared to the original norm (9.70). The price of a small increase of the variance for
the nominal case is thus worth paying to have robustness against small variations in
the true distribution of the innovations.
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9.7.1 Kalman Filter

For linear models the Kalman filter provides the exact solution for the filtering prob-
lem discussed previously. The equations for the Kalman filter are given in a previous
chapter but repeated below. The routine calculates the conditional mean̂yk|k−1 and the
conditional varianceRk|k−1 to be used for the estimation. The Kalman filter performs
the optimal (minimum variance) linear updating and prediction of the state variables.
Finally, some numerical aspects regarding the implementation are discussed.

If the model is time invariant the model can be discretized before filtering. If the
time dependency is weak compared to the dominating eigenvalues of the system, this
implementation of the Kalman filter may also be used for time varying systems, by
discretizing the continuous model at each sampling instant, assuming thatA, B and
G are constant within the sampling interval.

For the discrete time state space model the equations forupdatingthe estimate of the
statex becomes (with a slightly changed notation)

x̂k|k = x̂k|k−1 +Kk(yk − ŷk|k−1) (9.76)

P k|k = P k|k−1 −KkRk|k−1K
T
k (9.77)

whereKk is given by
Kk = P k|k−1C

TR−1
k|k−1 (9.78)

The formulas forpredictionbecomes

x̂k+1|k = Φx̂k|k + Γuk (9.79)

ŷk+1|k = Cx̂k+1|k +Duk+1 (9.80)

P k+1|k = ΦP k|kΦ
T + Λ (9.81)

Rk+1|k = CP k+1|kC
T + S (9.82)

The formulas require some initial values, which describes the prior knowledge about
the states of the system in terms of the prior mean and variance x̂1|0 = µ0 andP 1|0 =
V 0. The matrixP k+1|k is the variance of the one-step prediction of the state,x, of the
system.

Numerical Aspects It is well known that the Kalman filter in some situations is
numerically unstable. The problems arise when some of the variances, because of
rounding errors, become non-positive definite. Therefore careful handling of the equa-
tions for the variances (9.77), (9.78), (9.81) and (9.82) isneeded in order to numeri-
cally stabilize the Kalman filter. Since all variances should be symmetric and positive
definite, it is desirable to use their Cholesky factorization. One possibility is to use
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theLDLT -factorization, i.e. the square root free Cholesky decomposition, whereL
is unit lower matrix andD is diagonal.

An equation for updating a factorized matrix is

Ã = A+GDgG
T (9.83)

whereÃ is known from other considerations to be positive definite, andDg is a diag-
onal matrix. Thus, it is necessary to compute a unit lower triangular matrixL̃ and a
diagonal matrixD̃ with d̃i > 0 such that

Ã = L̃D̃L̃
T

(9.84)

Algorithms to solve this problem are outlined in [Madsen & Melgaard 1991]. It is
obvious that equation (9.81) and (9.82) easily are brought into this form. Equation
(9.77) can be rewritten as

P k|k = P k|k−1 −KkRk|k−1K
T
k ⇔

P k|k = P k|k−1 −P k|k−1C
TR−1

k|k−1CP
T
k|k−1 ⇔

L̃D̃L̃
T

= LDLT −LDLTCT (LrDrL
T
r )−1C(LDLT )T ⇔

L̃D̃L̃
T

= L(D −GD−1
r G

T )LT (9.85)

where
G = DLTCTL−T

r (9.86)

The expression(D − GD−1
r G

T ) in (9.85) are in the form (9.83), and can thus be
solved for the factors̄LD̄L̄

T
, and we havẽL = LL̄ andD̃ = D̄.

This implementation of the Kalman filter is able to handle themultiple-input, multiple-
output case with a high degree of accuracy and stability, seee.g. [Bierman 1977].

9.8 Estimation of a class of non–linear models

9.8.1 A Class of Non-Linear Models

Now let the model be described by the stochastic differential equation

dxt = f(xt,ut, θ, t)dt+G(θ, t)dβt (9.87)

with β being a standard Wiener process. The observationsyk are taken at discrete
time instants,tk

yk = h(xk,uk, θ, tk) + ek (9.88)

wheree is a Gaussian white noise process independent ofβ, andek ∼ N(0,S(θ, tk)).
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9.8.2 Extended Kalman Filter

In this case the extended Kalman filter is used as a first order approximative filter. Be-
ing linearized about̂xt the state and covariance propagation equations have a structure
similar to the Kalman filter propagation equations for linear systems. Hence, we are
able to reuse the numerical stable routines implemented forthe Kalman filter from the
previous section.

The necessary modifications of the equations in the previoussection are the following.
The matrixC is the linearization of the measurement equation,

C(x̂k|k−1,uk, θ, tk) =
∂h

∂x

∣∣
x=x̂k|k−1

, (9.89)

andA is the linearization of the system equation,

A(x̂t,ut, θ, t) =
∂f

∂x

∣∣
x=x̂t

, (9.90)

andΦ is the discrete system matrix calculated as a transformation ofA, see the fol-
lowing section. The prediction of the output, Equation 9.80, is replaced by

ŷk+1|k = h(x̂k+1|k,uk+1, θ, tk+1) (9.91)

The formulas for prediction of mean and covariance of the state-vector are normally
given by,

dx̂t|k/dt = f (x̂t|k,ut, θ, t)) , t ∈ [tk, tk+1[ (9.92)

dP t|k/dt = A(x̂t|k,ut, θ, t)P t|k + P t|kA
T (x̂t|k,ut, θ, t)

+G(θ, t)GT (θ, t) , t ∈ [tk, tk+1[ (9.93)

whereA is given by (9.90).

In order to make the integration of (9.92) and (9.93) computational feasible and nu-
merically stable for stiff systems, the time interval[tk, tk+1[ is sub sampled and the
equations are linearized about the state estimate at the given sub sampling time. For
the state propagation the equation becomes

dx̂t/dt = f(x̂j) +A(x̂j){x̂t − x̂j} , t ∈ [tj , tj+1[ (9.94)

= A(x̂j) x̂t + {f(x̂j) −A(x̂j) x̂j} , t ∈ [tj , tj+1[ (9.95)

where[tj , tj+1[ is one of the sub intervals of the sampling interval[tk, tk+1[, assuming
the sampling interval has been divided inns sub intervals. In these derivations only the
state dependency is mentioned for clarity. Equation 9.95 isa linear ordinary differential
equation which has the exact solution

x̂j+1 = x̂j + (eA(x̂j)τs − I)(A(x̂j)
−1f(x̂j)) (9.96)

= x̂j + (Φs(x̂j) − I)(A(x̂j)
−1f (x̂j)) (9.97)
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whereτs = tj+1−tj = τ/ns, andτ is the sampling time. Efficient algorithms to calcu-
late the matrix exponential in (9.96) is described in the next section. Correspondingly
the equation for the state covariance becomes

P j+1 = Φs(x̂j)P jΦs(x̂j)
T + Λs(x̂j) , (9.98)

which is similar to (9.81). The algorithm to solve (9.92) and(9.93) is usêxk|k and
P̂ k|k as starting values for (9.97) and (9.98) and then performns iterations of (9.97)
and (9.98) simultaneously. This algorithm has the advantage of being numerically
stable for stiff systems and still computationally efficient, since the fast and stable
routines of the linear Kalman filter can be used.

9.8.3 Discretizing the Model and Estimation

When using the Kalman filter from the previous sections we need to discretize the
model either once for a given set of parameters, for time invariant models or at each
sampling instant, or more frequently, for time invariant models and for the extended
Kalman filter. Hence we need to calculate the following quantities

Φ(τ) = eAτ ; Γ(τ) =

∫ τ

0

eAsB ds ;

Λ(τ) =

∫ τ

0

Φ(s)GGTΦ(s)T ds
(9.99)

whereτ is the sampling time, i.e. we need to calculate the exponential of a matrix and
integrals involving the matrix exponential.

The likelihood function is as previously, i.e. the changes for non-linear and non-
stationary models is that the model is discretized for everysample and the extended
Kalman filter are used for state filtering and prediction.
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9.9 Case 1: A model for heat dynamics of a build-
ing

The thermal characteristic of buildings is frequently approximated by a simple network
with resistors and capacitances, see for instance [Hammersten, van Hattem, Bloem &
Colombo 1988] or [Madsen 1985].

In this section, such a (simplified) lumped parameter model for the heat dynamics of a
simple building, called a test cell is presented.

The dominating heat capacity of the test cell is located in the outer wall. For such
buildings, the model with two time constants shown in Figure9.2 is frequently found
adequate.
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Figure 9.2:A model with two time constants of the test building and the equivalent
electrical network.

The states of the model are given by the temperature,Ti, of the indoor air and possibly
inner part of the walls with heat capacityCi, and by the temperature,Tm, of the heat
accumulating medium, with the heat capacityCm. Hi is the transmittance of the heat
transfer between the room air and the walls, whileHm is the heat transmittance be-
tween the inner part of the walls and the external surface of the walls. The input to the
system is the heat supply,Qh, and the outdoor surface temperature,Te. By considering
the outdoorsurfacetemperature instead of the outdoorair temperature as the input,
the effect of solar radiation is automatically taken into account.

In state space form the model is written,
[
dTi

dTm

]
=

[
−Hi/Ci Hi/Ci

Hi/Cm −(Hi +Hm)/Cm

] [
Ti

Tm

]
dt+

[
0 1/Ci

Hm/Cm 0

] [
Te

Qh

]
dt+

[
dwi(t)
dwm(t)

]
. (9.100)

An additive noise term is introduced to describe deviationsbetween the model and the
true system. The term can also be considered as noise on the input signals.
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Hence, the model of the heat dynamics is given by the (matrix)stochastic differential
equation

dT = AT dt+BUdt+ dw(t) , (9.101)

wherew(t) is assumed to be a Wiener process with incremental covariance matrix

Σ =

[
σ2

1,i 0
0 σ2

1,m

]
. (9.102)

The measured air temperature is naturally encumbered with some measurement errors,
and hence the measurement equation is written

Ttr(t) = [1 0]

[
Ti

Tm

]
+ e(t) , (9.103)

wheree(t) is the measurement error, assumed to be normally distributed with zero
mean and varianceσ2

2 .

The following values of the parameters have been estimated in an earlier experi-
ment on a test cell :Hi = 55.29 W/K, Hm = 13.86 W/K, Ci = 325.0 Wh/K,
Cm = 387.8 Wh/K, σ2

1,i = 0.00167 K2, σ2
1,m = 0.00978 K2, andσ2

2 = 0.00019 K2.
Corresponding to these parameters, the time constants of the system areτ1 = 3.03
hours andτ2 = 54.28 hours.

Using these parameters for the model, we are able to simulatethe sample paths of the
system. By simulating several sample paths from the system and estimating the param-
eters of the model from each sample path one can validate the estimation procedure.
By considering several simulated sequences this investigation considers both the mean
values and the variances of the estimated parameters. For the simulation study the fol-
lowing input and output signals of the model have been used :Te is measured surface
temperature, from a Danish test building,Qh the heat supply, is a PRBS (pseudo-
random binary sequence) with the number of stages,n = 6 and smallest switching
intervalTprbs = 8 hours (see [Godfrey 1980]), switching between 0 W and 300 W, and
Ttr is the indoor room temperature, simulated from the specifiedmodel.

In this study the sampling time is fixed toTsampl = 20 minutes, and the length of each
experiment is 21 days, which is equal to 1512 observations per simulated series. We
have simulated 50 equal series, but with different realizations of the noise sequences.

In table 9.1 and Table 9.2 the results are summarized using CTLSM [Melgaard &
Madsen 1993], which is a tool for maximum likelihood estimation of multivariate
stochastic differential equations with a linear or non-linear state space formulation.

In the tables results are summarized for the parameters of the model and for two phys-
ical characteristics, which can be calculated as functionsof the model parameters. The
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Figure 9.3:The signals in the simulations: the outdoor surface temperature, the con-
trolled heat power and the indoor air temperature.

UA-value is the overall heat transmittance and CI is the internal heat capacity of the
building. For all parameters, the mean of the estimated values are given, which can
be compared to the simulated values. Also the empirical variance and the mean of the
estimated variances of the parameters are given. A comparison of these values will
indicate if the method is able to estimate the right uncertainty of the parameters.

Parameter xsim x̄ s2

x s̄2 F -stat. |t|-stat.

Hi [W/K] 55.290 55.279 2.1645 2.3772 0.9105 0.053

Hm [W/K] 13.860 13.867 0.0360 0.0390 0.9244 0.261

Ci [Wh/K] 325.00 325.0 9.5667 10.746 0.8902 0.011

Cm [Wh/K] 387.78 387.33 162.26 159.89 1.0148 0.250

σ2

1,i [K2] 1.670e-3 1.650e-3 2.185e-8 2.475e-8 0.8825 0.975

σ2

1,m [K2] 9.780e-3 9.554e-3 8.650e-7 1.109e-6 0.7803 1.716

σ2

2
[K2] 1.900e-4 1.912e-4 7.956e-10 7.446e-10 1.0686 0.308

UA [W/K] 11.082 11.084 0.0112 0.0111 1.0114 0.125

CI [MJ/K] 2.2862 2.2846 1.4553e-3 1.3815e-3 1.0535 0.304

Table 9.1:Results from estimation ofne = 50 series, using 1-step predictions in the
criterion. The mean autocorrelation of residuals is,ρ̄(1) = −0.001.

In table 9.1 the results are obtained using1-step predictions in the criterion for maxi-
mum likelihood. When estimating the true model, which is thecase here, using1-step
predictions is the optimal choice [Stoica & Nehorai 1989].
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On the other hand if the true model is not contained in the model set, it can be advanta-
geous to filter the residuals before estimating the parameters. One way of doing this is
to use ak-step prediction-horizon in the criterion for somek > 1. This kind of filter-
ing works like a low-pass filter and will put more weight on thelow frequency part of
the dynamics. In the considered case the physical characteristic parameters UA- and
CI-values represent low frequency dynamics. The columns ofthe tables are:xsim, the
simulated values,̄x, the mean of the estimated values,s2

x is the empirical variance of
the estimated parameters,s̄2 is the mean of the estimated variance of the parameters,
F -stat. is anF statistic given byZF = s2

x/s̄
2 and |t|-stat. is at statistic given by

Zt = |x̄− xsim|/(sx
√
ne).

In order to verify if the variance of the parameters providedby the estimation tool is
equal to the empirical variance, one wish to test the hypotheses

H0 : s2
x = s̄2

H1 : s2
x 6= s̄2 .

UnderH0 we have in this case thatZF ∼ F (49,∞). The critical set for this test is
{z < F (49,∞)α/2 ∨ z > F (49,∞)1−α/2} on levelα. By choosingα = 0.1 we obtain
the critical set{z < 0.74 ∨ z > 1.35}. It is seen from Table 9.1 that we cannot reject
H0 for any parameter on the chosen level.

Another test is performed in order to verify that the estimated parameters are not bi-
ased. The following hypotheses are tested

H0 : x̄ = xsim

H1 : x̄ 6= xsim .

UnderH0 the distribution of the test statistic isZt ∼ t(49). The critical set for this test
is {z > t(49)1−α/2} on levelα. Forα = 0.1, the critical set is{z > 2.0}, thus from
Table 9.1 we cannot rejectH0 for any of the parameters on the chosen level.

In table 9.2 the results from estimation using a4-step prediction-horizon in the cri-
terion are shown. In this ideal case where the true model is contained by the model
set there is no difference in the estimated parameters whichis also seen from the ta-
bles, they are still unbiased. A problem, though, when “filtering” the residuals in this
way is that the residuals are no longer white noise. From the tables we have that the
mean autocorrelation of residuals areρ̄(1) = 0.712 when using the criterion based on
4-step predictions againstρ̄(1) = −0.001 for 1-step predictions. When the residuals
are autocorrelated a number of statistical tests for model validation are no longer valid.
Another problem in table 9.2 is that the uncertainties of theparameters are underesti-
mated when the autocorrelation of residuals is not taken into account in the calculation
of the uncertainties. Wahlberg ([Wahlberg & Ljung 1986]) has shown, that asymptoti-
cally, it is only the prediction horizon itself, that affects the weighting in the frequency



9.10. CASE 2: A NON-LINEAR MODEL FOR THE HEAT DYNAMICS OF A

BUILDING 205

Parameter xsim x̄ s2

x s̄2 F -stat. |t|-stat.

Hi [W/K] 55.290 55.339 2.2259 0.6154 3.617 0.232

Hm [W/K] 13.860 13.863 0.0383 0.0099 3.877 0.109

Ci [Wh/K] 325.00 324.8 9.486 3.3338 2.842 0.481

Cm [Wh/K] 387.78 387.20 163.74 47.685 3.4338 0.3210

σ2

1,i [K2] 1.670e-3 1.616e-3 4.158e-8 1.620e-8 2.5665 1.880

σ2

1,m [K2] 9.780e-3 9.562e-3 8.680e-7 4.156e-7 2.0884 1.656

σ
2

2
[K2] 1.900e-4 2.072e-4 3.700e-9 4.145e-9 0.8926 1.997

UA [W/K] 11.082 11.084 0.0115 0.0028 4.1290 0.107

CI [MJ/K] 2.2862 2.2837 1.469e-3 3.954e-4 3.7159 0.460

Table 9.2:Results from estimation ofne = 50 series, using 4-step predictions in the
criterion. The mean autocorrelation of residuals is,ρ̄(1) = 0.712.

domain, and not how it is split up into sampling interval times number of predicted
sampling instants. This means that, asymptotically, we could obtain the same results
as using a k-step prediction, by using a proper anti-aliasing filter followed by a new
sampling of the data and then estimate with a one-step prediction criterion. In this way
one could avoid the autocorrelated residuals.

9.10 Case 2: A non-linear model for the heat dy-
namics of a building

The case considered is related to a CEC research project on identification of thermal
characteristics of building components tested in situ. In Figure 9.4 is shown a rough
sketch of a test building used for testing the building components which is placed as
the south wall of the building. In this case the wall to be tested consists of a lightweight
insulated sandwich panel, provided with a double glazed window. Also in Figure 9.4
is mentioned the main measured quantities, which includesTtr,a, Ttr,s : internal air
temperature and surface temperature, respectively,Tsr,a : the air temperature of the
service room,Te,s, Te,a : the external surface and air temperature of the test building,
respectively,qh : the internal heat supply, andGdif,v, Gdir,v : global vertical diffuse
and direct solar radiation on south, respectively. The total vertical global radiation is
Gv = Gdif,v + Gdir,v. The solar angle of incidence,θinc, is calculated from a physical
model based on the ground location and the time of the year.

The procedure is first to perform a calibration experiment with a thick opaque insu-
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Figure 9.4: A cross section of the test building with an installed south wall, here a
lightweight component with a double glazed window in the middle.

lation panel replacing the test component and subsequentlyidentify the model of the
test cell from this experiment. Then a second experiment is performed with the test
component installed, and by including the information obtained from the calibration
experiment it is possible to extract information about the test component separately.
One of the questions to ask about this procedure ishow to incorporate the information
from previous experiments in the estimation on the new data in a proper way. One
possibility, and the usual approach, is to fix the previouslyestimated parameters in the
total model of the test cell and test component and estimate the remaining parameters.
Due to the rather high correlation between some of the inputsto the model, mainly be-
tween the climate series, it is necessary that some of the parameters are fixed, in order
for the system to be identifiable. The parameters to fix have been estimated from the
calibration experiment, with an associated uncertainty. If the uncertainty is small there
is no problem with this approach, but this is not always the case. Therefore a Bayesian
approach is proposed, where the prior information is specified as a prior distribution
function, and hence accounts for the associated uncertainty of the parameters. Since
the parameters from the calibration experiment are ML estimates they are approxi-
mately normally distributed. Thus the prior distribution is determined uniquely from
the estimated parameters and their associated covariance matrix. Then MAP estimates
for the model are obtained by maximizing (9.50) as in Example9.1.

The model of the test building is mainly build up as an R-C network, of heat resistors
and heat capacitors by analogy with an electrical network. This is basically a linear
model which is a lumped model of the equations for heat diffusion. The main structure
of the model is shown in Figure 9.6.

The top branch of the model in Figure 9.6 represents the east wall, west wall, floor and
roof test cell. The middle branch is the partition wall between the service room and the
test cell. In the calibration experiment the parameters of these to branches of the model
are estimated. The south wall is then replaced by a calibration wall, which is highly
insulated and homogeneous. Thus, the heat flow through this wall can be measured
by a heat-flow meter during the calibration experiment. In the calibration experiment
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Figure 9.5:Some of the data series from the experiment. The unit on the horizontal
axis is hours. The holes in the series are missing observations due to different errors
during data logging of the experiment.

there is no solar radiation entering the internal test cell surface (the arrow on the top
branch of the model). The parameters of these two branches ofthe model can then
either be fixed, or included as a prior distribution function, when a MAP estimator is
used for estimation based on the new experiment.

The bottom branch of the network model in Figure 9.6 describes the heat transfer
through the test wall. The parameterHpsc1 is fixed to some prior expected value,
expressing the prior expected conductance between the middle of the test cell and the
internal surface on the south wall.f(Gdif,v, Gdir,v) is a nonlinear function describing
the solar transmittance through the window. The direct radiation is known to have a
transmittance which is dependant upon the angle of incidence of the radiation, due to
reflection by the window. A theoretical expression for the direct transmittance with
relation to losses by reflections for different numbers of glass covers is used as the
basis for estimating the nonlinear relation for a real window, which also includes a
frame etc.

f(Gdif,v, Gdir,v) = AdiffGdif,v + AdirF (θinc, αeff)Gdir,v (9.104)

whereAdiff andAdir are constants (to be estimated).F (θinc, αeff) is the theoreti-
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Figure 9.6: Network model of the test building with the installed test component.

cal function for the direct transmittance dependent on the angle of incidence and for
αeff number of glass covers. The expression is plotted in Figure 9.7. Theoretically
the shape of the curve, in this case, should correspond to double glazing, but due to
unmodelled boundary conditions, (the frame etc.), the shape of the curve is estimated
from the data. The estimated number,αeff , may be considered as the effective number
of glass covers, which can take any positive real number.

The nonlinear model is compared to a linear model, which was used earlier in the
PASSYS project [Wouters 1993]. For the linear model, the expression for the solar
transmittance is given by

f(Gdif,v, Gdir,v) = Atot(Gdif,v +Gdir,v) , (9.105)

whereAtot is some constant.

In addition to the linear R-C network in Figure 9.6 and the nonlinear expression for the
direct transmittance shown in Figure 9.7, the total model ofthe system also contains
a model for the noise. The noise model accounts for the measurement noise on the
inputs and outputs of the system, and un-modelled dynamics.The inputs to the model
are

uT = (Te,s Tsr,a Te,a qh Gdif,v Gdir,v θinc)
T . (9.106)
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Figure 9.7: Theoretical direct transmittance w.r.t. losses by reflections for different
number of glass covers.

The outputs of the model are

yT = (Ttr,a Ttr,s)
T . (9.107)

The whole model can be put in the form of (8.32) and (8.32), described in Section??,
with an additive noise term on the state vector and an additive measurement noise on
the output equation. We are then able to estimate the parameters of the model, using
e.g. CTLSM, see [Melgaard & Madsen 1993].

Results

From the overall model a number of characteristic physical parameters are calculated,
these include:UAtr,e, steady state overall thermal transmission coefficient between
test room and outdoor surfaces,UAtr,sr, the steady state overall thermal transmission
coefficient between test room and service room,UApsc, steady state overall thermal
transmission coefficient for the test component,gApsc, steady state overall solar trans-
mittance, or total solar heat gain factor of the test component, which is the ratio of
heat entering the test-cell caused by solar radiation on thecomponent, divided by the
intensity of incident solar radiation on the component,CItr,e, internal test room heat
capacity, i.e. the amount of heat which goes into the test room-envelope as a result of
a change from one steady state situation to the same steady state situation except for
the indoor temperature being raised by 1 K,CItr,sr, similar for the partition to service
room, andCIpsc, similar for the test component.
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Four situations of the estimation have been considered and compared. Fixed/ML ver-
sus MAP/ML estimates have been compared, and models with or without the nonlinear
function for the solar transmittance have been compared. The main results from the
four situations are shown in Table 9.10 below. Beyond the estimated values of the

linear non-linear

Parameter fixed/ML MAP/ML fixed/ML MAP/ML

UAtr,e 7.826 8.265 7.826 8.294

[W/K] (0.096) (0.066) (0.096) (0.088)

CItr,e 2.045 1.976 2.043 2.000

[MJ/K] (0.045) (0.015) (0.045) (0.023)

UAtr,sr 1.001 2.096 1.001 2.170

[W/K] (0.148) (0.237) (0.148) (0.242)

CItr,sr 0.274 0.350 0.274 0.355

[MJ/K] (0.024) (0.006) (0.024) (0.009)

UApsc 6.047 5.885 5.917 5.735

[W/K] (0.044) (0.055) (0.049) (0.094)

CIpsc 0.136 0.153 0.116 0.119

[MJ/K] (0.006) (0.006) (0.009) (0.011)

gApsc 0.573 0.594 0.612 0.633

[m2] (0.006) (0.008) (0.004) (0.005)

αeff - - 3.391 3.401

- - (0.811) (0.340)

mean p.e. -0.0076 0.0016 -0.0054 0.0004

var p.e. 0.0151 0.0122 0.0131 0.0105

Table 9.3:Main results from the estimations.

characteristic parameters and their associated standard deviation in brackets, is also
listed the mean and variance of the one-step prediction errors, for the internal surface
temperature,Ttr,s, for the different cases.

It should be mentioned that in all cases the estimated physical characteristics are
reasonable compared to the expected theoretical values, except forUAtr,sr in both
fixed/ML cases, in which the values are too low compared to thetheoretical values.
The theoretical values, however, only covers one-dimensional heat loss; i.e. thermal
bridges etc. are not taken into account. ThegA values cannot be compared directly,
because the linear cases consider some mean value of the solar aperture, whereas in
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the non-linear cases it is an angle dependant function, (thenumbers are specified for
25% diffuse radiation, and 45◦ angle of incidence for the direct radiation).

The difference in the estimated physical parameters from linear to non-linear model is
small, except for thegA value; but the inclusion of the non-linear part has increased
the capability of the model for prediction, the variance of the prediction error has
decreased about 13 % for both the ML and MAP case. The larger difference is between
the ML and MAP approach. In the pure ML approach, a number of the parameters have
been fixed to the expected value estimated from the calibration experiment, whereas in
the MAP approach, all parameters are estimated with a prior distribution determined
by the calibration experiment. It is seen, that the physicalcharacteristics which are
mainly determined by the calibration experiment, i.e.UAtr,e and especiallyUAtr,sr

have changed significantly from their prior expected value to their posterior expected
value. This means, that despite the fact that the inputs of exterior climate variables
to the model are rather high correlated, there is still enough information in the new
experiment to change these physical characteristics. Especially for UAtr,sr it was only
possible to obtain vague information from the calibration experiment, due to a badly
excited input signal,Tsr,a, for that part of the model. This fact was also confirmed by
visually plotting the inputs for the calibration experiment. In the new experiment this
input signal has a better excitation. Still, though, this signal does not have a very good
excitation, compare Figure 9.5, for large parts of the experimentTsr,a = Ttr,a.

It has been shown that the proposed method and model are superior to the earlier
approach for modelling this system. This includes the use ofMAP estimation as a
means of including the prior information about the system, and the use of a nonlinear
model for the solar transmission through the window.

A plot of the measured and simulated output from the model gives an indication of the
performance of the model, see Figure 9.8.

Even though the model seems to perform well with respect to simulated output, it is
still not perfect, which is clearly seen from a cumulative periodogram of the residuals
(the one-step prediction errors). A plot of the cumulative periodogram for the residuals
of the two outputs of the model is given in Figure 9.9 below.

From the cumulative periodogram it is seen that none of the residual sequences will
pass a white noise test. This is especially true forTtr,s. A closer look at the plot reveals
that the curve forTtr,s has some well defined steps. These are located at the frequency
of daily cycle and the higher harmonics of this frequency. This could indicate that
the model of the transmitted solar radiation hitting the internal surface of the test cell
(floor and wall) need further improvements. This may not be possible with the current
measurement setup. Either more temperature sensors are needed at the inside surface
of the test cell (where the sun hits the floor) or it should be realized thatTtr,s can not be
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Figure 9.8: Plot of Ttr,s, measured (solid) and simulated from the proposed model
(dashed). The unit on the horizontal axis is hours.

modelled by a one-dimensional model of the test cell, when the test wall has a window.
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9.11 Case 3: Estimation of a non-linear model —
Predator/prey relations

In order to illustrate the non-linear estimation and specifically the extended Kalman
filter, an example using a nonlinear model is considered.

The example is a classical type of nonlinear system describing the temporal oscillations
of a population of predators and their prey in a localized geographic region. The prey
population is denoted byN1(t) and the predator population byN2(t). It is assumed
that the growth rate of prey, in the absence of predators, isaN1(t), while the predator
multiplication rate iscN1(t)N2(t). Further, is is assumed that the loss rate of prey
is proportional to the numbers of prey and predators, i.e. loss rate of prey equals
bN1(t)N2(t), while the loss rate of predators equals their death ratedN2(t).

Putting together these assumptions, the dynamics of the predator - prey interaction are
described by the deterministic Lotka-Volterra equations

Ṅ1(t) = aN1(t) − bN1(t)N2(t) , (9.108)

Ṅ2(t) = cN1(t)N2(t) − dN2(t) , (9.109)

wherea, b, c andd all are positive constants. The pointN∗
1 = d/c, N∗

2 = a/b is
the only nontrivial equilibrium of the Lotka-Volterra system. If the initial condition
(N1(0), N2(0)) 6= (N∗

1 , N
∗
2 ) , the trajectory in the phase–planeof the system is a closed

orbit as depicted in Figure 9.10. In the figure, the trajectory is moving anti-clockwise.
Thus, for any given initial condition, the populations of predator and prey will oscillate
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Figure 9.10:Phase-plane of the deterministic Lotka-Volterra system.
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cyclically. Neither species will die out, nor will they growindefinitely. Furthermore,
except for the improbable initial state(N∗

1 , N
∗
2 ), the populations will not remain con-

stant.

The deterministic Lotka-Volterra model is modified in orderto give a more likely pic-
ture of a real world system. It is assumed that the rate of change of each population
is influenced by an additive random term representing the effect of other factors not
included in the model, such as other predators in the food chain and weather variables.
This results in a stochastic Lotka-Volterra model

dN1(t) = (aN1(t) − bN1(t)N2(t)) dt+ σ1dβ1(t) , (9.110)

dN2(t) = (cN1(t)N2(t) − dN2(t)) dt+ σ2dβ2(t) , (9.111)

whereβ1(t) andβ2(t) are mutually independent standard Wiener processes andσ1 and
σ2 are positive constants giving the levels of the noise. If we are able to observe the
populations, by measuring the system at given time instants, the measurements are
assumed to by influenced by a random error, i.e. the measurement equation is

N1,m(tk) = N1(tk) + σ1,me1(tk) , (9.112)

N2,m(tk) = N2(tk) + σ2,me2(tk) , (9.113)

wheree1(tk) ande2(tk) are standard Gaussian white noise andσ1,m andσ2,m are posi-
tive constants giving the levels of the noise. An example of the measurements of such
a system is simulated, using stochastic simulation, and thetimeseries of measured
populations are shown in Figure 9.11.

observations

N
1,

 N
2

0 200 400 600 800 1000

0
5

10
15

20
25

Figure 9.11:Timeseries plot of the populationsN1 andN2 for the stochastic Lotka-
Volterra system.
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In this example the following dimensionless variables werechosen,a = 10, b = 1,
c = 2, d = 10, σ2

1 = σ2
2 = 0.3, σ2

1,m = σ2
2,m = 0.03, and the sampling time,

Ts = 0.005, and initial populations,(N1(0), N2(0)) = (2, 5). A phase-plane of the
same realization as in figure 9.11 is shown in Figurelv-stoc2. The qualitative structure
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Figure 9.12:Phase-plane of the stochastic Lotka-Volterra system.

of the trajectory is the same as for the deterministic systemand it is still a stable
oscillating system.

50 sequences of stochastic independent realizations of thesystem was simulated. Each
sequence with the length of 500 observations of the populations. In Table 9.4 the re-
sults from estimation of the parameters of the model from the50 series are summa-
rized. For all parameters, the mean of the estimated values are given, which can be
compared to the simulated values. Also the empirical variance and the mean of the
estimated variances of the parameters are given. A comparison of these values will
indicate if the tool is able to estimate the right uncertainty of the parameters. The
columns of the table are :xsim, the simulated values,̄x, the mean of the estimated
values,s2

x is the empirical variance of the estimated parameters,s̄2 is the mean of the
estimated variance of the parameters,F -stat. is anF statistic given byZF = s2

x/s̄
2

and|t|-stat. is at statistic given byZt = |x̄− xsim|/(sx
√
ne).

In order to verify if the variance of the parameters providedby the estimation tool is
equal to the empirical variance, one wish to test the hypotheses

H0 : s2
x = s̄2

H1 : s2
x 6= s̄2 .

UnderH0 we have in this case thatZF ∼ F (49,∞). The critical set for this test is
{z ∈ R|z ∈ R|z < F (49,∞)α/2 ∨ z > F (49,∞)1−α/2} on levelα. By choosing
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Parameter xsim x̄ s2

x s̄2 F -stat. |t|-stat.

a 10.000 9.985 8.568e-3 9.589e-3 0.8936 1.151

b 1.0000 0.9990 6.453e-5 8.267e-5 0.7805 0.914

c 2.0000 2.0012 1.253e-4 1.095e-4 1.1441 0.758

d 10.000 10.001 4.756e-3 4.481e-3 1.0614 1.446

N1(0) 2.0000 2.0066 5.426e-3 5.888e-3 0.9215 0.630

N2(0) 5.0000 5.0175 7.893e-3 5.902e-3 1.3373 1.393

σ2

1
0.3000 0.2909 2.883e-3 3.529e-3 0.8169 1.196

σ
2

2
0.3000 0.2896 9.011e-3 7.981e-3 1.1290 0.773

σ2

1,m 0.03000 0.02966 3.229e-6 3.855e-6 0.8377 1.346

σ2

2,m 0.03000 0.03047 4.593e-6 4.184e-6 1.0978 1.534

Table 9.4:Results from estimation of thene = 50 series from the stochastic Lotka-
Volterra system.

α = 0.1 we obtain the critical set{z ∈ R|z < 0.74 ∨ z > 1.35}. It is seen from Table
9.4 that we cannot rejectH0 for any parameter on the chosen level.

Another test is performed in order to verify that the estimated parameters are unbiased.
The following hypotheses are tested

H0 : x̄ = xsim

H1 : x̄ 6= xsim .

UnderH0 the distribution of the test statistic isZt ∼ t(49). The critical set for this test
is {z ∈ R|z > t(49)1−α/2} on levelα. Forα = 0.1, the critical set is{z ∈ R|z > 2.0},
thus from Table 9.4 we cannot rejectH0 for any of the parameters on the chosen level.
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Chapter 10

Tracking time-varitions in the
system description

10.1 Introduction

Non-stationarity in non-linear or linear systems, may showup as timevariation in the
basic or an approximating system description. In such situations, the parameter or
functional estimation may be done recursively. Thus algorithms for system tracking
can be used e.g.

• when the system is timevarying, or in some other respect is nonstationary,

• when the system is supervised with some kind of event detection algorithm, e.g.
change-of-mode detection.

• when the system is adaptively controlled, predicted etc. and the new e.g. control
input have to be based on the latest parameter estimates,

• when the computer space required for the computations is limited, or when the
available time for computing a new estimate is short.

In algorithms for recursive parameter estimation, the parameter estimates are updated
at each sampling instant using the latest measurement. General recursive versions of
on-line methods can be derived, e.g. via minimization of a function ofθ, the unknown
vector of parameters, as e.g.

Vt(θ) = 0.5

t∑

1

ℓ(εi(θ), i, θ), (10.1)
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whereℓ is a function of the prediction error

εt(θ) = yt − ŷt|t−1(θ), (10.2)

as in the off-line methods that previously have been studied. This topic is discussed
in general books on system identification, see e.g. [Ljung 1995] and [Söderström &
Stoica 1988] and in more specialized opii on recursive estimation, see e.g. [Ljung &
Söderström 1983] or [Young 1984]. Also [Goodwin & Sin 1984] contains an extensive
treatment of recursive estimation algorithms, in particular in connection with adaptive
signal processing.
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10.2 Recursive least squares

The generic recursive estimation algorithm is the Recursive Least Squares (RLS) al-
gorithm which, with proper choice of initial values, is an exact reformulation of the
off-line least squares algorithm. Hence the sequence of estimates obtained from RLS
is except for the effects of initial conditions of the algorithm identical to the estimates
from the off-line algorithm when applied to the same set of data.

It is customary to refer to Kalman, [?], as the very early presentation of the recursive
version of the least squares method. However, the algorithmwas around also a little
before that, it may be found also in a paper by Plackett from 1950, [Plackett 1950].

Consider the following model of a linear system with discrete time

Yt + φ1Yt−1 + · · · + φpYt−p = ω1Ut−1 + · · · + ωmUt−m + ǫt, (10.3)

where{Yt} is the output signal,{ǫt} is white noise, uncorrelated with the external
signal{Ut}. Introduce the vectors of regressors and of unknown parameters,X t and
θ respectively,

XT
t = (−Yt, · · · ,−Yt−p, Ut−1, · · · , Ut−m) and (10.4)

θT = (φ1, · · · , φp, ω1, · · · , ωs). (10.5)

The model (10.3) may now be written as a linear regression

Yt = XT
t θ + ǫt. (10.6)

Theon-line least squares estimateor recursive least squares estimateof the parameters
θ is found as the recursively computed solution to

θ̂t = arg min
θ
St(θ), (10.7)

where

St(θ) =

t∑

s=1

(Ys −XT
s θ)

2. (10.8)

The off-line solution is easily found to be

θ̂t = R−1
t ht, (10.9)

Rt =

t∑

s=1

XsX
T
s and (10.10)

ht =

t∑

s=1

XsYs. (10.11)
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BothRt andht may be written recursively by using the previously computedvalues
Rt−1 andht−1. Theupdatingformulas are

Rt = Rt−1 +X tX
T
t (10.12)

ht = ht−1 +X tYt. (10.13)

The expressions (10.9) and (10.12), (10.13) do not show the evolution of the sequence
of parameter estimates, but it is easy to derive an expression for the new parameter
estimate,̂θt, in terms of the old estimate,̂θt−1, of θ.

θ̂t = R−1
t ht = R−1

t [ht−1 +X tYt]

= R−1
t

[
Rt−1θ̂t−1 +X tYt

]

= R−1
t

[
Rtθ̂t−1 −X tX

T
t θ̂t−1 +X tYt

]

= θ̂t−1 +R−1
t X t

[
Yt −XT

t θ̂t−1

]
.

Note that the last part of the expression shows the change of the parameter estimates
that is caused by the one-step prediction error obtained at time t using the parameter
estimates fromt − 1. The vectorR−1

t X t thus may be interpreted as a gain vector.
In case of scalar output the update of the parameter estimates thus falls along a line
in parameter space, determined by the gain vector. Consequently, it is important that
the gain vector during the estimation traverses the whole parameter space in order to
make it possible to estimate all parameters. This may be interpreted as a persistantly
of excitation criterion (cf. citeLLg95) on the external signal, and will be treated in the
upcoming discussion on selective forgetting algorithms, cf. Section??as well as in the
subsequent chapter on experiment design, cf. Chapter 12.

In summary we have theRLS algorithmfor parameter estimation in dynamic models:

θ̂t = θ̂t−1 +R−1
t X t

[
Yt −XT

t θ̂t−1

]
(10.14)

Rt = Rt−1 +X tX
T
t . (10.15)

In order to avoid the calculation of the inverse ofRt in every step, introduce

P t = R−1
t (10.16)

and use the matrix inversion lemma cf. [?], supposing the inverses exist.

[A+BCD]−1 = A−1 −A−1B
[
DA−1B +C−1

]−1
DA−1 (10.17)

withA = Rt−1,B = DT = X t andC = 1 to obtain

P t = P t−1 −
P t−1X tX

T
t P t−1

1 +XT
t P t−1X t

. (10.18)
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If the gain matrix

Kt = R−1
t X t = P t−1X t −

P t−1X tX
T
t P t−1X t

1 +XT
t P t−1X t

or

Kt =
P t−1X t

1 +XT
t P t−1X t

(10.19)

is introduced, the updating of the estimate ofθ can be written

θ̂t = θ̂t−1 +Kt

[
Yt −XT

t θ̂t−1

]
. (10.20)

Hence, summarizing, the Recursive Least Squares algorithmmay be written as

θ̂t = θ̂t−1 +Kt

[
Yt −XT

t θ̂t−1

]
(10.21)

Kt =
P t−1X t

1 +XT
t P t−1X t

(10.22)

P t = P t−1 −
P t−1X tX

T
t P t−1

1 +XT
t P t−1X t

. (10.23)

These difference equations have to be given initial valuesθ̂0 andP 0. The choice of
such initial values is discussed in Section??. Note that the algorithm is based on the
assumption that the parameter vectorθ is independent of time which e.g. means that
P t decreases towards zero as1/t (as long as the system is properly excited). This
is quite consistent with producing exactly the same estimate as off-line least squares
estimation, apart from the effects of the choice of initial values.

The RLS algorithm for parameter estimation in the system (10.3), may also be given a
Kalman filter interpretation, cf. Section 10.6.

10.2.1 Time-varying parameters

The parameters in the system, equation (10.3) may be described as time varying. If
such time-variations are known, they shall preferably be included in the estimation
algorithm, if it e.g. may be assumed that a parameter varies periodically, the model
should reflect the periodicity, leaving e.g. the amplitude of the variations to be esti-
mated. This explicite modelling of the time-variations of the parameters will be further
treated in Section 10.6. However in the by far most prevalentcases, the variations are
unknown, and have to be handled in an ad hoc manner. In such cases, the observed
time variations might be considered as generated by changing operating conditions
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for the system, in which case the connotation ofθ as a parameter may be doubted.
However it is a commonplace notation in the literature and itwill be used also here.

The estimation of time varying parameters in the RLS contextis accomplished via
extension of the basic algorithm with either of the two dominating techniques, linear
or exponential forgetting. The linear forgetting is closely related to modelling of the
parameter variations, and hence further discussed in Section 10.6.

10.2.2 Recursive estimation using a forgetting factor

Theforgetting factoror exponential forgettingtechnique is formally a simple extension
of the basic RLS algorithm with an ad hoc measure to handle time-varying parameter
via discounting of old prediction errors in the loss to be minimized. Hence in this re-
spect the technique is similar to exponential smoothing (cf. [Madsen 1995b]), but with
a more general description of the underlying system. The properties of the algorithm
with forgetting factor is however drastically different, the most important difference
being that the sequence of estimates no longer converges to apoint in parameter space,
but instead can be described as a stochastic process. This process can be shown to
be non-Gaussian and the parameter estimation error will in general have a non-zero
mean, cf. [Arvastson, Olsson & Holst 1995], [Lindoff & Holst1995b] and [Lindoff &
Holst 1995a].

In order to derive an algorithm for exponential forgeting inleast squares estimation,
let us consider the followingweighted least squares estimator

θ̂t = arg min
θ
St(θ), (10.24)

where

St(θ) =

t∑

s=1

β(t, s)(Ys −XT
s θ)

2. (10.25)

Assume that the sequence of weights satisfies

β(t, s) = λ(t)β(t− 1, s); 1 ≤ s ≤ t− 1 (10.26)

β(t, t) = 1, (10.27)

which means that

β(t, s) =

t∏

j=s+1

λ(j), (10.28)

i.e. the weight in the computation of the parameter estimateat timet of the squared
residual at times is computed as the product all the intermediate weighting factors.
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The solution this weighted least squares problem is then

θ̂t = R−1
t ht, (10.29)

where

Rt =

t∑

s=1

β(t, s)XsX
T
s , ht =

t∑

s=1

β(t, s)XsYs, (10.30)

and theupdatingequations are

Rt = λ(t)Rt−1 +X tX
T
t (10.31)

ht = λ(t)ht−1 +X tYt. (10.32)

As previously the updating equation for the estimate of the parameter vectorθ may be
found by using the updates ofRt andht:

θ̂t = R−1
t ht = R−1

t [λ(t)ht−1 +X tYt]

= R−1
t

[
λ(t)Rt−1θ̂t−1 +X tYt

]

= R−1
t

[
Rtθ̂t−1 −X tX

T
t θ̂t−1 +X tYt

]

= θ̂t−1 +R−1
t X t

[
Yt −XT

t θ̂t−1

]
. (10.33)

Thus, in summary we havethe RLS method with a forgetting structure

θ̂t = θ̂t−1 +R−1
t X t

[
Yt −XT

t θ̂t−1

]
(10.34)

Rt = λ(t)Rt−1 +X tX
T
t . (10.35)

If λ(t) = const = λ, with 0 < λ < 1, thenλ is calledthe forgetting factor. The
squared errors in equation (10.25) are then weighted exponentially, and we may intro-
duce theeffective number of observationsas

T0 =
∞∑

i=0

λi =
1

1 − λ
. (10.36)

Typical values forλ ranges from 0.95 to 0.999. Oftenλ is chosen as a result of ex-
perimentation with some reasonable alternatives. However, it may also be possible to
minimize the loss function above also as a function of the forgetting factor, i.e.

λ∗ = arg min
λ

[
min

θ
SN(θ)

]
. (10.37)

A further analysis along this track shows that the optimal value of the forgetting factor
is a well-defined compromize between the rate of variation ofthe parameters and the
covariance matrix for the regressor vector, see [?] for further details.
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10.2.3 Convergence properties of RLS with exponential for-
getting

Since the recursive version of the least squares algorithm without forgetting factor,
apart from the effect of the choice of initial values for the difference equations in equa-
tion (10.2.2) is a direct reformulation of the off-line version of the LS algorithm, the
convergence charactristics are the same. However, the introduction of the forgetting
factor make the an asymptotic analysis more complicate. In case of estimation of a
constant parameter, the analysis leads to the convergence results being expressed in
terms of possibly stationary distributions of the sequenceof parameter estimates. In
case of first order autoregression, the limiting distribution can be exactly computed, cf.
[?]. For higher order systems the analysis is confined to first and second moments in
the limiting distribution, to be discussed below.

Consider thefirst order systemwith constant parameter driven by Gaussian white noise

yt = ayt−1 + et; y0 = 0 (10.38)

et ∈ N(0, σ2),

and suppose that the parameter is to be estimated using recursive least squares estima-
tion with exponential forgetting. The resulting distribution is non-Gaussian and has
to be computed numerically. It depends on the parameter to beestimated,a, and the
forgetting factor,λ. In figure the time evolution of the density for the estimate of the
parameter in the model above is shown. The density is obviously not Gaussian, fur-
thermore its skewness increases with decreasing values of the forgetting factor,λ, but
the limiting distribution does not seem to have any mass outside the unit circle.

The estiamates given by the forgetting factor algorithm arebiased, and in figure 10.2
the exact asymptotic bias is shown for varying forgetting factor and true parameter
value. Note that the bias is negative, showing that the estimated system is assumed to
be faster than the true one.

By using a Taylor expansion of the expressions for the parameter estimate, approxima-
tive asymptotic expressions for the bias (β(â)) and variance (V (â)) for the parameter
estimates may be computed to give

β(â) = −2aλ(1 − λ)(1 − a2)

(1 − a2λ)(1 + λ)
(10.39)

V (â) =
(1 − λ)(1 − a2)

1 + λ
. (10.40)

A comparison between the exact and the approximative expressions for the bias for two
different values of thea-parameter is shown in figure 10.3, indicating that the quality
of the approximation improves with growing forgetting factor.
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Figure 10.1: Density function for the estimates of thea-parameter in the AR(1)-
process in equation 10.38 for varying forgetting factor,λ, and varying estimation time.
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Figure 10.2: Exact asymptotic bias for the estimate of thea-parameter in the AR(1)-
process in equation 10.38 for varying forgetting factor,λ, and varying true parameter
value.
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Figure 10.3: Exact and approximative asymptotic bias for the estimate of thea-
parameter in the AR(1)-process in equation 10.38 for varying forgetting factor,λ, and
varying true parameter value.

The bias and variance of the parameter estimates are also computable for higher order
AR- or ARX-processes, cf. [] and [].

Haer skall vi diskutera de resulat som finns i Scand J of Stat och fraan Int J of
Adaptive Control and Signal Processing

10.2.4 Variable forgetting

A slightly different procedure leading to a time-varying forgetting factor is based on
the assumption that the ’loss function’ should be kept constant, i.e. the time-varying
forgetting factor,λt should be chosen from

St = λtSt−1 + ε2
t

St(θ̂t) = St−1(θ̂t−1) = · · · = S0

It is customary to writeS0 = N0σ
2, whereN0 is interpreted as an equivalent horizon,

during which the parameters may be assumed to be reasonably constant. In practice
N0, and henceS0 is a tuning factor.

The idea was proposed in the paper [Fortesque, Kershenbaum &Ydstie 1981]. The
forgetting structure which satisfies the above is given by the solution to a second order
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equation. The interesting solution is

λ(t) ≃ 1 − ǫ2t
S0

[
1 +XT

t P (t− 1)X t

] . (10.41)

Note the feedback from the prediction error, which means that in case of large predic-
tion errors, interpreted as bad tracking of the parameters,old observations are given de-
creasing weight, and the last observations determines the parameter estimates. Hence,
an algorithm with this type of changing forgetting factor isin principle able to follow
parameter variations with different rates of change. However, in case of very fast pa-
rameter changes, detector algorithms should be preferred,cf. Section??. Furthermore,
in case of varying rate of time-variation of the parameters,this method leads to chang-
ing forgetting in the entire parameter space, which might bedeteriorating the perfor-
mance of the algorithm in cases when the parameters are not varying homogeneously,
or in cases when the excitation of the parameter estimation is nonhomogeneous. Such
cases will be treated below, in connection with selective forgetting.

10.2.5 Selective forgetting

10.3 Recursive pseudo-linear regression (RPLR)

Until now the models considered have been linear in the parameters. In the following
methods which allow for non-linearity in the parameters will be formulated. These
methods are all based on the least squares criterion and a Newton-Raphson solution.
In the classical control theory literature, where the methods were first developed, only
linear transfer function models (ARMAX, Box-Jenkins, etc.) were considered. In the
following a more general treatment, which also allows for non-linear models, will be
given.

Let us first considerpseudo-linear models, where the one-step prediction can be writ-
ten

Ŷt|t−1(θ) = XT
t (θ)θ (10.42)

This will be called apseudo-linear regression, and the formulation makes it possible
to include also e.g. the ARMA model.

At time t the parameter estimate is

θ̂t = arg min
θ
St(θ) (10.43)
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where

St(θt) =
t∑

s=1

β(t, s)ǫ2s(θt) =
t∑

s=1

β(t, s)(Ys − Ŷs|s−1(θt))
2

=
t∑

s=1

β(t, s)(Ys −XT
s (θt)θt)

2 (10.44)

= λ(t)St−1(θt) + (Yt −XT
t (θt)θt)

2 (10.45)

Let us first assume thatSt is quadratic inθ.

If St is quadratic inθ then the minimum is obtained after a single Newton-Raphson
iteration:

θ̂t = θ̂t−1 −
[
H t(θ̂t−1)

]−1

∇θSt(θ̂t−1) (10.46)

whereH is the Hessian matrix, which under the assumption is independent ofθ.

H t = λ(t)H t−1 + 2X tX
T
t (10.47)

and since∇St−1(θ̂t−1) = 0 it follows that

∇St(θ̂t−1) = −2X t

[
Yt −XT

t θ̂t−1

]
(10.48)

By puttingRt = 1
2
H t we find (again) the RLS algorithm.

Using the recursions without the assumption thatSt is quadratic inθ we obtainthe
recursive pseudo-linear regression:

θ̂t = θ̂t−1 +R−1
t X t

[
Yt −XT

t θ̂t−1

]
(10.49)

Rt = λ(t)Rt−1 +X tX
T
t (10.50)

In the control theory literature the pseudo-linear regression (PLR) and the recursive
pseudo-linear regression (RPLR) are related to the so-calledL-structure model:

γ(B)Yt =
ω(B)

ρ(B)
ut +

θ(B)

φ(B)
ǫt (10.51)
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10.3.1 Recursive extended least squares (RELS)

For ARMAX models, i.e. models of the form

φ(B)Yt = ω(B)ut + θ(B)ǫt (10.52)

the RPLS procedure is also known asrecursive extended least squares(RELS). In the
non-recursive version the method is called extended least squares (ELS).

It can be shown, see [Ljung & Söderström 1983] that a sufficient condition for ELS to
converge to the true estimates is that

Re

[
1

θ0(eiω)

]
≥ 1

2
, ∀ω, −π ≤ ω ≤ π (10.53)

It can also be shown that there are stationary and invertiblesystems for which the
RPLS do not converge, examples may be found in [Holst 1979] and [Stoica, Holst &
Söderström 1982].

Example 10.1 (ARMAX model in pseudo linear form). Let us illustrate how the
ARMAX model is written in the pseudo linear form

Introduce
θ = (φ1, · · · , φp, ω1, · · · , ωs, θ1, · · · , θq)

T (10.54)

Then the one-step predictions can be written as

Ŷt|t−1(θ) = [1 − φ(B)]Yt + ω(B)ut + [θ(B) − 1]ǫt(θ) (10.55)

where the prediction error
ǫt(θ) = Yt − Ŷt|t−1(θ) (10.56)

depends onθ.

By introducing

X t(θ) = (−Yt−1, · · · ,−Yt−p, ut−1, · · ·ut−s, ǫt−1(θ), · · · , ǫt−q(θ))
T (10.57)

the one-step prediction is written on the pseudo-linear form

Ŷt|t−1(θ) = XT
t (θ)θ (10.58)

And the parameters can now be estimated using the RPLR method. �
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10.4 Recursive prediction error method (RPEM)

The formulation will be kept in a form which allow for recursive estimation of non-
linear models. In Section 10.5 results and comments relatedto the typical control
theory literature on the subject will be provided.

It is assumed that
Yt = Ŷt|t−1 + ǫt (10.59)

whereŶt|t−1 is the one-step prediction provided by the (possibly non-linear) model.

Again the estimate at timet is

θ̂t = arg minSt(θ)

where

St(θt) =
t∑

s=1

β(t, s)ǫ2s(θt) =
t∑

s=1

β(t, s)(Ys − Ŷs|s−1(θt))
2 (10.60)

The gradient is

∇θSt(θt) = −2
t∑

s=1

β(t, s)ψs(θt)ǫs(θt) (10.61)

where
ψs(θt) = ∇θŶs|s−1(θt). (10.62)

Correspondingly the Hessian is

H t(θ) = 2
t∑

s=1

β(t, s)ψs(θ)ψ
T
s (θ) − 2

t∑

s=1

β(t, s)∇θψs(θ)ǫs(θ) (10.63)

Close to the true value ofθ the last term is approximately zero.

Hence

H t(θ) = 2λ(t)
t−1∑

s=1

β(t− 1, s)ψs(θ)ψ
T
s (θ) + 2ψt(θ)ψ

T
t (θ)

= λ(t)H t−1(θ) + 2ψt(θ)ψ
T
t (θ) (10.64)

Again using Newton-Raphson:

θ̂t = θ̂t−1 −
[
H t(θ̂t−1)

]−1

∇θSt(θ̂t−1) (10.65)
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If follows that

∇θSt(θ̂t) = −2λ(t)
t−1∑

s=1

β(t− 1, s)ψs(θt)ǫs(θt) − 2ψt(θt)ǫt(θt)

= −2λ(t)∇θSt−1(θt) − 2ψt(θt)ǫt(θt) (10.66)

Let us assume that̂θt−1 is minimizingSt−1, then

∇θSt(θ̂t−1) = −2ψt(θ̂t−1)ǫt(θ̂t−1) (10.67)

Again puttingRt = 1
2
H t we obtainthe RPEM algorithm

ǫt(θ̂t−1) = Yt − Ŷt|t−1(θ̂t−1) (10.68)

θ̂t = θ̂t−1 +R−1
t (θ̂t−1)ψt(θ̂t−1)ǫt(θ̂t−1) (10.69)

Rt(θ̂t−1) = λ(t)Rt−1(θ̂t−1) +ψt(θ̂t−1)ψ
T
t (θ̂t−1) (10.70)

In the above equations we have not stated howψt(θ) is calculated. For linear models
ψt(θ) is obtained by a linear filtering of the observed signals. This will be illustrated
in the subsection below considering the ARMAX model.

In the control theory literature the RPEM is related to the L-structure model (10.51).

10.4.1 Recursive maximum likelihood (RML)

For ARMAX models, i.e. models of the form

φ(B)Yt = ω(B)ut + θ(B)ǫt (10.71)

the RPEM procedure is also known in the engineering and control theory literature as
recursive maximum likelihood(RML).

The following example outlines in detail the RML procedure.Furthermore it illustrates
howψt(θ) is calculated.

Example 10.2 (Recursive Maximum Likelihood (RML)). Consider the ARMAX
model (10.71), which alternatively can be written

Yt =
ω(B)

φ(B)
ut +

θ(B)

φ(B)
ǫt = H1(B)ut +H2(B)ǫt
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That is

Ŷt|t−1 = H1(B)ut + [H2(B) − 1] ǫt

= H1(B)ut +
[
1 −H−1

2 (B)
]
H2(B)ǫt

= H1(B)ut +
[
1 −H−1

2 (B)
]
[Yt −H1(B)ut]

= H−1
2 H1(B)ut +

[
1 −H−1

2 (B)
]
Yt (10.72)

Hence it follows that

Ŷt|t−1 =
ω(B)

θ(B)
ut +

[
1 − φ(B)

θ(B)

]
Yt (10.73)

or
θ(B)Ŷt|t−1 = ω(B)ut + [θ(B) − φ(B)]Yt (10.74)

Now we see that

θ(B)
∂Ŷt|t−1

∂φk

= −BkYt (10.75)

θ(B)
∂Ŷt|t−1

∂ωk

= Bkut (10.76)

BkŶt|t−1 + θ(B)
∂Ŷt|t−1

∂θk
= BkYt (10.77)

SinceYt − Ŷt|t−1 = ǫt we are able to collect the above in

θ(B)ψt(θ) = X t(θ) (10.78)

where

X t(θ) = (−Yt−1, · · · ,−Yt−p, ut−1, · · · , ut−s, ǫt−1(θ), · · · , ǫt−q(θ))
T

�

10.5 Summary and comments on least squares
recursive methods

Obviously all of the methods considered so far consider theleast squares criterion

St(θt) =

t∑

s=1

ǫ2s(θt) =

t∑

s=1

(Ys − Ŷs|s−1(θt))
2 (10.79)



10.5. SUMMARY AND COMMENTS ON LEAST SQUARES RECURSIVE METHODS235

andthe modelis one of the following:

Yt = XT
t θ (linear model)

Yt = XT
t (θ)θ (pseudo-linear model)

Yt = Xt(θ) (non-linear model)

Finally, for all methods the minimization can be consideredas obtained by a single
Newton-Raphson iteration

θ̂t = θ̂t−1 −
[
H t(θ̂t−1)

]−1

∇θSt(θ̂t−1) (10.80)

Let us now illustrate the difference between linear and non-linear models:

10.5.1 Linear model

If the model is linear then

∇θSt(θ) = −2

t∑

s=1

Xsǫs(θ) (10.81)

H t(θ) = H t = 2

t∑

s=1

XsX
T
s (10.82)

and the minimum is obtained using only one iteration no matter the value ofθ̂t−1.
Traditionally,θ̂t−1 is put equal to zero, and thenǫs = Ys in (10.81).

Notice that by writing the sums recursively we have now obtained the RLS, RPLR and
RELS algorithm. In the non-recursive version the algorithms are called LS, PLR and
ELS, respectively.

10.5.2 Non-linear model

If the model is pseudo-linear or non-linear inθ then
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∇θSt(θ) = 2
t∑

s=1

∇θǫs(θ)ǫs(θ) (10.83)

= −2
t∑

s=1

ψs(θ)ǫs(θ) (10.84)

H t(θ) = 2
t∑

s=1

ψs(θ)ψ
T
s (θ) − 2

t∑

s=1

∇θψs(θ)ǫs(θ) (10.85)

≈ 2
t∑

s=1

ψs(θ)ψ
T
s (θ) (10.86)

where
ψs(θ) = ∇θŶs|s−1(θ) = −∇θǫs(θ) (10.87)

In general several Newton-Raphson iteration is needed. However, close to the true
value ofθ it is reasonable to assume thatSt is approximately quadratic, and hence
only a single iteration is used in practice.

Notice that by writing the sums recursively the RPEM and the RML algorithms are
readily obtained.

10.6 Model based parameter tracking

A different approach to handling of time-varying parameters, the model based on pa-
rameter tracking, starts with the observation that the RLS estimation algorithm in equa-
tions (10.21), (10.22) and (10.23) can be given a Kalman filter interpretation.

Assume we are given the system

θt = θt−1

Y t = XT
t θ + et; V[et] = Σe,t

Here,θt is interpreted as the state vector andXT
t as the output matrix, which in this

representation is time-varying and determined by output and external signals that are
known at timet−1. Since the Kalman filter computes conditional means and variances
at timet given information at timet−1, the regression vector for the output calculation
is known, and the resulting filter is
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Time Update :

θ̂t|t−1 = θ̂t−1|t−1

P t|t−1 = P t−1|t−1

Measurement Update :

θ̂t|t = θ̂t|t−1 +Ktǫt

ǫt = Y t −XT
t θ̂t|t−1

Kt = P t|t−1X t(X
T
t P t|t−1X t + Σe,t)

−1

P t|t = P t|t−1 −P t|t−1X t(X
T
t P t|t−1X t + Σe,t)

−1XT
t P t|t−1 or

P−1
t|t = P−1

t|t−1 +X tΣ
−1
e,tX

T
t

The residual is

ǫr,t = Y t −XT
t θ̂t|t

= Σe,t(X
T
t P t|t−1X t + Σe,t)

−1ǫt.

Note that by writingθ̂t|t or θ̂t|t−1 andP t|t or P t|t−1 as θ̂t andP t respectively, and
assuming scalar output, we recover the equations on page 223. Also note that by
comparing these equations above with equation (10.10), clearly the matrixP t in the
RLS-algorithm for scalar output may be interpreted as a normalized covariance matrix
for the parameter estimation errors, where the normalization factor is the variance of
the measurement noise.

In case of time varying parameters this model based on tracking is extended also to
cover modelling of the parameter variations. These models should reflect (partially
known) variations as well as ad hoc assumptions, cf. eg. [Young 1984] for some exam-
ples of these kind of models. The most straightforward extension from the assumption
about constancy of the parameters, is to assume these to perform a random walk, ren-
dering the following state space model:

θt+1 = θt + vt; V[V t] = Σv,t (10.88)

Y t = XT
t θt + et; V[et] = Σe,t (10.89)

Using the Kalman filter on predictive form, we obtain the following algorithm:

θ̂t+1|t = θ̂t|t−1 +Kt

(
Y t −XT

t θ̂t|t−1

)
(10.90)

Kt =
P t|t−1X t(

XT
t P t|t−1X t + Σe,t

) (10.91)
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P t+1|t = P t|t−1 + Σv,t −
P t|t−1X tX

T
t P t|t−1(

XT
t P t|t−1X t + Σe,t

) , (10.92)

where starting values can be selected according to our priorknowledge about the pa-
rameter values, as discussed in Section??. This way of treating the time-variations is
namedlinear forgetting.

Remark. • The forgetting factor approaches are best suited for identifying non-
stationary systems with slowly varying parameters, whereas

• The state space approach can be used for identifying non-stationary systems with
more rapidly changing parameters.

H

Example 10.3 (Relation between air temperature and solar radiation). Consider
a model for the relation between the air temperatureT and the net radiation at the
surface of the groundR. The model is based on basic physical considerations, and it
shows that explicit modelling of the parameter variations might be possible and also
proves to be fruitful.

By considering basic physics, the following model is found adequate ([?]):

φ(B)(Tt − µT ) = ω(B)(Rt − µR) + ǫt (10.93)

where the order ofφ is 3 and the order ofω is 1.

In order to obtain a model which is linear in the parameters werewrite the model

φ(B)Tt = ω(B)Rt + d+ ǫt (10.94)

whered = φ(1)µT − ω(1)µR.

Now we are able to use the RLS procedure, since the model can bewritten

Tt = XT
t θ + ǫt (10.95)

where

X t = (−Tt−1,−Tt−2,−Tt−3, ut−1, ut−2, 1)T

θ = (φ1, φ2, φ3, ω0, ω1, d)
T

�
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Figure 10.4: Recursive estimation of the parameters in a transfer function model for
the outdoor air temperature
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10.7 Tracking time-varying coefficient-functions

10.7.1 Introduction

The conditional parametric ARX-model (CPARX-model) is a non-linear model for-
mulated as a linear ARX-model in which the parameters are replaced by smooth, but
otherwise unknown, functions of one or more explanatory variables. These functions
are calledcoefficient-functions, cf. [?] for an extended discussion. For on-line applica-
tions it is advantageous to allow the estimates of these coefficient functions be modified
as data become available. Furthermore, because the system may change slowly over
time, observations should be down-weighted as they become older by using some re-
cursive estimation method with forgetting. Hence, the method to be discussed in this
section is a combination of recursive least squares with exponential forgetting, cf. Sec-
tion 10.2.2 and locally weighted polynomial regression, cf. Section??. Hereadaptive
estimationis used to denote, that old observations are down-weighted,i.e. in the sense
of adaptive in time.

Non-adaptive recursive estimation of a regression function is a related problem, which
has been studied by? using kernel methods and by? using local polynomial regres-
sion. Since these methods are non-adaptive a key aspect considered in these papers
is how to decrease the bandwidth as new observations become available. This prob-
lem do not arise for adaptive estimation since old observations are down-weighted and
eventually disregarded as part of the algorithm, even though the combined effect of
choice of fortgetting factor and bandwidth has to be considered.

10.7.2 Conditional parametric models and local polynomial
estimates

When using a conditional parametric model to model the responseys the explanatory
variables are split in two groups. One group of variablesxs enter globally through
coefficients depending on the other group of variablesus, i.e.

ys = xT
s θ(us) + es, (10.96)

whereθ(·) is a vector of coefficient-functions to be estimated andes is the noise term.
Note thatxs may contain lagged values of the response. The dimension ofxs can be
quite large, but the dimension ofus must be low (1 or 2) for practical purposes [?,
pp. 83-84].

The functionsθ(·) in (10.96) are estimated at a number of distinct points,fitting points,
by approximating the functions using polynomials and fitting the resulting linear model
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locally to each of these points. To be more specific letu denote a particular fitting
point. Letθj(·) be the j’th element ofθ(·) and letpd(j)(u) be a column vector of terms
in the correspondingd:th-order polynomial evaluated atu. If for instanceu = [u1 u2]

T

thenp2(u) = [1 u1 u2 u
2
1 u1u2 u

2
2]

T . Furthermore, letxs = [x1,s . . . xp,s]
T . With

zT
s =

[
x1,sp

T
d(1)(us) . . . xj,sp

T
d(j)(us) . . . xp,sp

T
d(p)(us)

]
(10.97)

and
φT

u = [φT
u,1 . . .φ

T
u,j . . .φ

T
u,p], (10.98)

whereφu,j is a column vector of local coefficients atu corresponding toxj,spd(j)(us).
The linear model

ys = zT
s φu + es; i = 1, . . . , N, (10.99)

is then fitted locally tou using weighted least squares (WLS), i.e.

φ̂(u) = argmin
φu

N∑

s=1

wu(us)(ys − zT
s φu)

2, (10.100)

for which a unique closed-form solution exists provided thematrix with rowszT
s cor-

responding to non-zero weights has full rank. The weights are assigned as

wu(us) = W

( ||us − u||
ℏ(u)

)
, (10.101)

where|| · || denotes the Euclidean norm,ℏ(u) is the bandwidth used for the particular
fitting point, andW (·) is a weighting function taking non-negative arguments. In the
examples below we have used

W (u) =

{
(1 − u3)3, u ∈ [0; 1)
0, u ∈ [1;∞)

(10.102)

i.e. the weights are between 0 and 1. The elements ofθ(u) are estimated by

θ̂j(u) = pT
d(j)(u) φ̂j(u); j = 1, . . . p, (10.103)

whereφ̂j(u) is the WLS estimate ofφu,j. The estimates of the coefficient-functions
obtained as outlined above are calledlocal polynomial estimates. For the special case
where all coefficient-functions are approximated by constants we use the term local
constant estimates.

If ℏ(u) is constant for all values ofu it is denoted a fixed bandwidth. Ifℏ(u) is
chosen so that a certain fractionα of the observations fulfill||us − u|| ≤ ℏ(u) then
α is denoted a nearest neighbour bandwidth. A bandwidth specified according to the
nearest neighbour principle is often used as a tool to vary the actual bandwidth with
the local density of the data.
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Interpolation is used for approximating the estimates of the coefficient-functions for
other values of the arguments than the fitting points. This interpolation should only
have marginal effect on the estimates. Therefore, it constraints the number and place-
ment of the fitting points. If a nearest neighbour bandwidth is used it is reasonable to
select the fitting points according to the density of the dataas it is done when using
k-d trees [?, Section 8.4.2]. However, here the approach is to select thefitting points
on an equidistant grid and ensure that several fitting pointsare within the (smallest)
bandwidth so that linear interpolation can be applied safely.

10.7.3 Adaptive estimation

In the previous section it was shown that local polynomial estimation can be viewed as
local constant estimation in a model (10.99) derived from the original model (10.96).
For simplicity the adaptive estimation method is describedas a generalization of ex-
ponential forgetting. However, more general forgetting methods could also be used.

Using exponential forgetting and assuming observations attimes = 1, . . . , t are avail-
able, the adaptive least squares estimate of the parametersφ relating the explanatory
variableszs to the responseys using the linear modelys = zT

s φ+ es is found as

φ̂t = argmin
φ

t∑

s=1

λt−s(ys − zT
s φ)2, (10.104)

where0 < λ < 1 is the forgetting factor.The estimate can be seen as a local constant
approximation in the direction of time. This suggests that the estimator may also be
defined locally with respect to some other explanatory variablesut. If the estimates
are defined locally to a fitting pointu, the adaptive estimate corresponding to this point
can be expressed as

φ̂t(u) = argmin
φu

t∑

s=1

λt−swu(us)(ys − zT
s φu)

2, (10.105)

wherewu(us) is a weight on observations depending on the fitting pointu andus as
discussed above.

Remark.In order to illustrate the estimator and its relations to non-parametric regres-
sion, consider a special case wherexs in (10.96) is 1 for alls andd(1) is chosen to be
0. Then it follows from (10.97) thatzs = 1 for all s, and

φ̂t(u) =

∑t
s=1 λ

t−swu(us)ys∑t
s=1 λ

t−swu(us)
. (10.106)

Forλ = 1 this is a kernel estimator ofφ(·) in ys = φ(us)+es,why (10.106) is called an
adaptive kernel estimator ofφ(·) and the estimator (10.105) may be called an adaptive
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local constant estimator of the coefficient-functionsφ(·) in the conditional parametric
modelys = zT

s φ(us) + es. H

Recursive formulation

Following the same arguments as above in Section 10.2.2, theadaptive estimates
(10.105) can be found recursively as

φ̂t(u) = φ̂t−1(u) + wu(ut)R
−1
u,tzt

[
yt − zT

t φ̂t−1(u)
]

(10.107)

and
Ru,t = λRu,t−1 + wu(ut)ztz

T
t . (10.108)

Hnece, the previously discussed numerical procedures implementing recursive least
squares estimation with exponential forgetting in linear models can be applied, by
replacingzt andyt in these procedures withzt

√
wu(ut) andyt

√
wu(ut), respectively.

Note thatzT
t φ̂t−1(u) is a predictor ofyt locally with respect tou and for this reason it

is used in (10.107). To predictyt a predictor likezT
t φ̂t−1(ut) is appropriate.

Modified updating formula

Whenut is far from the particular fitting pointu it is clear from (10.107) and (10.108)
that φ̂t(u) ≈ φ̂t−1(u) andRu,t ≈ λRu,t−1, i.e. old observations are down-weighted
without new information becoming available (which is exactly analogue to the covari-
ance blowup problem in Section 10.2.5). Hence, this may result in abruptly changing
estimates ifu is not visited regularly, since the matrixR is decreasing exponentially in
this case. Thus, it is suggested to modify (10.108) to ensurethat past are observations
are weighted down only when new information becomes available, i.e.

Ru,t = λv(wu(ut);λ)Ru,t−1 + wu(ut)ztz
T
t , (10.109)

wherev(· ;λ) is a nowhere increasing function on[0; 1] fulfilling v(0;λ) = 1/λ and
v(1;λ) = 1. Note that this requires that the weights span the interval ranging from zero
to one, as is done e.g. when using the weighting function in equation 10.102. Here,
we consider only the linear functionv(w;λ) = 1/λ− (1/λ− 1)w, for which (10.109)
becomes

Ru,t = (1 − (1 − λ)wu(ut))Ru,t−1 + wu(ut)ztz
T
t . (10.110)

It is reasonable to denote

λu
eff(t) = 1 − (1 − λ)wu(ut) (10.111)
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theeffective forgetting factorfor pointu at timet. Note, however, thatλu
eff then will

depend onu as well as on time, and in case ofu being stochastic, the also the effective
forgetting factor is a stochastic variable.

When using (10.109) or (10.110) it is ensured thatRu,t can not become singular if
the process{ut} moves away from the fitting point for a longer period. However, the
process{zt} should be persistently excited as for linear ARX-models. Inthis case,
given the weights, the estimates define a global minimum corresponding to (10.105).

Nearest neighbour bandwidth

Assume thatut is a stochastic variable and that the pdff(·) of ut is known and constant
over t. Based on a nearest neighbour bandwidth the actual bandwidth can then be
calculated for a number of fitting pointsu placed within the domain off(·) and used
to generate the weightswu(ut). The actual bandwidthℏ(u) corresponding to the point
u will be related to the nearest neighbour bandwidthα by

α =

∫

Du

f(ν)dν, (10.112)

whereDu = {ν ∈ Rd | ||ν − u|| ≤ ℏ(u)} is the neighbourhood,d is the dimension of
u, and|| · || is the Euclidean norm. In applications the densityf(·) is often unknown.
However,f(·) can be estimated from data, e.g. by the empirical pdf.

Effective number of observations

In order to select an appropriate value forα the effective number of observations used
for estimation must be considered. In analogy with the concept of effective number of
observations in the pure exponential forgetting case, cf. equation 10.36, and consider-
ing λu

eff as a random variable,

η̃u =
1

1 − E[λu
eff(t)]

=
1

(1 − λ)E[wu(ut)]
(10.113)

is a lower bound on the effective number of observations (in the direction of time)
corresponding to a fitting pointu, in general (10.113) can be considered an approxi-
mation, cf. [?]. When selectingα andλ it is then natural to require that the number
of observations within the bandwidth, i.e.αη̃u, is sufficiently large to justify the com-
plexity of the model and the order of the local polynomial approximations.

As an example considerut ∼ N(0, 1) andλ = 0.99 where the effective number of
observations within the bandwidth,αη̃u, is displayed in Figure 10.5. It is seen thatαη̃u
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depends strongly on the fitting pointu but only moderately onα. When investigating
the dependence ofαη̃u on λ andα it turns out thatαη̃u is almost solely determined
by λ. In conclusion, for the example considered, the effective forgetting factorλu

eff(t)
will be affected by the nearest neighbour bandwidth, so thatthe effective number of
observations within the bandwidth will be strongly dependent onλ, but only weakly
dependent on the nearest-neighbour bandwidth,α. The ratio between the rate at which
the weights on observations goes to zero in the direction of time and the corresponding
rate in the direction ofut will be determined byα.

Fitting point (u)

-3 -2 -1 0 1 2 3

15
0

25
0

35
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0.3
0.5
0.7
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Figure 10.5:Effective number of observations within the bandwidth (αη̃u(u)) for α =
0.1, . . . , 0.9 andλ = 0.99.

As mentioned above and as illustrated by figure 10.5 the effective number of obser-
vations behind each of the local approximations depends on the fitting point. This is
contrary to the non-adaptive nearest neighbour method, cf.Section 10.7.2.However, if
λ is chosen to be non-constant, but instead is varied with the fitting point asλ(u) =
1 − 1/(T0E[wu(ut)]) thenη̃u = T0. Thus, in that case the effective number of obser-
vations within the bandwidth is constant across fitting points. Furthermore,T0 can be
interpreted as the memory time constant. However, we do not further persue this idea,
and in the remaining part of the section,λ is not varied across fitting points.

The choice of optimal bandwidth selection in non-parametric function estimation is a
commonly treated problem, cf. e.g. [?] for a discussion of the non-adaptive case. In the
current algorithm optimal values of the forgetting factor as well as of the bandwidth
could be considered, cf. [?] for a treatment of this topic.

In this section local polynomial approximations in the direction of time is not consid-
ered. Such a method is proposed for usual ARX-models by?. This method can be
combined with the method described here and will result in local polynomial approx-
imations where cross-products between time and the conditioning variables (ut) are
excluded.
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Summary of the method

The algorithm will briefly summarized in this section. It is assumed that at each time
stept measurements of the outputyt and the two sets of inputsxt andut are received.

Prior to the application of the algorithm a number of fitting pointsu(i); i = 1, . . . , nfp

in which the coefficient-functions are to be estimated have to be selected. Furthermore
the bandwidth associated with each of the fitting pointsℏ(i); i = 1, . . . , nfp and the
degrees of the approximating polynomialsd(j); j = 1, . . . , p have to be selected for
each of thep coefficient-functions. For simplicity the degree of the approximating
polynomial for a particular coefficient-function will be fixed across fitting points. The
forgetting factorλ in equation (10.110) has to be selected. Finally, initial estimates of
the coefficient-functions in the model corresponding to local constant estimates, i.e.
φ̂0(u

(i)), must be chosen, as will the initial values of the matricesRu(i),0. In case of
no other information, it is common practice to initialize the coefficient functions with
zero, and theR-matrices withǫI, whereǫ is a small positive number.

In the following description of the algorithm it will be assumed thatRu(i),t is non-
singular for all fitting points. In practice we would just stop updating the estimates if
the matrix becomes singular. Under the assumption mentioned the algorithm can be
described as:

For each time stept: Loop over the fitting pointsu(i); i = 1, . . . , nfp and for each
fitting point:

• Construct the explanatory variables corresponding to local constant estimates
using (10.97):
zT

t = [x1,tp
T
d(1)(ut) . . . xp,tp

T
d(p)(ut)].

• Calculate the weight using (10.101) and (10.102):
wu(i)(ut) = (1− (||ut −u(i)||/ℏ(i))3)3, if ||ut −u(i)|| < ℏ(i) and zero otherwise.

• Find the effective forgetting factor using (10.111):
λ

(i)
eff(t) = 1 − (1 − λ)wu(i)(ut).

• UpdateRu(i),t−1 using (10.110):

Ru(i),t = λ
(i)
eff(t)Ru(i),t−1 + wu(i)(ut)ztz

T
t .

• Updateφ̂t−1(u
(i)) using (10.107):

φ̂t(u
(i)) = φ̂t−1(u

(i)) + wu(i)(ut)R
−1
u(i),t

zt

[
yt − zT

t φ̂t−1(u
(i))
]
.

• Calculate the updated local polynomial estimates of the coefficient-functions
using (10.103):
θ̂jt(u

(i)) = pT
d(j)(u

(i)) φ̂j,t(u
(i)); j = 1, . . . p



10.7. TRACKING TIME -VARYING COEFFICIENT -FUNCTIONS 247

The algorithm could also be implemented using the matrix inversion lemma.

10.7.4 Simulation and application

The simulations below are performed using the non-linear model

yt = a(t, ut−1)yt−1 + b(t, ut−1)xt + et, (10.114)

where{xt} is the input process,{ut} is the process controlling the coefficients,{yt}
is the output process, and{et} is a white noise standard Gaussian process. The
coefficient-functions are simulated as

a(t, u) = 0.3 + (0.6 − 1.5

N
t) exp

(
− (u− 0.8

N
t)2

2(0.6 − 0.1
N
t)2

)

and

b(t, u) = 2 − exp

(
−(u+ 1 − 2

N
t)2

0.32

)
,

wheret = 1, . . . , N andN = 5000, i.e. a(t, u) ranges from -0.6 to 0.9 andb(t, u)
ranges from 1 to 2. The functions are displayed in Figure 10.6. As indicated by the
figure both coefficient-functions are based on a Gaussian density in which the mean
and variance varies linearly with time.

u

a(
t,u

)
-0

.5
0

0.
5

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

-2 -1 0 1 2
u

b(
t,u

)
1.

0
1.

4
1.

8

0 1000 2000 3000 4000 5000

-2 -1 0 1 2

Figure 10.6:The time-varying coefficient-functions plotted for equidistant points in
time as indicated on the plots.

Local linear (d(j) = 1 for all j) adaptive estimates of the functionsa() andb() are then
found using the proposed procedure with the model

yt = a(ut−1)yt−1 + b(ut−1)xt + et. (10.115)



248 CHAPTER 10. TRACKING TIME -VARITIONS IN THE SYSTEM DESCRIPTION

In all cases initial estimates of the coefficient-functionsare set to zero and during the
initialization the estimates are not updated, for the fitting point considered, until ten
observations have received a weight of 0.5 or larger.

Highly correlated input processes

In the simulation presented in this section a strongly correlated{ut} process is used
and also the{xt} process is quite strongly correlated. This allows us to illustrate
various aspects of the method. For less correlated series the performance is much im-
proved. The data are generated using (10.114) where{xt} and{ut} are zero mean
AR(1)-processes with poles in 0.9 and 0.98, respectively. The variance for both series
is one and the series are mutually independent. In Figure 10.7 the data are displayed.
Based on these data adaptive estimation in (10.115) is performed using nearest neigh-
bour bandwidths, which are calculated assuming a standard Gaussian distribution for
ut.
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Figure 10.7:Simulated output (bottom) whenxt (top) andut (middle) areAR(1)-
processes.

The results obtained using the modified updating formula (10.110) are displayed for
fitting pointsu = −2,−1, 0, 1, 2 in Figures 10.8 and 10.9. For the first 2/3 of the period
the estimates atu = −2, i.e. â(−2) and b̂(−2), only gets updated occasionally. This
is due to the correlation structure of{ut} as illustrated by the realization displayed in
Figure 10.7.

For both estimates the bias is most pronounced during periods in which the true coefficient-
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Figure 10.8:Adaptive estimates ofa(u) using local linear approximations and nearest
neighbour bandwidths 0.3 (dashed), 0.5 (dotted), and 0.7 (solid). True values are
indicated by smooth dashed lines.
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Figure 10.9:Adaptive estimates ofb(u) using local linear approximations and nearest
neighbour bandwidths 0.3 (dashed), 0.5 (dotted), and 0.7 (solid). True values are
indicated by smooth dashed lines.
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function changes quickly for values ofut near the fitting point considered. This is
further illustrated by the true functions in Figure 10.6 andit is, for instance clear that
adaption toa(t, 1) is difficult for t > 3000. Furthermore,u = 1 is rarely visited by
{ut} for t > 3000, see Figure 10.7. In general, the low bandwidth (α = 0.3) seems
to result in large bias, presumably because the effective forgetting factor is increased
on average, cf. Section 10.7.3. Similarly, the high bandwidth (α = 0.7) result in large
bias foru = 2 andt > 4000. A nearest neighbour bandwidth of 0.7 corresponds to
an actual bandwidth of approximately 2.5 atu = 2 and since most values ofut are
below one, it is clear that the estimates atu = 2 will be highly influenced by the actual
function values foru near one. From Figure 10.6 it is seen that fort > 4000 the true
values atu = 1 is markedly lower that the true values atu = 2. Together with the fact
thatu = 2 is not visited by{ut} for t > 4000 this explains the observed bias atu = 2,
see Figure 10.10.

u
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Figure 10.10:Adaptive estimates for the example considered in Section 10.7.4 att =
5000 for α = 0.3 (dashed), 0.5 (dotted), 0.7 (solid). True values are indicated by
circles and fitting points ranging from -2 to 2 in steps of 0.2 are used.

Abrupt changes in input signals

One of the main advantages of the modified updating formula (10.110) over the nor-
mal updating formula (10.108) is that it does not allow fast changes in the estimates
at fitting points which has not been visited by the process{ut} for a longer period.
Actually, it is possible that, using the normal updating formula will result in a nearly
singularRt.

To illustrate this aspect 5000 observations are simulated using the model (10.114). The
sequence{xt} is simulated as a standard GaussianAR(1)-process with a pole in 0.9.
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Furthermore,{ut} is simulated as an iid process where

ut ∼





N(0, 1), t = 1, . . . , 1000
N(3/2, 1/62), t = 1001, . . . , 4000
N(−3/2, 1/62), t = 4001, . . . , 5000

To compare the two methods of updating, i.e. (10.108) and (10.110), a fixedλ is used
in (10.110) across the fitting points and the effective forgetting factors are designed to
be equal. If̃λ is the forgetting factor corresponding to (10.108) it can bevaried withu
as

λ̃(u) = E[λu
eff(t)] = 1 − (1 − λ)E[wu(ut)],

whereE[wu(ut)] is calculated assuming thatut is standard Gaussian, i.e. correspond-
ing to 1 ≤ t ≤ 1000. A nearest neighbour bandwidth of 0.5 andλ = 0.99 are used,
which results iñλ(0) = 0.997 andλ̃(±2) = 0.9978.

The corresponding adaptive estimates obtained for the fitting pointu = −1 are shown
in Figure 10.11. The figure illustrates that for both methodsthe updating of the es-
timates stops as{ut} leaves the fitting pointu = −1. Using the normal updating
(10.108) ofRt its value is multiplied bỹλ(−1)3000 ≈ 0.00015 as{ut} returns to the
vicinity of the fitting point. This results in large fluctuations of the estimates, starting
at t = 4001. As opposed to this, the modified updating (10.110) does not lead to such
fluctuations aftert = 4000.
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Figure 10.11:Realization of{ut} (top) and adaptive estimates ofa(−1) (middle) and
b(−1) (bottom), using the normal updating formula (solid) and themodified updating
formula (dotted). True values are indicated by dashed lines.
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An application

In [?] this class of models is used in relation to district heatingsystems to model the
non-linear dynamic response of network temperature on supply temperature and flow
at the plant. A particular feature of district heating systems is, that the response on
supply temperature variations depends on the flow. This is modelled by describing the
relation between temperatures by an ARX(30)-model in whichthe coefficients depend
on the flow, hence the dimension of the vectorxs is 30 and there is just one variable
us as introduced above in Section 10.7.2.

In this application the modified update of theRs-matrix is nessecary, since if, for
instance, we wish to adaptively estimate the stationary relation between the heat con-
sumption of a town and the ambient air temperature then{ut} contains an annual
fluctuation and at some geographical locations the transition from, say, warm to cold
periods may be quite fast. In such a situation the normal updating formula (10.108)
will, essentially, forget the preceding winter during the summer, allowing for large
changes in the estimate at low temperatures during some initial period of the follow-
ing winter, implying the need for the modifications discussed in order not to obtain
too fluctuating estimates. As in the last simulation case above, it is possible that the
normal updating formula will result in a nearly singularRt.
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Chapter 11

Prediction

11.1 Basic methodology – Ideas

The basic idea is to use old information about a process and its external influences
to compute future values of the process, which might includecomputing also future
values of the externals.

The most convenient way of condensing the past is in a model, and we have seen
various types of models previously, linear and nonlinear timeseries with discrete or
continuous time. The models have been parametric or nonparametric, however, here
we will concentrate on the parametric case and refer to the previous Chapter 2.14 for
nonparametric predictions.

Start off with a linear ARMAX-process,

Yt + φ1Yt−1..... (11.1)

The prediction idea, if formulated verbally, is to take dataas they are now and use as a
predictor of the process the mean value of the previous responses to this type of data.

In time series this is formulated as the conditional mean

Ŷ = E(Yt+k|IT ). (11.2)

IT denotes the information that is available at timet. In this case it consists of old
measurements of the inputs and outputs. The conditional mean is known to give the
optimal predictor for a large number of criteria and distributions, cf. [Åström 1970] or

255
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[Madsen 1995b]. The same basic idea is however used also in connection withnon-
parametric regressions as seen in Chapter 2.14, for neural networks and in prediction
in chaotic systems, cf [?].

The criterion which is use to designate the ’optimal’ predictor is usually the mean
square prediction error, and then the optimal predictor is given by the conditional
mean. However, the conditional mean solves the problem alsofor general symmet-
ric, nondecreasing criteria when the distribution is symmetric and nonincreasing, cf.
[Åström 1970].

If we go back to the ARMAX model above, the optimal predictor is given by

..... (11.3)

This representation of the optimal predictor is iterative in the number of steps, but of
course thek-step predictor could be expressed directly as a filter fromIT

.... (11.4)

The basic system is however often timevarying, which may be treated using a esti-
mation technique that allows for parameter variation, i.e.to use recursive estimation,
cf. Chapter 10. As was shown there an alternative is to find thephysical origin to
the timevariations (if possible) and include it in a (nonlinear) model. Usually, both
approaches have to be used.

11.1.1 Modeling of the Power Load in Kulladal, Malm ö

This example is more thoroughly treated in [Arvastson & Holst 1995]. The load on a
district heating network is to be modelled and predicted using physical knowledge as
well as stochastic modelling. Data are collected from Kulladal, a residential part of
Malmö. It is about 1 % of the total district heating network in town and the maximum
heat demand is around 15 MW. The net is shown in figure 11.1, which is taken from
[Andersson, Frederiksen & Lundell 1993].

11.2 External signals

• they are needed

• but which are representative, (validation)

• location
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Figure 11.1: The Kulladal net, the area of the circles corresponds to the heat load in
the different buildings. The three valve chambers where themeasurement equipment
are located are also shown, the one to the left connects the Kulladal net with the rest
of the net in Malmö. Figure from Andersson et al, [XXXX].

• also the external signals need to be predicted,
short term – timeseries
long term – other sources (DHI), pictures, indicators far away



258 CHAPTER 11. PREDICTION

11.2.1 Prediction of Electric Power Load in Southern Swe-
den

11.3 Precision of forecasts

11.4 Holidays and gross errors

11.4.1 Robustness

11.5 Interpolation

11.6 Event prediction

11.7 On the control problem



Chapter 12

Design of experiments

12.1 Introduction

Experiment design is concerned with the choice of experiments that yield the best
model of the system. The choice of the best experiments is therefore influenced by
the concept of the appropriateness of the model and this is normally dictated by the
intended application of the model. This chapter will focus on optimal experiment
design for system modelingwith a special attention to parameter estimation, which is
the most common usage of experiment design. The criteria of optimality should be
formulated in terms of the interesting physical characteristics of the system.

The purpose of experiment design is then to ensure that the information (mostly about
the parameters) provided by the experiment is maximized. The design of experiments
for system modeling includes choice of thesequence of input signals, sampling time
andpresampling filters.

Any design must take into account the constraints on the allowable experimental condi-
tions. Some typical constraints that might be met in practice are amplitude constraints
on inputs, outputs or internal signals; power constraints on signals; limited total ex-
perimental time or limited number of samples. Further more,the available measuring
and/or actuating equipment introduces constraints like least possible sampling interval,
highest possible accuracy, etc.

A different example of experiment design, which, however, has not received much
attention in the literature, is the problem of finding an optimal input sequence forfault
detection. In this case a suitable choice of input signal can improve the statistical
properties of the detection test involved – see e.g. [Sadegh, Madsen & Holst 1996].

259



260 CHAPTER 12. DESIGN OF EXPERIMENTS

This chapter will focus on experiment design for linear systems. The experiment de-
sign for nonlinear systems offers a sequence of added problems in addition to the
ones for linear systems. The reason is that the most appropriate tools and methods
for optimal experiment design are specified in the frequencydomain, which can not
be generally used for nonlinear systems, even though a generalization of the transfer
function is available via the Volterra kernel methods.

There is a substantial literature on optimal experiment design. In the books by Fedorov
(1972) and Pazman (1986), among others, the theory and mathematical treatment of
optimal experiment design in general is considered.

Optimal design for linear dynamic systems are specifically considered in the books by
Goodwin & Payne (1977) and Zarrop (1979). Design of experiments for identification
of transfer functions in the frequency domain has been considered by e.g. Yuan &
Ljung (1985), who discuss the use of prior information.

Prior information about the system and the intended use of the model are both in-
evitable terms in connection with optimal design of experiments. Especially for phys-
ical models there are often prior information about the model available. This prior in-
formation should also be used in the design of experiments. This can be done either in
a classical way using only prior expected values of the parameters or in a Bayesian ap-
proach, by incorporating prior distributions of the parameters for the design of optimal
experiments, see [Melgaard, Sadegh, Madsen & Holst 1993] and [Sadegh, Melgaard,
Madsen & Holst 1994].

12.2 Identifiability

Identifiability is a concept that addresses the problem of whether the given identifica-
tion procedure will yield a unique value of the parameters. One aspect of the problem
has to do with the experimental conditions, e.g. whether thedata set is informative
enough (persistently exciting) to distinguish between different models for a given es-
timation method. This is considered in Section 12.2.2. Another aspect has to do with
the model structure, i.e. if different sets of parameters will give equal models, given
that the data is informative. This qualitative aspect of experiment design is considered
in Section 12.2.1.
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12.2.1 Structural Identifiability

Structural identifiability has to do with the parameterization and structure of the model.
Hence, the questions of structural identifiability can be answered before the data have
been collected on the system.

The concept provides a necessary condition to recover the unknown characteristics of
the system from measured data. Structural identifiability is previously considered in
Section 9.2.1, but will briefly be mentioned here for completeness.

There is an extensive literature on the subject. The reader may consult the review paper
by Walter & Pronzato (1990) for the current state of art in both structural identifiabil-
ity and experiment design. Ljung & Glad (1994) have recentlyreported new algebraic
methods for investigating the identifiability of rather general non-linear model struc-
tures. Nevertheless, the literature on structural identifiability of non-linear models is
sparse.

Let us first illustrate the problem by considering a simple example. More examples are
given in Section 9.2.1.

Example 12.1 (Structural identifiability - simple case).As an example, consider the
very simple static model

yt = (p1 + p2)ut + ǫt (12.1)

where{ut}, {yt}, and{ǫt} are input, output, and noise sequences. It is obvious that
no matter how long time the data are gathered, we won’t be ableto estimatep1 andp2.
We’ll only be able to estimatep1 + p2. This example also underlines the role of prior
knowledge. If we for example know (from physics or any other source) thatp1 andp2

satisfy the relation
c1p1 + c2p2 = 0 (12.2)

then the structure will be identifiable. �

Definition 12.1 (Structural identifiability). The parameterθi is said to bestructurally
globally identifiableif for almost anyθ∗

M(θ) = M(θ∗) ⇒ θi = θ∗i . (12.3)

It is calledstructurally locally identifiableif for almost anyθ∗ there exits a neighbor-
hoodυ(θ∗) such that ifθ ∈ υ(θ∗), then the implication (12.3) is true. N

The problem of structural identifiability is of importance for both linear and nonlinear
models, but there are some specific properties which differsfor the two types. In
this context it is relevant to speak of two kinds of nonlinearities of the model, one is
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nonlinearin the inputs, which means that the output does not satisfy the superposition
principle concerning the inputs:

yM(θ, λu1 + µu2, t) 6= λyM(θ,u1, t) + µyM(θ,u2, t) (12.4)

for some realλ andµ. The other kind of nonlinearity, is when the model is nonlinear
in the parameters, which means that the output from the model does not satisfy the
superposition principle concerning the parameters:

yM(λ θ1 + µ θ2,u, t) 6= λyM(θ1,u, t) + µyM(θ2,u, t) (12.5)

Most often phenomenological models are nonlinear in the parameters.

Remark.It should be remarked that only models that are nonlinear in the parameters
can have structurally locally identifiable parameters which are not at the same time
structurally globally identifiable, see [Walter & Pronzato1990]. The outputs of models
that are linear in the parameters can be written as

yM(t, θ,u) = φ(t,u)Tθ (12.6)

and
M(θ) = M(θ∗) ⇔ φ(t,u)Tθ = φ(t,u)Tθ∗ (12.7)

This set of linear equations has a unique solution if the columns ofφ are linearly
independent, or else it has an infinite number of solutions. H

Remark.Ljung & Glad (1994) have shown that testing global identifiability is equiva-
lent to the possibility to express the model structure as a linear regression

ψ(t) = φ(t)Tθ . (12.8)

This is a generalization of (12.6) whereψ(t) andφ(t) are matrices, entirely formed
from past values ofy(t), u(t) and their derivatives. [Ljung & Glad 1994] treat this
problem for models that have polynomial nonlinearities with respect to the parameters
and the inputs. H

In the following when the model is only referred to as linear or nonlinear this means
with respect to the inputs.

Linear Models

The problem of structural identifiability of linear state space models arises from the
fact that for a given transfer function model corresponds, in general, a continuum of
state space models. It is therefore necessary to put restrictions on the structure of the
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state space model in order to provide a unique relation between the parameters of the
state space model and the transfer function.

In this section the descriptions are kept in continuous timeeven though our observa-
tions are in discrete time for any practical applications. It is obvious that the sampling
of the observations (inputs and outputs) may deteriorate the identifiability properties
of the model, but concerning only the structural identifiability it will have no influence.

Nonlinear Models

Testing for structurally identifiability in a nonlinear model is slightly more compli-
cated. One method consist of linearizing the model around some equilibrium point
and then apply the method for linear models. A second approach uses a series expan-
sion of the output either in the time domain or in the time and input domain [Walter &
Pronzato 1990].M(θ) = M(θ∗) then implies that the coefficients of the series should
be equal, which, as in the linear case, yields a set of equations inθ parameterized by
θ∗.

12.2.2 Persistence of Excitations

Persistence of excitations is another necessary conditionfor estimating the parameters
of a model. Again a very simple example is used to illustrate the problem.

Example 12.2. Persistent excitations.Consider the simple model

yt = p1ut + p2ut−1 + ǫt (12.9)

with the same notation as before. Assume that the DC signalut = 1, t = ...,−1, 0, 1, ...
is applied. It is obvious that again we’ll only be able to estimate the sump1 + p2 and
not each of the parameters, even though the model is structurally identifiable. �

Definition 12.2. Persistency of excitation.An input signalu fulfill the condition of
persistent excitationsof ordern if the (Yule-Walker) matrix of the autocorrelations
from lag0 until lag (n− 1) is positive definite. N

It is very easy to see that this condition is reasonable by considering a least squares
estimation of the parameters in the model

yt = p1u1 + · · ·+ pnun + ǫt (12.10)
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Both structural identifiability and persistence of excitations can be analyzed through
studyingFisher’s information matrixwhose features are the main topic of experimental
design.

12.3 Design of optimal experiments

12.3.1 Preliminaries

The basis for experiment design is maximizing a function that is a measure of goodness
of the experiments. The classical experiment design which is thoroughly investigated
in [Fedorov 1972] is based on maximizing a scalar function ofFisher’s information
matrix, which is defined by

Definition 12.3 (Fisher’s Information Matrix). Fisher’s Information Matrix is de-
fined by

MF = EY |θ

{
(
∂ log p(Y |θ,u)

∂θ
)T (

∂ log p(Y |θ,u)

∂θ
)

}
(12.11)

whereY denotes the output,u the input,p(·) density functions, and finally,θ denotes
the parameter vector. N

The main reason for choosing a scalar function of the information matrix is the well
known Cramer-Rao inequality which, subject to certain regularity conditions, states
that a lower limit ofthe covariance of every unbiased efficient estimator ofθ is asymp-
totically given by the inverse of the information matrix. More precisely ([Rao 1973])

V (θ̂) ≥M−1
F (12.12)

Example 12.3.As an introduction and motivate the further study, considerthe simple
model (12.9) again. The model can be written in regression form as

yt = φT
t θ + ǫt

whereφT
t = (ut, ut−1) andθT = (p1, p2). DefiningY to be the data vector and the

matrix Φ with the i’th row to beφi, the least squares estimate of the parameterθ is
given by the so called normal equation :

θ̂ = (ΦTΦ)−1ΦTY (12.13)

See [Madsen 1995a].

It is left as an exercise to show that the Fishers informationmatrix is proportional to
ΦTΦ =

∑
tφtφ

T
t . Let’s solve the experiment design problem for the model (12.9).



12.3. DESIGN OF OPTIMAL EXPERIMENTS 265

If ΦT Φ is singular, it is obvious that the parameters can not be estimated (verify that
the DC input makes the information matrix singular). As a criterion for designing the
optimal inputs, we can maximize the determinant of the information matrix. Notice
that ∑

t

φtφ
T
t =

[ ∑
t u

2
t

∑
t utut−1∑

t utut−1

∑
t u

2
t−1

]

If the experiment time is sufficiently large and the inputs are restricted to the class of
ergodic signals, the information matrix is proportional to

[
γuu(0) γuu(1)
γuu(1) γuu(0)

]
(12.14)

Assume further that the input power is restricted to be not more thanC. It is easily
verified that any input signal with powerC andγuu(1) = 0 maximizes the determinant
of the information matrix and is therefore optimal. An example of such optimal input
is white noise with varianceC. Another input with the same optimality feature is
the signalut = cos(π

2
t), t = ...,−1, 0, 1, ... (verify that!). The latter signal has the

pleasant property that it is periodic. The question is whether this holds more generally,
i.e. whether it is possible to find optimal sequences that areperiodic. The answer is
(surprisingly) yes. �

In the following, we consider optimality criteria and the fundamental theorems in more
detail.

12.3.2 Optimality Criteria

As mentioned above the quantitative study of the experimentdesign implies that a
measure of the information achieved from an experiment is needed. It is common
practice, cf. [Goodwin & Payne 1977], to select a performance measure related to the
expected accuracy of the parameter estimates to be obtained, in general the covariance
of the parameters. When the estimator is asymptotically efficient, the rationale for
using the Fisher information matrix as a suitable characterization of the asymptotic
parameter uncertainty is obtained.

It should be remarked that an experiment satisfyingdetMF (θ) 6= 0 is called in-
formative, this ensures local identifiability for the modelparameters. Designing an
experiment by minimizing a suitable criterion

J(ξ) = φ(MF (θ, ξ)) (12.15)

can thus be seen as maximizing a measure of identifiability, whereφ is a scalar function
andξ is the design.
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Figure 12.1: D-optimal design minimizes the volume of the confidence ellipsoid.

Local Design

A number of different standard measures of information has been studied. For a re-
view of the properties of the different measures of information see [Pazman 1986] and
[Walter & Pronzato 1990]. A large number of these standard measures are particular
cases of the generalLk-class of the optimality criteria. The criterion belongingto this
class is defined by a function of the form

φ(MF ) =

{
[n−1 tr(VM−1

F V
T )k]1/k if detMF 6= 0

∞ if detMF = 0
(12.16)

wherek > 0 andV is a nonsingularn× n matrix. The local optimal design refers to
the case where the criterion is minimized for a given value ofthe parametersθ∗, say.
This value is often chosen as the expected meanθ∗ = Eθ[θ] calculated from the prior
distribution of the parametersp(θ).

D-optimality

The most studied criterion is theD-optimalitycriterion, which is defined by

φ(MF (ξ)) = − log detMF (ξ) . (12.17)

The criterion is obtained forV = I andk → 0 in (12.16). Thus this design minimizes
the generalized variance of the parameter estimates. The criterion has a geometrical
interpretation: The asymptotic confidence regions for the maximum likelihood esti-
mate ofθ are ellipsoids, and a D-optimal experiment thus minimizes the volume of
these ellipsoids – see Figure 12.3.2. An important propertyof D-optimal experiments
is their independence of the scaling of parameters, due to the geometrical property of
the determinant.
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Figure 12.2: C-optimal design minimizes the relative precision of the single parame-
ters, without paying attention to the correlation structure.

L-optimality

Criteria that are linear in the inverse Fisher information matrix (= dispersion matrix of
the best linear estimator) are obtained from (12.16) by setting k = 1. The particular
choicesV = I andV = diag(θ−1

i , i = 1, · · · , n) respectively, correspond toA-
and C-optimality. A-optimal experiments minimize the sum of variances ofθ. C-
optimal experiments are related to the relative precision of the estimates, actually they
summarize1/t2i , whereti is thet-statistic of theith parameter. This criterion is also
independent of the parameter scale. TheA- andC-optimalitycriteria does not take the
correlation between the parameters into account. From a pragmatic point of view such
criteria should be seen with suspicion because they can leadto design of experiments
in which the parameters are unidentifiable, i.e.detMF = 0 (see [Goodwin & Payne
1977]).

E-optimality

TheE-optimalitycriterion is obtained from (12.16) by settingV = I andk → ∞, this
corresponds to minimizing the maximum eigenvalue ofM−1

F ,

φ(MF (ξ)) = λmax(MF (ξ)−1) (12.18)

Geometrically this can be understood as minimizing the maximum diameter of the
asymptotic confidence ellipsoids for the parameters, because the semi-axes of the el-
lipsoids are directed as the eigenvectors ofM−1

F with lengths proportional to the eigen-
values of the matrix. In other words, an E-optimal design aims at improving the most
uncertain region of the parameter space and making the confidence region as spheri-
cal as possible. By usingV = diag(θ−1

i , i = 1, · · · , n), the criterion is independent
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Figure 12.3: E-optimal design minimizes the maximum eigenvalue of the inverted
information matrix, thus making the confidence region of theparameters as spherical
as possible.

of the scaling of parameters. The geometrical interpretation is still valid, but for the
normalizedinverted information matrix.

Physical Measures

Other criteria for optimality than the standard ones can be specified. Specifically when
dealing with physical models nonstandard criteria may be ofinterest, since the phys-
ical parameters of greatest interest might not be directly entering into the system de-
scription but rather through some transformation of these parameters. Assume that the
parameters of interest are described by the functional relation f (θ), whereθ is the
parameters of the model. It is important to take this transformation into account in the
design of experiments. The asymptotic covariance off is calculated by using Gauss’
formula

M−1
F,f =

∂f

∂θT
M−1

F (θ)
∂f

∂θ
. (12.19)

Any of the standard measures of information can now be applied forMF,f . In [Melgaard,
Madsen & Holst 1992] a physical model of the thermal characteristics of a building is
considered. The classical measures of information all leadto the same optimal design
of input signal, a certain PRBS sequence. It turned out, however, that the main inter-
est is not focussed on the individual parameters of the model, but on the overall heat
transmittance and internal heat capacity of the building. These physical characteristics
are given as a function of the model parameters. An optimal design considering this
application specific measure of information leads to an input signal, which is a step.
This design turns out to be much different from the original design, (more weight on
low frequencies), but it reflects the demands of the buildingphysicists.
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12.3.3 Bayesian Design

In general the designs of the previous sections are dependent upon the unknown pa-
rameter values. Any design will and shall be dependent upon the prior information
available about the system to be identified. From a statistical point of view it is obvi-
ous, that one way of incorporating this prior information isto use a Bayesian proce-
dure. In this approach the prior knowledge of the parametersare expressed via their
the prior distribution function, which expresses the partial information on the system
available prior to an experiment.

In the Bayesian approach a loss functionL(θ, θ̂) is defined, which describes the con-
sequences of obtaininĝθ, whenθ is the true parameter vector. This function is then
used as a basis for obtaining the optimal experiment design.Prior to the experiment
the expected performance is

J1 = Eθ,Y [L(θ, θ̂)]. (12.20)

This criterion may be optimized directly with respect to theallowable experimental
conditions. By making suitable assumptions and using truncated Taylor expansionJ1

can be simplified to:

J1 = Eθ,Y [L(θ, θ̂)] (12.21)

= Eθ EY |θ[L(θ, θ̂)] (12.22)

≃ Eθ EY |θ[L(θ, θ) +
∂L

∂θ̂
(θ̂ − θ) +

1

2
(θ̂ − θ)T (

∂2L

∂θ̂
2 )(θ̂ − θ)] (12.23)

= Eθ[L(θ, θ) +
1

2
tr{(∂2L/∂θ̂

2
)M−1

F }] ,

whereMF is given by (12.11) and it is assumed thatθ̂ is an efficient unbiased es-
timator. Optimizing this criterion is thus equivalent to optimizing a criterion of the

form Eθ[tr{WM−1
F }], whereW = ∂2L/∂θ̂

2
is a weight matrix, see [Goodwin &

Payne 1977]. Generalizing this criterion yields

J2 = Eθ(φ(MF (θ, ξ))) , (12.24)

where expectation is taken over the prior distribution ofθ, andφ is suitable scalar
function. In generalφ can be of the form considered in the previous sections for local
designs. As pointed out by [Walter & Pronzato 1990] there areseveral average opti-
mality criteria (12.24) corresponding to one local design (12.15). This is due to the
fact that integration isnota commutative operator with nonlinear functions, e.g. inver-
sion and logarithm. This implies that considering the maximization ofφ = detMF
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leads to a different design than considering the minimization of φ = (detMF )−1 in
the criterion (12.24). For a local design these functions result in the same design.

The following simple example provides an example of settingup a reasonable loss
functionL.

Example 12.4 (Example of a loss function).Consider the very simple systemyt =
θut + ǫt, θ 6= 0, where{ǫt} is a sequence of i.i.d. random variables. Assume that the
modeling goal is to design a controller to keep the output as close as possible to the
reference signalyref = 1. The minimum power of(yt − yref) is clearly obtained by
choosingut = 1/θ. However, the true parameterθ is not known and it is assumed
that it must be estimated during an open loop identification experiment prior to the
application of the controller.

It is desirable to derive an optimization criterion for designing the best identification
input. The extra output error introduced by using the unbiased efficient estimatêθ in
the control computation is given by(θ̂ − θ)/θ̂ which contributes to the power of the
error signal(yt − yref) by [(θ̂ − θ)/θ̂]2. Thus, it is reasonable to defineL(θ, θ̂) =

(θ̂ − θ)2, andEθE{L(θ, θ̂)|θ} = Eθ{var(θ̂)} where var(θ̂) denotes the variance of the
estimateθ̂. This variance is asymptotically given by the lower bound ofthe Cramér-
Rao inequality, i.e. the inverse of the information matrix.In this simple case the
information matrix is independent ofθ, which leads to optimization ofM−1

F . �

12.4 Fundamental concepts and tools

Thus, we have related a problem formulation based on decision theoretic consider-
ations to one concerning maximization of the mean (with respect to θ) of a scalar
function of the information matrix. Throughout the rest of the chapter, we consider
optimization problems of the formEθ{φ(M)}, whereφ(·) is a scalar function of its
matrix valued argument. The optimization criterion is expressed in a Bayesian form
which takes into account the fact that the prior informationaboutθ is partial.

However, assume for the moment, and for the rest of this section, that the Bayesian
criterion is approximated by replacingθ by its prior mean,θ0, resulting in the non-
Bayesian criterionφ(M)|θ0 . We will return back to the Bayesian criterion later on, in
Section 12.9.

Definition 12.4 (φ-function). Consider the mapping

φ : M → R.

If φ(·) is non-increasing, i.e.

M1 −M2 nonnegative definite⇒ φ(M1) ≤ φ(M2),
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it is called aφ-function. N

Definition 12.5 (φ-optimality). Consider aφ-function defined overM. Then an input
measureξ∗ is calledφ-optimal if

φ(M(ξ∗)) ≤ φ(M(ξ)), ∀ξ ∈ X
whereX is the set of all admissible input measures andM(ξ) is the average informa-
tion matrix corresponding to the measureξ. See [Silvey 1980]. N

Example 12.5.φ(M) = − log det(M) is an example of aφ-function. This choice of
φ(·) is calledD-optimality in the literature (see e.g. [Fedorov 1972]). �

Example 12.6.Another interesting choice is theDs-optimality. Partition the param-
eter vector asθ = (θ⊤1 , θ

⊤
2 )⊤ whereθ1 is the parameter of interest. Denote the corre-

sponding information matrix byM and partition

M =

{
M11 M12

M⊤
12 M22

}

whereM11 corresponds to the parameter of interestθ1 andM22 corresponds toθ2.
Using the matrix inversion formula, the lower bound on the asymptotic covariance of
θ̂1 is given by(M11 −M12M

−1
22 M

⊤
12)

−1, which leads to theφ-function corresponding
toDs-optimality

φ(M) = − log det(M11 −M12M
−1
22 M

⊤
12).

�

Many interesting practical design criteria satisfy the condition of Definition 12.4 and
they are alsoconvexonM.

Example 12.7. Consider theD-optimality criterion again. The fact that [Fedorov
1972]

det(βM1 + (1 − β)M2) > [det(M1)]
β[det(M2)]

(1−β), 0 < β < 1,

implies thatφ(·) is convex onM. �

From now on, we assume that theφ function is convex. Hence, solving for optimal
input is equivalent to finding a point in the convex setM that minimizes the convex
functionφ(·).
Theorem 12.6.φ-optimal designs exist comprising not more than
p(p+ 1)/2 + 1 sinusoidal components. Furthermore, if theφ-function is strictly de-
creasing (i.e., nonnegative definite non-zeroM1 − M2 yieldsφ(M1) < φ(M2)), the
upper bound on the number of sinusoidal components that suffice for optimality is
p(p+ 1)/2.

PROOF: See [Goodwin & Payne 1977] and [Silvey 1980].
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The theorem implies that optimal design measures can be sought among line spectra
with l ≤ p(p+ 1)/2 + 1 or l ≤ p(p+ 1)/2.

12.4.1 Algorithms for Constructing Optimal Design

One way of constructing optimal designs is by direct optimization. Theorem 12.6
implies that it is sufficient to write each candidate point inM as

NB∑

i=1

αiM̃(ωi),

whereNB = p(p+ 1)/2 + 1 and search over a2NB dimensional space to find theα’s
andω’s that minimizeφ subject to

NB∑

i=1

αi = 1, ∀i : αi > 0.

If φ(·) is strictly decreasing thenNB = p(p+ 1)/2.

The other algorithm which is more conceptual is inspired by [Silvey 1980], and based
on the following theorem. We start by defining the Fréchet derivative

Definition 12.7. The Fréchet derivative of aφ-function atM1 in the direction ofM2 is

Fφ(M1,M2) = lim
γ→0+

1

γ
[φ ((1 − γ)M1 + γM2) − φ(M1)].

N

Theorem 12.8.Assume that aφ-function is convex and differentiable atM(ξ∗). Then
ξ∗ ∈ X is φ-optimal iffFφ(M(ξ∗), M̃(ω)) ≥ 0 for all ω ∈ [0, π/∆T ].

PROOF: Necessity: The fact thatφ(·) attains its minimum atM(ξ∗) implies

φ(M((1 − γ)ξ∗ + γξ)) − φ (M(ξ∗)) ≥ 0,

for all γ ∈ [0, 1] and all ξ ∈ X . But, note that

(1 − γ)M(ξ∗) + γM(ξ) = M((1 − γ)ξ∗ + γξ).

Take ξ to be any single frequency design, i.e. M(ξ) = M̃(ω),
ω ∈ [0, π/∆T ]. Then, the necessity follows from the definition of the Fréchet deriva-
tive. Sufficiency: EachM(ξ) ∈ M is written as

M(ξ) =
l∑

i=1

αiM̃(ωi)
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wherel ≤ p(p+ 1)/2 + 1. Sinceφ(·) is differentiable atM(ξ∗)

Fφ(M(ξ∗),M(ξ)) =
∑

i

αiFφ(M(ξ∗), M̃(ωi))

where this last equality follows from the fact that the Fréchet derivative is linear in the
second argument, see e.g. [Rockafellar 1970]. ThenFφ(M(ξ∗), M̃(ωi)) ≥ 0 for all ωi

implies that
Fφ (M(ξ∗),M(ξ)) ≥ 0.

However, convexity ofφ(·) implies that for anyM1,M2 ∈ M
1

γ
[φ((1 − γ)M1 + γM2) − φ(M1)]

is a non-decreasing function ofγ, see [Whittle 1971]. Hence, settingγ = 1 yields

Fφ (M(ξ∗),M(ξ)) ≤ φ(M(ξ)) − φ(M(ξ∗)),

and the sufficiency follows.

Remark.The above theorem can be used to devise simple numerical algorithms for
optimization. Considerφ(M) = − log det(M). For a square non-singular matrixM ,
we have∂ log detM/∂M = M−⊤ (see e.g. [Goodwin & Payne 1977]), then

Fφ{M(ξ∗), M̃(ω)} = lim
β→0+

∂

∂β
{− log det[(1 − β)M(ξ∗) + βM̃(ω)]}

= −trace([M(ξ∗)]−1[M̃(ω) −M(ξ∗)])

= p− trace([M(ξ∗)−1M̃(ω)]).

Theorem 12.8 then implies thatξ∗ is optimal iff

v(ξ∗, ω) = trace([M(ξ∗)−1M̃(ω)]) ≤ p, ∀ω ∈ [0, π/∆T ].

The functionv(ξ∗, ω) is called response dispersion, see [Goodwin & Payne 1977].
The algorithm then simply consists of starting with an initial measure and updating
according to

ξk+1 = (1 − βk)ξk + βkξ
◦
k

whereξ◦k is a single frequency measure with the frequency of supportω◦
k = arg max

ω
v(ξk, ω).

Sinceξk+1 = ξk for βk = 0 and

lim
βk→0+

∂

∂βk
{− log detM(ξk+1)} = p− v(ξk, ω

◦
k) < 0

for any non-optimalξk, this update leads to a decrease in the value of the criterion
for sufficiently smallβk. [Gaffke & Mathar 1992] show that if{βk} is chosen such
that

∑
k

βk → ∞ andβk → 0 ask → ∞, the algorithm converges to the optimum.

Notice that the generic technique can be similarly applied to all differentiable convex
φ functions. H
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12.5 Design of optimal inputs

We will now evaluate the information matrix in order to determine optimal designs of
input signals. Consider for simplicity a scalar discrete time model of the form:

yt = G1(q)ut +G2(q)ǫt (12.25)

where{ut} and{yt} are the input and output sequences, respectively, and{ǫt} is a
sequence of Gaussian random variables with varianceσ2. G1 andG2 are transfer
functions in the shift-operator. In the following an expression forMF is derived for
the model (12.25). Defineǫt as the residual sequence, then:

ǫt = G−1
2 (q)[yt −G1(q)ut] . (12.26)

By using this expression in the definition of Fishers information matrix (12.11), we
obtain

MF = EY |θ

{
1

σ

N∑

t=1

(
∂ǫt
∂θ

)(
∂ǫt
∂θ

)T

}
+

N

2σ2
(
∂σ

∂θ
)(
∂σ

∂θ
)T , (12.27)

[Goodwin & Payne 1977] (page 131). Differentiating expression (12.26) and using
superposition yields:

∂ǫt
∂θ

= (
∂ǭt
∂θ

) + (
∂ǫ̃t
∂θ

) , (12.28)

where

∂ǭt
∂θ

= −G−1
2 (q)(

∂G1(q)

∂θ
)ut , (12.29)

∂ǫ̃t
∂θ

= −G−1
2 (q)(

∂G2(q)

∂θ
)ǫt . (12.30)

After substituting these expressions in (12.27) and assuming no feedback in the system
({ut} is independent of{ǫt}), we get:

MF =
1

σ

N∑

t=1

(
∂ǭt
∂θ

)(
∂ǭt
∂θ

)T +Mc , (12.31)

whereMc does not depend upon the choice of input signal.

Now make the following simplifying assumptions :

1. The experiment time (i.e.N) is large.

2. The input{ut} is restricted to the class admitting a spectral representation with
spectral distribution functionF (ω), ω ∈ [−π, π].
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3. The allowable input power is constrained.

SinceN is large it is more convenient to work with the average information matrix,
which gives the following:

M̄F = lim
N→∞

1

N
MF =

1

π

∫ π

0

(M̃F (ω) + M̄c) dξ(ω) , (12.32)

whereξ(ω) is defined by

dξ(ω) =

{
1
2
dF (ω) for ω = 0, ω = π

dF (ω) for ω ∈]0, π[

and

M̃F (ω) = Re

[
1

σ
[
∂G1(e

jω)

∂θ
]G−1

2 (ejω) ×G−1
2 (e−jω)[

∂G1(e
−jω)

∂θ
]T
]

(12.33)

and

M̄c(ω) =
1

2π

∫ π

−π

[
∂G2(e

jω)

∂θ
]G−1

2 (ejω)G−1
2 (e−jω)[

∂G2(e
−jω)

∂θ
]Tdω

+
1

2σ2
(
∂σ

∂θ
)(
∂σ

∂θ
)T . (12.34)

It should be remarked that both̃MF (ω) andM̄c(ω) are dependent upon the parameters
θ. This means that if a local design is used then onlyM̃F (ω) need to be considered. On
the other hand if a Bayesian design like (12.24) is used then both M̃F (ω) andM̄c(ω)
must be evaluated.

The power restriction of the input signal can be formulated as

Pu =
1

π

∫ π

0

dξ(ω) = 1 . (12.35)

We are now ready to give the following theorem, which states that it is always possible
to find an optimal input comprising a finite number of sinusoids.

Theorem 12.9.For any power constrained designξ1(ω) with correspondingn × n
average information matrixM̄F (ξ1), there always exists a power constrained design
ξ2(ω) which is piecewise constant with at mostn(n + 1)/2 + 1 discontinuities and
M̄F (ξ2) = M̄F (ξ1). For the design criterionJ = − log det M̄F , optimal designs exist
comprising not more thann(n + 1)/2 sinusoids.
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Proof. Only an outline of the proof is given. It can be shown that the set of all average
information matrices corresponding to input power constrained designs is the convex
hull of the set of all average information matrices corresponding to single frequency
designs. Hence, from Caratheodory’s theorem (see [Fedorov1972]) the result for the
first part of the theorem follows. For a convex function of theinformation matrix the
optimal design is a boundary point of the convex hull, therefore one less sinusoidal
component is needed. For the complete proofs see [Fedorov 1972, Goodwin & Payne
1977]. �

12.5.1 Bayesian Approach

We now turn to the Bayesian approach, considering the generalized criterion (12.24).
Assume that the prior knowledge of the system is given in terms of a prior distribution
of the parameters. Hence we are able to evaluate the expectation of the considered
criterion with respect to the prior distribution of the parameters cf. (12.24), instead of
simply evaluating the criterion at some fixed values of the parameters. In general the
resulting design will be different for the two approaches, cf. the example following. In
the Bayesian case it is possible to prove a theorem similar totheorem 12.9.

Theorem 12.10.UsingJ = Eθ{− log det M̄} as criterion, optimal designs exist com-
prising not more thann(n + 1)/2 sinusoidal components.

Proof. The criterion may be written as

J =

∫

Ωθ

− log det M̄(ξ(ω), θ)) p(θ) dθ , (12.36)

whereΩθ ⊂ Rn is assumed to be a closed and bounded interval of the parameters and
p(θ) is the prior probability density of the parameters. The mean-value theorem states,
that for allξ(ω) there exists aθ∗ ∈ Ωθ such that

J = K(− log det M̄(ξ(ω), θ∗) p(θ∗)) (12.37)

for some constantK which is independent ofξ(ω) andθ∗. It is seen that (12.37) has
the form of the criterion considered in the previous theorem. The difference is that
nowθ∗ depends uponξ(ω). But since (12.32) is still valid, we conclude that the set of
all average information matrices is the convex hull of all average information matrices
corresponding to single frequency designs, and the proof follows immediately. �

Since in (12.37)θ∗ depends uponξ(ω) this is a more complicated optimization prob-
lem than the previously considered. In a practical application, though, it is not nec-
essary to actually findθ∗, one would use the result of the theorem and apply it to the
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criterion (12.36) directly. From the proof it is readily seen that in the general case
(12.24) it is also possible to find an optimal design comprising a finite number of sinu-
soids, as long asφ is a continuous convex function of the information matrix.

The criteria discussed so far have all been based on ML estimation of the parameters.
If instead a MAP estimator is used to estimate the unknown parameters the criteria for
optimality must be changed accordingly. The following theorem establishes a relation
between the posterior covariance of the parameters and Fishers information matrix
when a MAP estimator is used.

Theorem 12.11.Assume that the prior knowledge about the model parameters is em-
bodied in a Gaussian distribution with covariance matrixΣpre. Also assume that a
MAP estimator is used to estimate the unknown parameters based on sampled obser-
vations for a model brought into the regression form

yt = ϕT
t θ + ǫt

where{ǫt} is a sequence of Gaussian random variables with known covariance, un-
correlated with{ϕt}. Then the posterior covariance matrixΣpost is given by

Σ−1
post = Σ−1

pre +MF = Σ−1
pre +NM̄F (12.38)

MF is Fishers information matrix,M̄F the average information matrix, andN the
length of experiment.

Proof. See [Sadegh et al. 1994]. �

In the following, the concept of information is related to Lindley’s measure of average
information. In this way, we are able to formulate design criteria also based on MAP
estimators. First some definitions are needed.

Definition 12.12.The entropy of a random variableX having probability density func-
tion p(X) is defined as

Hx = −EX [log p(X)] . (12.39)

N

Definition 12.13. Lindley’s measure of the average amount of information provided
by an experimentξ with datay and parametersθ is defined as

J(ξ) = Hθ − Ey[Hθ|y] . (12.40)

N

Now the relation between Fishers information matrix and Lindley’s measure of average
information can be established via the following theorem [Sadegh et al. 1994].
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Theorem 12.14.With the same assumptions as in Theorem 12.11, maximizing Lind-
ley’s measure of the average amount of information,J(ξ), is equivalent to solving the
optimization problem

minξJ
J = −Eθ[log det{Σ−1

pre +MF}] (12.41)

Proof. The estimation is regarded as a means by which further information about the
system parameters is provided. Since MAP is the mode of the posterior distribution,
the maximum amount of information with respect to Lindley’smeasure is obtained by
MAP. Since the prior distribution of the parameters and the distribution of observa-
tions givenθ is Gaussian, the posterior distribution of the parameters is also Gaussian.
Denote the posterior mean and covariance byθ̄ andΣpost. From (12.38) we have

Σ−1
post = Σ−1

pre +MF

From Definition 12.13

J(ξ) = −Eθ{log p(θ)} + EyEθ|y{log p(θ|y)} (12.42)

= −Eθ{log p(θ)} + Ey Eθ|y{−
n

2
log(2π)}

−Ey Eθ|y

{
1

2
log detΣpost +

1

2
(θ − θ̄)TΣ−1

post(θ − θ̄)
}

(12.43)

As all the other terms obviously are constants, we only focuson the last two terms

EyEθ|y{
1

2
log detΣpost}

= EθEy|θ{
1

2
log detΣpost} (12.44)

= Eθ{
1

2
log detΣpost} (12.45)

= −Eθ{
1

2
log det Σ−1

post} (12.46)

The other term can be written as

EyEθ|y{
1

2
(θ − θ̄)TΣ−1

post(θ − θ̄)}

= EyEθ|y{
1

2
trΣ−1

post(θ − θ̄)(θ − θ̄)T} (12.47)

= Ey{
1

2
trΣ−1

postEθ|y[(θ − θ̄)(θ − θ̄)T ]} (12.48)

= Ey{
n

2
} =

n

2
(12.49)

wheren is the number of parameters. Now using (12.38) establishes the theorem. �
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An approximation of the mean value in (12.41) is obtained by setting the parameters
equal to their prior mean values. This approximation, whichcorresponds to a local
design, simplifies the computations considerably. Thus depending on the estimation
method, ML or MAP, and the choice of local or average criterion the following criteria
would be of interest:

J1 = −[log det(M̄F )]θ=E{θ} (12.50)

J2 = −[log det(NM̄F + Σ−1
pre)]θ=E{θ} (12.51)

J3 = −Eθ[log det(M̄F )] (12.52)

J4 = −Eθ[log det(NM̄F + Σ−1
pre)] (12.53)

These criteria demonstrate different levels of including partial prior information about
parameter values. Optimization with respect toJ1 results in designs which are strongly
dependent upon the prior information. The dependence is even more pronounced inJ2.
It may therefore be wise to perform a sensitivity analysis, i.e. determine the sensitivity
of the design to changes in the parameters, when using these criteria. An alternative
is to choose an average criterion likeJ3 andJ4. Table 12.1 summaries the relation
between the choice of estimators and the optimization criterion, expressed in both a
local and average form. Applications with these criteria are found in e.g. [Melgaard

ML MAP
Local design J1 J2

Bayesian/average J3 J4

Table 12.1: Summary of the optimality criteria

et al. 1993, Sadegh et al. 1994].

12.6 Sampling time and presampling filters

When estimating the parameters in a continuous time model from sampled data, the
parameters will in general depend on the input to the system,the sampling instants and
the presampling filter. The aims of designing optimal sampling instants and presam-
pling filters is to avoid loss of information from the data dueto sampling. Consider the
following scalar continuous time system

y(s) = G(s) u(s) + η(s) , s = jω , (12.54)

whereu andy are the input and output, respectively, andη denotes colored measure-
ment noise having spectral densityψ(ω) for all ω ∈ ]−∞,∞[.



280 CHAPTER 12. DESIGN OF EXPERIMENTS

Assume that the input signal spectrum is band limited to[−ωh, ωh]. The case of uni-
form sampling interval is considered. Suppose that the output is sampled faster than
the Nyquist rate forωh, i.e.

ωs > 2ωh (12.55)

whereωs = 2π fs andfs is the sampling frequency. Such a sampler does not distort
the part of the output spectrum arising from the input. The part of the output spectrum
arising from the noise will, however, be distorted due to aliasing. The aliased noise
spectrum is a superposition of different parts of the original spectrum

ψs(ω) = ψ(ω) +
∞∑

r=1

(ψ(ω + rωs) + ψ(ω − rωs)) (12.56)

for ω ∈ ] − ωs/2, ωs/2[. From expression (12.56) it is seen thatψs(ω) − ψ(ω) is
positive definite. It follows that the experiment with sampled data cannot be better
than the corresponding experiment with continuous observations, see [Goodwin &
Payne 1977]. However by inclusion of a suitable presamplingfilter, equality can be
achieved.

Assume the presampling filter has the transfer functionF with the ideal property

|F (jω)| = 0 , for ω ≤ −ωs/2 or ω ≥ ωs/2 , (12.57)

and invertible otherwise. By including the presampling filter, the filtered and sampled
noise spectrumψfs(ω) is

ψfs(ω) = ψf (ω) +

∞∑

r=1

(ψf (ω + rωs) + ψf (ω − rωs)) (12.58)

andψf (ω) is the filtered noise spectrum given by

ψf (ω) = F T (jω)ψ(ω)F (−jω) . (12.59)

For a presampling filter satisfying (12.57),ψfs(ω) reduces toψf (ω). This shows that
the specified ideal presampling filterF eliminates the information loss due to sam-
pling.

The approach discussed so far for optimal design of samplingtime and presampling
filter has considered the average information matrix per unit time. This is useful for
design of experiments with a fixed experimenttime, but without constraints on the
number of samples. This leads to separate design of optimal input followed by choice
of sampling time and presampling filter according to (12.55)and (12.57). However,
if the total number of samples is constrained, then it is moreappropriate to consider
the average information matrix persample. If the input spectrum is band limited to
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[−ωh, ωh] and the sampling time and presampling filter is chosen according to (12.55)
and (12.57) as before, then the average information matrix per sample is given by

M̃F = M̄F/fs , (12.60)

whereM̄F is the average information matrix per unit time andfs is the sampling rate.
Optimizing a criterion based on this expression leads to a joint optimal design of input
and sampling time for experiments with constrained number of samples. Such a design
will in general lead to a compressed optimal input spectrum with a lower sampling rate
and hence increased experiment time compared with the continuous observation case
[Goodwin & Payne 1977].

12.7 Use of different criteria

In the following a simple example is given on the use of some ofthe different criteria
for optimal design of input signal. The optimal design of sampling time is not cov-
ered by this example, a fixed sampling time is used. Consider afirst order stochastic
differential equation with discrete observations:

dx(t) = −ax(t) dt+ bu(t) dt+ dw(t) , (12.61)

yk = xk + e2,k , (12.62)

wherew(t) is a Wiener process withE[dw(t)] = 0, V[dw(t)2] = r dt, ande2,k is a
Gaussian white noise process withV[e2,k] = r2. dw(t) ande2,k are assumed to be
independent; subscriptk is shorthand fortk. We are interested in the set of parameters
θ = [a, b]T , and to find an optimal input signal for the system. Since the inputs are
assumed to be constant within a sampling interval, the corresponding discrete time
model is written:

xk+1 = αxk + βuk + e1,k , (12.63)

whereα, β andV[e1,k] depends on the sampling timeτ by the following expressions:

α = e−aτ , β =

∫ τ

0

e−asb ds =
b

a
(1 − e−aτ ) ,

V (e1,k) =

∫ τ

0

e−asre−as ds =
r

2a
(1 − e−2aτ ) .

The discrete time model is brought into the innovations form

x̂k+1 = αx̂k + βuk +Kǫk , (12.64)

yk = x̂k + ǫk , (12.65)
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where

V (ǫk) = P̄ + r2 , (12.66)

K = αP̄ (P̄ + r2)
−1 , (12.67)

andP̄ is the positive semidefinite solution of the stationary Ricatti equation,

P̄ = α2P̄ + r1 − (αP̄ )2(P̄ + r2)
−1 . (12.68)

The innovations form of the model (12.64) and (12.65) may be rewritten as:

yk =
βq−1

1 − αq−1
uk +

1 + (K − α)q−1

1 − αq−1
ǫk . (12.69)

Since equation (12.69) is of the form (12.25) we are now readyto formulate the average
Fishers information matrix for the problem. Considering a power constrained input in
the frequency domain we use equations (12.32), (12.33) and (12.34).

By considering the criterionminξ J1 = minξ(− log det M̄F ), Theorem 12.9 states that
it suffices to look for designs comprising no more than 3 sinusoids for this example,

M̄F (ξ) =
3∑

k=1

µkM̄F (ωk) , (12.70)

whereµk ≥ 0 and
∑
µk = 1. M̄F (ωk) can be separated intõMF (ωk) andM̄c ac-

cording to (12.33) and (12.34). It should be remarked, that when a local design is con-
sidered, onlyM̄F (ωk) need to be calculated, but when a Bayesian design is used the
total M̄F (ωk) must be calculated. For the calculation of the matrices in this example
the computer algebra language, MAPLE, was used. Hence the optimization problem
is formulated and some general available software for solving nonlinearly constrained
minimization can be applied.

It turns out, that a single sinusoid is sufficient for optimality in the considered case.
A plot of this optimal input frequency for different values of a is shown below for
b = 1.0, r = 1, r2 = 0.1 andτ = 1.

Now we would like to compare this traditional local design ofexperiments with the
Bayesian approach for a given prior probability density of the parameters. Hence we
consider the criterionminξ J2 = minξ Eθ(− log det M̄F ). It is assumed that parameter
a is uniformly distributed in the interval[0.5, 1.1] and the other parameters are fixed to
the same values as above. The optimal design in this case is

ω∗
2 = 0.4575 , J2(ω

∗
2) = 1.1951 . (12.71)

This should be compared to the previous design using the expected value of the pa-
rameters,E[a] = 0.8, which has the optimal design, according toJ1

ω∗
1 = 0.6606 , J1(ω

∗
1) = 0.6107 , (12.72)
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Figure 12.4:Convex hull of single frequency designs for the example and contours of
constantdet M̄F (increasing to the right).

hence, here the two approaches give a different design. The average information when
a Bayesian design is used is smaller than the information from the local design, when
the usedE[a] is true.

Instead of optimizing the average performance with respectto the prior distribution
one might be interested in a design which optimize the worst possible design. A plot
of the performance of single frequency designs for different values ofa is given below.

Consider the minimax criterion

min
ξ
J3 = min

ξ
(max

a∈Θ
− log det M̄F ) (12.73)
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Figure 12.5: Optimal design of input frequencyω∗ for different values ofa.
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Figure 12.6: The performance of single frequency designs for different values ofa.
The frequency axis has the scalef = 2πω.

Minimizing this criterion for the example witha ∈ [0.5, 1.1] and the other parameters
as above gives the optimal design

ω∗
3 = 0.8128 , J3(ω

∗
3) = 1.3741 , (12.74)

which is seen to differ from the previous designs. The value of the criterion expresses
the worst possible performance from this design depending on the true value ofa.

12.8 Experiment Design and Physical Models

As mentioned previously physical significance and partial prior information are among
the key features of gray-box models. Physical significance of the model is typically
equivalent to nonlinearity of the model parameterization.Even, if attention is re-
stricted to linear systems, the parameterization should beallowed to be nonlinear. In
the present section, we briefly discuss the design of optimalexperiments for models
with physical significance. All the assumptions of the previous sections are also valid
here. In the next section, we study the impact of the other feature of gray-box models,
namely, the availability of partial prior information.

Suppose that a physical parameterθp is related toθ throughθ = F (θp). Then ifF is
differentiable, a simple application of the chain rule and Definition?? yield that

Mp = (
∂F (θp)

∂θp

)⊤M(
∂F (θp)

∂θp

),

whereMp is the average information matrix corresponding to parameterizationθp.
Once the single frequency average information matricesM̃(ω) for the parameteriza-
tion θ are computed, it is possible to readily compute the single frequency average



12.8. EXPERIMENT DESIGN AND PHYSICAL M ODELS 285

information matrices for the reparameterized model using the above formula. How-
ever, it is not readily clear how a solution for the parameterization θ translates to a
solution for the parameterizationθp, and in general, the only way to find the optimal
inputs for the reparameterized model is to solve a new optimization problem.

The other point is that models in continuous-time are more interesting in a gray-box
setting since the physical knowledge is normally expressedas differential equations.
Fortunately, only minor modifications are needed for using the developed theory to
continuous-time design problems. Assume that a linear continuous-time model is
given by

y(t) = G1(δ)u(t) +G2(δ)ǫ(t)

whereǫ(t) is continuous-time white noise. Here,δ is the differentiation operator,u(t)
andy(t) are input and output signals, respectively, andG1 andG2 are transfer func-
tions. All the discussions concerning experimental designfor discrete-time models
remain valid if the following modifications are made [Goodwin & Payne 1977]:

• replaceeω∆T by ω,

• the integral limits are obtained by letting∆T → 0.

The convexity of the information matrix and the rest of the theory remain intact.

Example 12.8 (Design for Estimation of the Heat Dynamics of aBuilding). In
this example, we investigate the design of optimal experiments for identification of a
physical model that describes the heat transfer dynamics ofa building, see [Madsen &
Holst 1995] for a further discussion of this problem. The model is

[
dTm

dTi

]
=

[ −1
RiCm

1
RiCm

1
RiCi

−( 1
RaCi

+ 1
RiCi

)

] [
Tm

Ti

]
dt

+

[
0 0 Awps

Cm

1
RaCi

1
Ci

Aw(1−ps)
Ci

]

Ta

Qh

Qs


 dt+

[
dwm(t)
dwi(t)

] (12.75)

where the following physical parameters are to be considered:

• Ri – resistance between the room air and the large heat accumulating medium,

• Ra – resistance between inner walls and the ambient air,

• Ci – capacity of the small heat accumulating medium (the indoorair and the
inner part of the walls, see [Madsen & Holst 1995]),
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• Cm – capacity of the large heat accumulating medium.

The indoor air temperature is measured, and both process andmeasurement noise
terms are considered. The remaining entities in the model (12.75) are

• Ti – temperature of the small heat accumulating medium (indoorair tempera-
ture),

• Tm – temperature of the large heat accumulating medium,

• Aw – effective window area,

• ps – part of the solar radiation which reaches the large heat accumulating medium
in the building,

• Ta – ambient air temperature,

• Qh – heat supplied by heater (controlled input),

• Qs – heat supplied by solar radiation,

• wm(t), wi(t) – elements of a vector Wiener process introduced in order to de-
scribe the disturbances and errors in the system model.

For the input design we only consider the influence on the temperatures in the building
caused by the heater,Qh, i.e. the effects of solar radiation,Qs, and ambient air temper-
ature,Ta, are neglected. Since only the indoor temperature,Ti, is measured the state-
space model can be transformed into a single-input single-output transfer function
model where the input isQh. We define the parameter vector(Ri, Ra, Ci, Cm, K1, K2, λ)⊤

whereK1,K2, andλ are Kalman gains in the state estimator and the covariance ofthe
innovation process respectively (see [Madsen & Holst 1995]). We assume that the
prior mean of the parameter is given by(1, 1, 1, 4, 0.2, 0.5, 0.01)⊤.
TheD-optimal input,uo(t) comprises sinusoidal components with frequencies

ω1 = 0.088 , ω2 = 1.407,

and corresponding power shares

α1 = 0.5 , α2 = 0.5.

This design is composed of a low frequency and a high frequency component corre-
sponding to the large and small capacities of the heat accumulating media. Using the
Ds-optimality criterion with the interesting parameter being the small capacitanceCi,
the optimal inputuo1(t) comprises sinusoids with

ω11 = 0.143 , ω21 = 2.644,
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and corresponding power shares

α11 = 0.052 , α21 = 0.948.

Notice the considerable shift towards high frequencies.

The design withCm as the interesting parameter is the signaluo2(t) with frequencies

ω12 = 0.085 , ω22 = 0.755,

and corresponding power shares

α12 = 0.812 , α22 = 0.188.

Notice the considerable shift towards low frequencies.

We then apply these input signals and estimate the parameters 100 times (cross-sections)
for each input. The results are gathered in Table 12.2 where the numbers are obtained
by averaging over the relevant values for the 100 cross-sections. Whileuo(t) is the
D-optimal signal for estimating all the parameters (minimizes the determinant of the
covariance matrix of the estimate), the otherDs-optimal inputs provide most informa-
tion about the interesting parameters,Ci andCm, respectively. The estimation for each
cross-section is based on 5000 samples where the sampling time is∆T = 0.05.

uo(t) uo1(t) uo2(t)

log det(·) -33.13 -32.92 -32.85

log σ2
Ĉi

-6.17 -7.42 -4.98

log σ2
Ĉm

-0.11 0.80 -0.86

Table 12.2: Comparison betweenD-optimal andDs-optimal designs. In the table,
det(·) denotes the determinant of the covariance of the estimateθ̂p, σ2

Ĉi
the variance of

the estimatêCi, andσ2
Ĉm

the variance of the estimatêCm.

�
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12.9 Solution for Bayesian Criteria

As discussed earlier, the optimization criterion for inputdesign is in general a function
of the unknown parameter value. In this section, we consideroptimization of the
Bayesian criteria, i.e. criteria of the form

Eθ{φ(M)} (12.76)

which take care of the fact that the prior knowledge about theparameter value is partial.

In this connection, it is of interest to study if the theory ofthe previous sections can be
fully or partially employed. Especially, it is of interest to investigate whether or not:

• the Bayesian criteria admit the use of standard experimental design algorithms,

• the upper bound on the number of sinusoidal components that suffice for opti-
mality (Theorem 12.6) still exists.

Attention will be restricted to discrete-time systems. Theextension for continuous-
time systems may be accomplished in the same way as in Section12.8. Focus on the
first question.

Theorem 12.15.Fix the input frequency set

Ω = {ωi|i = 1, ..., l, ωi ∈ [0, π/∆T ]}.
Define

f(α) = Eθ{φ(M(ξ))}
whereφ(·) is convex andα = (α1, ..., αl)

⊤ gives the power share of the power re-
stricted input measureξ ∈ X on Ω. An input measureξ∗ characterized byα∗ min-
imizes the Bayesian criterion in equation (12.76) among allother power restricted
input measures whose frequencies are contained inΩ if and only if

lim
β→0+

∂

∂β
f((1 − β)α∗ + βα(i)) ≥ 0

whereα(i) is a unit vector with1 in the entryi.

Proof. The key observation is that whenφ(·) is a convex function ofM thenf(·) is
a convex function ofα. To see why, take any two power sharesα andα′ and denote
their corresponding measures byξ andξ′. Then for any0 < β < 1

f((1 − β)α+ βα′) = Eθ{φ((1 − β)M(ξ) + βM(ξ′))}
≤ (1 − β)Eθ{φ(M(ξ))} + βEθ{φ(M(ξ′))}
= (1 − β)f(α) + βf(α′).
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As a result of input power restriction

l∑

i=1

αi = 1, α1, ..., αl ≥ 0,

the set of all feasibleα’s denoted byA is a convex set.A is in fact the convex hull of
the pointsα(i), i = 1, ..., l. The rest of the proof follows in a way similar to the proof
of Theorem 12.8 after replacingM by A andφ : M → R by f : A → R. �

Remark.Here, we use Theorem 12.15 to derive an algorithm for constructing optimal
input measure for the criterionEθ{− log det(M)}. In fact, we wish to find the optimal
power weightα∗ on agivenset of frequenciesΩ. This set can for example be a fine
grid on the frequency axis. Similar to Remark 12.4.1

lim
β→0+

∂

∂β
f((1 − β)α∗ + βα(i)) =

lim
β→0+

∂

∂β
Eθ{− log det[(1 − β)M(ξ∗) + βM̃(ωi)]} =

p−Eθ{trace([M(ξ∗)−1M̃(ωi)])}

whereξ∗ denotes the input measure characterized byα∗. Then,ξ∗ is optimum if and
only if

vB(ξ∗, ωi) = trace(Eθ{[M(ξ∗)−1M̃(ωi)]}) ≤ p.

Thus, start with an initial power share onΩ and update exactly as in Remark 12.4.1
noting thatω◦

k = arg max
ω∈Ω

vB(ξk, ω). The proof of convergence is analogous to the case

described in Remark 12.4.1, see [Gaffke & Mathar 1992]. Again the generic technique
can be applied to optimization of the criteria of equation (12.76) for all differentiable
convexφ functions. H

Remark. In Theorem 12.15 and Remark 12.9, the frequency setΩ is fixed. They
state a necessary and sufficient condition for the optimal power weights onΩ and an
algorithmic search to find these weights. However, Theorem 12.8 and Remark 12.4.1
required no fixedΩ. What was fixed was actually the convex setM where theφ-
function was defined and that was exactly the convexity ofM which led to the theorem
on the upper bound on the number of sinusoidal components (Theorem 12.6). When
solving for Bayesian criteria, this convex set is no longer fixed since each point on the
boundary ofM is a function of the parameter and the parameter is not fixed any longer.
Hence, the answer to the second question, in general nonlinear regression cases, is
unfortunately negative. The reason is that no fixed convex hull of information matrices
corresponding to single frequency design measures exist. However, the numerical
search algorithms in many cases yield measures which essentially comprise finitely
many sinusoidal components, see the examples below. H
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Example 12.9.Assume that the following system is given

yt =
bq−1

1 + aq−1
ut + ǫt

where the unknown parameter isθ = (a, b)⊤ and the covariance of the noise sequence
is known.

Assume that the prior information abouta is embedded in a Gaussian distribution with
meanma = 0.8 and varianceσ2

a = (0.08)2. Fix b = 1 and use the algorithm given in
Remark 12.9 to find theD-optimal power weights on a fine grid on theω axis denoted
by Ω. The setΩ is obtained by dividing [2.95,3.19] into 20 intervals of equal length.
This procedure yields the designξ∗, essentially comprising frequencies

ω1 = 3, ω2 = 3.01, ω3 = 3.14,

and power shares

α1 = 0.1079, α2 = 0.7377, α3 = 0.1544,

respectively.

To confirm that this design is indeed optimal,vB(ξ∗, ω) is plotted as a function of
ω ∈ Ω in Figure 12.7. SincevB(ξ∗, ω) ≤ p, Theorem 12.15 suggests thatξ∗ is optimal.

If alsoa is fixed in the design computation ata = 0.8, the design measure consists of
a single frequency componentω∗ = 3.01.

�

Example 12.10.Now consider a second order continuous-time model withG1(s) =
1/[(s + a)(s + b)] andG2(s) = 1. The unknown parameter isθ = (a, b)⊤ and the
noise is wide band white with known covariance. Fixb = 2 and assume that the prior
information abouta is embedded in a Gaussian distribution with meanma = 1 and
varianceσ2

a = 0.42. Similar to the previous example, we find theD-optimal measure
ξ∗ with

ω1 = 0, ω2 = 0.43,

and
α1 = 0.0218, α2 = 0.9782.

The frequency gridΩ is obtained by dividing [0,1.5] to intervals of length 0.1 and 0.01
adapted to the area around 0.5.

A plot of vB(ξ∗, ω) as a function ofω ∈ Ω is given in Figure 12.8 which confirms that
ξ∗ is indeed optimal (vB(ξ∗, ω) ≤ p).
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Figure 12.7:vB(ξ∗, ω) as a function ofω ∈ Ω in Example 5.2.

0 0.5 1 1.5
0.8

1

1.2

1.4

1.6

1.8

2

2.2

Figure 12.8:vB(ξ∗, ω) as a function ofω ∈ Ω in Example 5.3.
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Fixing a = 1 yields a single frequency design measure withω∗ = 0.49.

�

12.9.1 Conclusion

The design of optimal input signals for identification of gray-box models has been
studied. Physical significance and partial prior information are identified as the key
features of gray-box models. Considering them as part of theexperimental design
procedure necessitates extensions of the design theory, which are studied. Probability
distributions are used as means for expressing partial prior information.

The connection between design for a model with some input-output parameterization
and a physical model is conceptually as simple as computing the information matrix
for the reparameterized model.

When a Bayesian criterion is considered as a means of taking the whole prior distri-
bution of the parameter into account, the convex theory of experimental design which
leads to the theorem on finite number of support points for thedesign measure can not
be applied directly. The design problem is then solved over afinite grid of frequen-
cies. The constructive, simple experimental design algorithms for the non-Bayesian
criterion can be generalized to this class of problems.

Examples are included throughout the text to illustrate theconcepts.



Bibliography

Anderson-Sprecher, R. (1994), ‘Model comparisons usingr2’, Amer. Statist.48, 113–
117.

Andersson, H., Frederiksen, S. & Lundell, A. (1993), Systemtemperatures in a sec-
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