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Chapter 1

Models for non-linear time series

The modeling of linear and non-linear time series starté &itchoice of structure.
In the linear case this leads to determination of systemrpdidtays for the possible
external signals and structure indices when the system ltsvamiate, cf. e.g. P] for a
thorough discussion. In the non-linear case, the questistracture for the system is
much more open, giving a very large variety of possibilitiesthis chapter parametric
as well as non-parametric system representations arepeesér the momentleaving
out the semi-parametric variants.

The time parameter may be discrete or continuous. In thipteh#he presentation is
confined to discrete time, postponing the discussion onimmomiis-time processes to
Chapter??.

1.1 Non-linear vs. linear model building

The aim of the modeling effort may be generally expressed as:

General model: For a given (stationary) time seri¢, } find a functioni such that
{e;} defined by

is a sequence of independent random variables.
If the 'residuals’,{¢;}, are not independent, there is a structure in the variglwlit

{X,} that not is described by the model, and which should be pérguenprove the
modelling.

13



14 CHAPTER 1. MODELS FOR NON-LINEAR TIME SERIES

A model which is globally invertible, i.e. by which it is pabte to determine the
original time serieq X, } from a sequence of residudls;} and a given initial value,
is the best possible model for the time sefiés }.

In practice there are various different approaches in fopthre functionh:

e To use a black box approach using either a parametric approdere the pa-
rameters in a number of possible non-linear models are fitt¢lde time series
(e.g.in a SETAR, FAR, BL or NEAR model, all acronyms to be deditoelow)
or using a non parametric approach, like Volterra serieseurBl Nets.

e To use a grey box approach where information from other ssuabout the
system to be modeled, e.g. basic relations from physicengmed with infor-
mation obtained by statistical methods from measurementsesystem.

e Use only externally obtained information from e.g. physacdescribe the gener-
ating system (if well-established relations exists). s ttase statistical methods
are obsolete, hence this type of white box modeling will ngertme considered.

In the special case withlmear mode] {¢, } is defined by
Z ht,kXt—k = €, (1-2)

where{h, ;} is a weighting function which determines at tirhéhe influence of the
process value at time— k in the formation of the actual residual. In practice, one
would usually assume that the systencasisal i.e. h;, = 0 for & < 0.

The parametric black box approach when working with a liraucture on a sta-
tionary system then leads to fitting an ARMA model. If the gatieg system is non
stationary, the model might be of ARIMA, or seasonal typee Titerature on modeling
of linear time series is abundant, see e.g. [Box & Jenkin§[197], [Madsen 1995]
or [Olbjer, Holst & Holst 1994].

1.2 Non-parametric descriptions

In the linear system case, the modeling of a stationary systay be performed in
the time or in the frequency domain. In the non-linear case tthofold possibility
do in general not exist and the conceptrainsfer functions therefore in general not
defined.
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However, when the system modeling starts from a non-paranrepresentation of
the system with a Volterra series, an infinite sequence ofigdized transfer functions
may be defined. The resulting inference problem will not bated.

1.2.1 Volterra Series Expansions

The work on Volterra based modelling is early attempt toaysitically model non-
linear system on an input-output form, starting by [Voléet©930] and with important
contributions given also in the middle of the last centufy[Wiener 1958]. Suppose
the model iscausal i.e. we seek a functioh such that

h(Xt7 thlu .. > = €¢. (13)

Suppose also that the modekisusally invertiblei.e. (1.3) may be 'solved’ such that
we may write

Xt == h/<€t7€t717---)- (14)

Furthermore, suppose thidtis sufficiently well-behaved so that it can be expanded in
a Taylor series. Then we can formally expand the right hathel af (1.4):

Xy = p+ Z Jr€t—k + Z Z Jrl€t—kEt—1
k=0

k=0 1=0
0o 00 00

+ Jkim€t—k€t—1€t—m 4+ ... (15)
k=0 =0 m=0
where
on’' o*n
= h'(0 = (=— = (——), etc. 1.6
H 0), gk (36t—k)’ Gkl (6€t—ka€t—l)’ etc (1.6)
This is called thé/olterra seriesfor the procesg X'}. The sequences:, gx;, ... are

called thekernelsof the \Volterra series. It can be shown that any continuonstfanal
over a finite time interval can be arbitrarily well approxit®ein a Volterra expansion,
but also that it does not allow a representation of discaitigs, jump phenomena or
limit cycles, cf. e.g. [Brockett 1977] and the referencesréimn. The first two terms in
(1.5) correspond to a linear causally invertible model.
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1.2.2 Generalized Transfer Functions

The kernel based description in (1.5) is the basis for thevakson of a transfer func-
tion concept. Let/; and X, denote the input and the output of a non-linear system
respectively. By using the \Volterra series representaifdhe dependence gfX,} of
{U,} and omitting any disturbance (or regarding them as a passiput signal), we
get

Xy = p+ ngUtfk + Z nglUtkatfl
k=0

k=0 (=0
0o 00 00

+ gklmUtkatflUtfm + ... (17)
k=0 1=0 m=0
o’ 0*h
= h'(0 = (—— = (— tc. 1.8
1% ( )7 gk (36t—k)’ ki (6€t—ka€t—l)’ etc (1.8)

Recall that for a stationafjnear systenthetransfer functions defined as
H(w) =Y gre ™" (1.9)
k=0

and it is completely characterizing the system. For lingatens it is furthermore
well known that

L1 ifthe inputis a single harmonid, = Aye*°! then the output is a single harmonic
of the same frequendyut with the amplitude scaled Qy/ (wy)| and the phase
shifted byarg H (wy).

L2 due to the linearity, thprinciple of superpositiors valid, and the total output is
the sum of the outputs corresponding to the individual fezapy components of
the input. Hence the system is complete described by knothimgesponse to
all frequencies — that is what the transfer function sugplie

For non-linear systemdhowever, neither of the properties (L1) or (L2) holds. More
specifically we have that

NL1 for an input with frequency,, the output will, in general, contain also compo-
nents at the frequenci@sy, 3wy, . . . (frequency multiplication
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NL2 for two inputs with frequencies, andw;, the output will contain components
at frequenciesy, wi, (wy + wy) and all harmonics of the frequenciéstérmod-
ulation distortior).

Hence, in general there i such thing as a transfer functidor non-linear systems.
However, arinfinite sequence of generalized transfer functioras be defined as:

Hy(w) = Y gre ™" (1.10)
k=0
Hy(wr,ws) = Y > gue it (1.12)
k=0 (=0
H3(wy, wy,ws3) = Zzzgklme_i(wlk+w2l+w3m) (1.12)

In order to get a frequency interpretation of this sequeridercctions, consider the
input U, to be a stationary process wipectral representation

Uy = / ' e dZy(w). (1.13)

s

Using the Volterra series in (1.7) we may write the output as

X, = / " Hy (w1)dZy (wr)

—T

+ / / eit(“1+w2)HQ(w1,wQ)dZU(wl)dZU(wg)
Fo. (1.14)

WhenU, is single harmonic, sayj;, = Age?, thendZy(w) = Ay, w = 6, and zero
otherwise. Hence Eq. (1.14) becomes

X, = AgH,(0p)e™™" + A3 Hy(6y, 0p)e* ™ 4 ... (1.15)

The output thus consists of components with frequertgieX),, 36y, . . ., which demon-
strates the assertion (NL1). The same signal represemtagmation (1.13), may be
used to illustrate (NL2). Hence, when working with non-Aaneystems, there is no
simple and useful connection between the time- and frequepresentations of the
system as is the case for linear systems.
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1.3 Non-linear parametric models

In the previous section non-parametric methods for nogalirtime series were dis-
cussed. In this section an overview of some of the most impbgarametric non-
linear models is given.

1.3.1 The (linear) ARMA Model

Many of the non-linear models take the basic linear ARMA{] model as their point
of departure for different types of extensions. The lineadsi is :

p q
Xy =00+ Z 0; Xi—i + Z Gi€r—i + €, (1.16)
i=1 i=1

wheree; is a strict white noise process, i.e. a sequence of indeperzdeo mean
random variables with varianee.

1.3.2 Threshold Models

This is a very rich class of models, which have been discusgpdby Tong in a mono-
graph from 1983, [Tong 1983], and the book from 1990, [TongQb® It has shown
to be useful if, for instance, the dynamical behavior of tiisteam depends on the
actual state or process value, e.g. by approximating thardigs in someegimes
by 'simple’ models (usually linear).Thresholdvalues determine the actual regime
(or mix of regimes). Below some versions of models with thodds are listed and
named. The analysis of the probabilistic structure of thgpes of models includ-
ing e.g. discussions of stationarity and stability is in gm@hvery complicated, early
results on stochastic stability may be found in [Kushner1]1@hd more recently in
[Tong 199®)].

Self-Exciting Threshold AR (SETAR)

Define intervalsR,, ..., R, suchthat?, U ---U R, = RandR; N R; = () Vi, j. Each
interval R; is given by R; =]|r;_y;7;], wherery = —oc andry,...,7; € R and
r; = oo. The values, ..., r; are calledhresholds
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SETAR (2,1,1)

Figure 1.1: A simulation of a SETAR model with two regimes, TR (2;1;1)

The SETARI; d; k1, ks, . . ., k;) model is given by :

kg,
Xe=ay" +> a" X+, (1.17)
i=1
where
1 Xi g€ Ry
2 Xi 4s€R
g=4 T e (1.18)
Il Xiq€ R,

The parameted is thedelay parameter Hence the model hasregimes, a delay-
parametet], and in thej’th regime the process is simply an AR-process of odger

If the AR-processes all have the same orklere often write SETAR!; d; k).
A simulation of the SETAR(2;1;1)-model

{ 1.04+06X,1+¢ forX, ;<0
Xt ==

—1.0+04X;_ 1 + ¢ for Xi21>07

wheree; € N(0,1) is shown in figure 1.1. Note that it is not too easy (?)s¢e
the separation of the process performance into differegitmes in the figure. The
estimation of parameters and structure in this type of neoddleated in Chaptér?.
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Self-Exciting Threshold ARMA (SETARMA)

The SETARMA model is an obvious generalization to differaRMA models in the
different regimes : SETARMA; d; ky, ... ki Ky, ... k)
kg, K,
Xe=ay" +> "X+ 0 e+ e, (1.19)

i=1 i=1

whereJ, is determined as above in equation (1.18).

Open Loop Threshold AR (TARSO)

A second possible generalization of the basic SETAR stracbove, is to allow for
an external signal, e.g. an input signé], and let the external signal determine the
regime, as e.g. in the TARSOU; (ky, ky), . .., (k;, k;)) model :

Xe=ay" +> a" X+ WU + e (1.20)

Now the regime shifts are governed by

1 Ui_g€e Ry
2 Ui_4g € Ry

Jp =

, (1.21)
I Ui_4 € R

i.e. for each value of the regime variable the system is desetiby an ordinary ARX-
model. The extension of this structure to e.g. ARMAX-periance in each regime is
immediate.

Independently Governed AR model (IGAR)

In this thresholding variant the changes in the selectidres® between different
regimes is determined by a stochastic varighlg, which is independent of the noise
sources in the various regimes. Then #hechasticselection of the regimes in the
IGAR(/;k) model is given by :

ky,
Xe=af" +> a" X+ ¢, (1.22)
i=1
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where
1 with probp,

2 with prob. py

J, = (1.23)

I with prob.1 — >>'"1 p;

This formulation of the thresholding illustrates that atke properties of the noise
process forcing the autoregressions may depend on theeegim

A particular case appears when the regime varidpis given by a stationary Markov
chain, i.e. when there exists a matrix of stationary tramsiprobabilitiesP describing

the switches between the basic auto regressions (MMAR( Analysis and inference
for this type of models is given in e.g. [Holst, Lindgren, sio& Thuvesholmen 1994].

This kind of Markov modulations are also used in descriptbatochastic processes
in telecommunication theory by giving a mechanism for shete between different
Poisson processes. cf. [Rydén 1993].

Example 1.1.Let the AR processes be defined by
(", af”) = (1.1,-0.5)
(

(@?,al?) = (-1.2,-0.5)

e N(0,1)

e? e N(0,1),
i.e. an MMAR(2;2) model, and let the transitions between difeerent regimes be
governed by the matrix

0.95 0.05
P= ( 0.05 0.95 ) (1.24)

The performance of this system is shown in figure 1.2. The @k@aand the figure are
from [Thuvesholmen 1994]. ¢

Smooth Threshold AR (STAR)

The threshold models considered so far, have an abrupt ehafngggime when the

decision variable transfers the boundary between regifiless. section will show an

alternative to construct models with smooth transitiomieen regimes. Start by con-
sidering the SETAR(2;k) model

k k
Xi=ap+ Y a;X,_;+ (bo +) ijt_j> I[(Xi_q) + €, (1.25)
j=1

J=1
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Estimated Markov states

L UnuuT U g

1
0 50 100 150 200 250 300 350 400 450 500

Markov states
T T T
LIyt e vy
1
1 1 1 1 1 1 1

1 1
0 50 100 150 200 250 300 350 400 450 500

Autoregressive process with Markov regime
T T T T T

5F i

1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Figure 1.2: A Markov modulated regime model with two AR preges and a rather
inert Markov chain — MMAR(2;2)-process

wherel(X;_4) is a step function to separate between the models with th@rRess
characterized by the parametérs} from the process characterized fy; + b;}. A
model with smooth transition between the regimes is theainbtl simply by letting
the function/(-) be a smooth function — for instance a sigmoidal function whke
parameters may be tuned to the desired smoothness or arst&@aigssian distribution.

The resulting model is for general values of the structueabmeters be denoted a
STAR(;d;k)-model. The smoothing procedure may analogously be usesh \itre
regime variable is external as in the TARSO model or indepatstochastic as in the
IGAR and MMAR models above.

Hence summarize the most important difference in the tiandbetween the regimes
to get:

In SETAR-models the abrupt transition dependsXgn,.

In TARSO-models the abrupt transition dependsjipn;.

In IGAR and MMAR-models the abrupt transition is stochastid is deter-
mined of a regime variable that is independent of the foraimige in the system.

In STAR models transition between regimes is smooth and tieriskned by
Xi_q, U;_q Or by an independent regime variable as above.
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e Models with periodically varying coefficients are also pbksto include under
the threshold heading as are models where a stochasticeegay be used to
select between different deterministic systems as showh [fong 199®] and

[7].

1.3.3 Amplitude-dependent Exponential Autoregressive (E X-
PAR)

A particular form for threshold models with smooth trargitis given by the Amplitude-
dependent Exponential Autoregressive, EXPARY model

k
X = Z[Oéj + Bie N X + 6, 0> 0. (1.26)

j=1

Note that if| X, 4| is very large, then an ordinary AR( model is obtained, and if
| X;_q| is very small another ordinary AR) appears. Hence, the EXPAR model con-
tains a smooth transition between regimes.

1.3.4 Piecewise Polynomial Models
The skeleton is

Y= f(Xt—la Xioy. .. aXt—k) + €, (1.27)

wheref is a polynomial. In general

X =1y. (1.28)

Examples which also include the threshold principle :

Hard Censoring

A y>A
Xy = y —A< y<A (1.29)
—A y<—A

wherey is defined by (1.27).
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Soft Censoring

An extension of the Hard Censoring principle is given by tb& Sensoring :

X, = y ly| < A

9( X1, Xy Xy ) &yl > A

wherey again is defined by (1.27) angis aq’th order polynomial. Note that values
outside[— A, A] now are allowed.

(1.30)

If only first order terms enter into the polynomials the modehlso a SETAR(2;k)
model.

1.3.5 Fractional Autoregressive Models (FAR)

Rational functions i{ X;_, }.

The FAR(k;p;q) model :
L :
o + Zi:l ?:1 aintJ—i
= - -
bo + Zi:l ;1':1 bingfi

t +é6, 0<p<qg+1 (1.31)

A simulation of the FAR(2,2,2) model
. —0.35X,, —0.1X? | +0.4X, 5+ 03X},
03X, —04X2, + 02X, 5 —0.3X2,
wheree;, € N(0,0.1) is shown in figure 1.3.

+ €&

1.3.6 Product Autoregressive Model (PAR)

So far all the non-linear models involaglditivenoise.

An example of a non-linear model with non-additive noisénes PAR(k) model :
k
Xi=¢& <Z (liné_ii> (1.32)
=1

A simulation of the PAR(2) model
X, = (0.3X,79%° +0.1X2%)e,
wheree; € N(1,0.1).is shown in figure 1.4



1.3. NON-LINEAR PARAMETRIC MODELS 25

FAR (2,2,2)

T T T T T
0 50 100 150 200

Figure 1.3: Simulation of a Fractional Autoregressive Mode
1.3.7 Random Coefficient AR (RCAR)

Now the coefficients are random variables.

The RCAR(k) model :
k
Xy = Z{ﬁz + Bi(t)} Xi—i + €, (1.33)
i=1

where the sequencé$(s),i = 1, ..., k is white noise independent effor all values
of t ands and thes;,i = 1, ... .k are scalars.

A simulation using the RCAR(2) model
Xt = Bl (t)Xt—l + BQ(t)Xt_Q + €t

whereE[B;(t)] = 0 andV[B;(t)] = 1.0 is found in figure 1.5

1.3.8 The Bilinear Model (BL)

Simple - butimportant - extension of the ARMA model with puatiterms of § X;_; }
and{e }.

Important reference : [Subba Rao & Gabr 18B4
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The BL(p,q,m,k) model :

p q m k
Xo+ > a X ;=) cie i+ > Y biXiie; (1.34)
j=0

j=1 i=1 j=1

wherecy, = 1 ande is white noise.

Vector form of bilinear model

Important special case — Bb 0,p, 1) :

P D
Xt + Z ant—j = €t + Z let_let_l (135)
j=1 =1
Define
-—a —Qays —a —Qpy_ —a-
R N I
A—=|0 1 0 - 0 0 |B=| _ (1.36)
i 0 0 0 1 0 | 00 0

andC” = (1,0,...,0), H" = (1,0,...,0) and=! = (X;, X; 1,..., X; 1) all of
dimensiorp.

Now we have th&/ector Formof the bilinear model

ry = Al’t_l + th—let—l + Cet (137)
X, = Huz,

which is denoted VBLy).

Very like the Markov form of ordinary ARMA models; but it isot a Markovian
representation.

DefineZ, = (A + Be;)x;. Now
Zt = (A+B€t)Zt_1 + (A+Bet)€t (138)

is Markovian.
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Consider now the Blp, 0, p, ¢) model.

Define
bij by - by
0 0 Ce 0
i=1. . | J=12,....q (1.39)
now the BL(p, 0, p, ¢) is written in the vector form
q
Ly = A.’L‘tfl -+ Zijt,let,j -+ Cet (140)
j=1
Xt = Hth
Finally, for the general BL model :
q
x, = Az + Z Bz, ¢, ; + Ce; (1.412)
j=1
Xt = Hth
where, since’ = max(p, m), ; has the dimensiop’ and
_—0,1 —ag —ag --- —ap_1 —(lp/_
1 0 0o - 0 0
A= 0 1 o --- 0 0 (1.42)
| 0 0 0 1 0
bij by, b
0 0 0
0 0 0
andC is given by
CO C1 “ .. Cq
0 o --.- 0
c=1|. . , (1.44)
e, is given bye; = (e;, e;_1,...,€e,_,) @anda; = 0fori > p, andb;; = 0 fori > m.

Markovian representation - see [Pham Dinh Tuan 1985].
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Simulation :

BL1 Xt = 0.4Xt,1 + 0-4Xt71€t71 + €
BL2 Xt = 0-4Xt71 + 0.8Xt,1€t,1 + €
BL3 Xt = 0.8Xt_1 - 0'4Xt—2 + 0'6Xt—1€t—1 + O'7Xt—2€t—1 + €t

In all cases; € N(0,1).

1.3.9 Auto Regressive models with Conditional Heterosceda S-
ticity (ARCH)

Most models assume a constant one-step prediction varidiee ARCH process is
introduced by [Engle 1982] to allow the conditional variario change over time as a
function of past errors leaving the unconditional variangastant. Hence, the recent
past gives information about the one-step prediction naea

This type of models behavior has proven to be useful in 0 séeeonomic phenom-
ena.

One of the most quoted examples are :
Xt = €¢ ‘/; (145)

where
Vi=y+ 0 X 4+ 0 X7, (1.46)

wherey > 0 andg; > 0.
In the more general setup in [Engle 1982] the following medglconsidered :
X1 ~ N(z3,h}) (1.47)

wherey is the information setj a vector of unknown parametersa vector of lagged
variables included in the information set and

ht = h(Et, €t—1y- - €t—p, 0) (148)
€ = Xt — Ztﬁ (149)

where@ is a vector of unknown parameters. The likelihood functian be found
in [Engle 1982].

Several extensions of the basic ARCH model is possible. hgl& Lilien & Robins
1987] the ARCH model is extended to allow the conditionalarare to affect the
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mean. In this way changing conditional variances diredtfigca for instance the ex-
pected return. The models are called ARCH in means or ARCH-0diets. The
ARCH-M is obtained by a slight modification of equation (1.47

Xi|t—1 ~ N (23 + 6hy, b}) (1.50)

1.3.10 The Doubly Stochastic Model

A generalization of most of the models considered so far.

Tjgstheim [Tjgstheim 1986] suggests the doubly stochastidel :

P Q
Xp=Ag(t— LX)+ ) A(t—1:X)0X—+ > Bj(t—1;X)e;  (1.51)

i=1 j=0

where the parameteés, A;, B; all are random variables.

It is possible to select the parameters in the doubly staicha®del such that most of
the non-linear models considered appears — see Table 1.1.
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Figure 1.4: Product Autoregressive model

RCAR(2)

var = (1.1) . mean = (0.0)

Figure 1.5: Random Coefficient AR
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BL (1,0,1,1)

Figure 1.6: BL1

BL (1,0,1,1)
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Figure 1.7: BL2
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BL (2,0,2,1)
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Figure 1.8: BL3
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Parameters in a Doubly Stoc. Model Remarks/
Model P A; 0; B; Ext.param.
ARMA(p,q) q a; const., By=1
B; =1
SETARMA | ky | ks al? const.| By=1 X, q € Ry
(I, k1, k) B; = B d=delay
IGAR(K) k|0 al? const.| By=1 D e Ry
D e U|0; 1]
IGARK) | k | O 5l const.| By=1 D e R,
D e U|0;1]
Fractal(k) l | O agk) const., By=0 D e Ry
D e U|0;1]
STAR(K) k|0 a; + 1(X;_q)b; const.] By=1 I(-) known
pdf.
Per.coeff. Pl q a;(t) const. by (t)
ARMA(p,q)
Hard a alV = f(X,_:) b0, ) = I=1
Censoring | k | O const. For| X; |> A:
(k,p,A) agz) = szgn(az( ))A b =0 =2
Soft al alV = f(X,_5) p® 1) =1 =1
Censoring | k | O By = const. For| X; |> A
(k,p.A) ol = g(X,) =2
ao+3P_,SF_jaial_,
FAR(p,k) 00 fﬂlelz’;:llbw{_i const.] By=1 Only for A,
a0+
PAR(K) N aiX
EXPAR(K) b; + Bie*Xi=a i >0 | const.| B,=1 §
d=delay
RCAR(K) k|0 const. r.v. By=1
b+
BL(p,q,r,s) | p | O a; const.| ¥7_,c;; Xy ; | g'=max|[q,s]

Table 1.1: A family of doubly stochastic models.
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1.4 Stationarity and moments for the VBL(  p) model

Brief summary of results from [Subba Rao & Gabr 18B4vho shows the conditions
for stationarity and expressions for moments for the \iBlrgodel.

Assume for simplicity that, € N (0, 1).

1.4.1 First order stationarity

Take the expectation on both sides of (1.37) (notelhate;] = C)

t—1
f = Ap,+ BC = A'p, + () A')BC (1.52)
j=0

It is seen that ifx; = 0 and eithetB =0 or C = 0 thenu, = 0for¢ > 1.

Define (the spectral radius)
p(A) = max |\;(A)] (1.53)

where);(A) is thei’th eigenvalue.

A sufficient condition foru = lim, . [A'u; + (Z;:) A7) BC] to be finite is that
p(A) <1 (1.54)

Hence, under this condition the VBL) is asymptotically first order stationary with

mean
pw=(I—-A""'BC (1.55)

1.4.2 Second order stationarity

Assuming that (1.54) is satisfied, then a necessary conditiosecond order station-
arity is given by [Subba Rao & Gabr 1984as

pJA® A+ B® B <1 (1.56)

For a discussion about stationarity for the general bilimeadel - see [Pham Dinh
Tuan 1986]
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1.4.3 Linear versus bilinear model

Assuming second order stationarity, and let us introdueetvariance

K(s) = E[(z1ys — p)(x, — p)"] (1.57)

It is shown by [Subba Rao & Gabr 1984hat
K(0) = AK(0)A" + BC(0)B" + A, (1.58)
K(1) = AC(0) + A, (1.59)
K(s)=AK(s—1)= A*"'K(1), s=2,3,... (1.60)

where the constant matricés; and A, are given as

A, =Bup"B" + Aup” AT + ASB” + BSTAT + 2BCCTB” + CC" — pu”
A, =Aup” + BS — pp” (1.61)

whereS = S; = E[z;x! ¢;] (S is constant due to the assumption about stationarity).

By using A from (1.36) in (1.60) we obtain the simple matrix equation :

v(s) Y(s+1) Y(s+p—1)
v(s—1) v(s) Y(s+p—2) _
Ws—p+1) As—p+2) A (s)
T T T Tl T T (s — 1) v(s) Y(s+p—2)
(1) (1) 8 8 8 Y(s—=2) A(s—1) Y(s+p—3)
(5) 0 0 1 0 v(s —p) v(s—}?+1) 7(8.—1)
- (1.62)

where~ is the autocovariance function fof;.

It is easily seen that the above matrix equation reducesidentical equations (and
some trivial identities), which mean that we are able toewit.60) on the form

Y(s)tarys—1) 4+ +ayy(s—p) =0

s> 2 (1.63)

Remark.The equation above is obviously the same as the Yule-Watkeateons for
an ARMA(p, 1)-process. Hence, for any Bk 0, p, 1) a linear model with exactly the
same covariance structure is found.

v
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It is not possible to use ordinary Box-Jenkins methods tatiflenon-linear systems.
No matter the number of parameters in the(BlO, p, 1) we are able to find a linear
model with onlyp + 1 parameters which describes the autocorrelation functiod (
the spectrum) as well as the true model.

Conclusion : In order to identify non-linearities we must use other metho For
instance methods based on the third moment, or methods lbasaedn-parametric
estimates of the conditional mean. We shall look on thatefotiowing.



Chapter 2

Non—parametric methods and time
series analysis

2.1 Introduction

Non-parametric methods are widely used in non-linear mbdiding. Such methods
are particularly useful if no prior information about theustture is available, since the
estimation procedure is free of parameters and model stei@part from a smoothing
constant).

A non-parametric regression curve’agdirect function of the datdt is shown later on

in this chapter that the basic idea of local averaging in &eestimation is equivalent
to finding a locally weighted least squares estimate, antbtta weight is given by a
sequencdw,(z);s = 1,--- , N}, whereN is the number of observations.

In this chapter we will concentrate dw@rnel estimatiorandsmoothing Some other
non-parametric methods which are only briefly mentionedteased orsplines k
nearest neighbor (k-NN)r orthogonal series smoothingcach method has a specific
weighting sequencéw,(z); s = 1,--- , N}. These weighting sequences are related
to each other and it can be argued [Hardle 1990] that onee&itmplest ways of
computing a weighting sequence is kernel smoothing.

The method is in general introduced using a regressiomgettiater on many very
important applications within non-linear and non-stasigrtime series analysis are de-
scribed. Very useful methods fatentifyingboththe needed lag® a non-linear time
series models, and methods for identifying for instateenon-linear functional rela-
tionship on lagged valuesre based on non-parametric methods. For more information

37
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about non-parametric methods see [Robinson 1983], [dar@D0], [Silverman 1986]
and [Hastie & Tibshirani 1990].

2.2 Kernel estimators for time series

2.2.1 Introduction

This chapter considers kernel estimation in general angsgsn time series analysis.
The non-parametric estimatorare of particular relevance for non-Gaussian or non-
linear time series. From kernel estimategpadbability density function§&aussianity
can be verified or the nature nbn-Gaussianitgan be emerged. Thus non-parametric
methods provide information that complements that giveimfstance by higher-order
spectral analysis — see Chapter 3.

In time series analysis and system modelling the conditimiean and variance plays a
central rule. Folinear modelst is well-known that the conditional medtjY;|Y; 1, .. |

is linear (inY;_4, ...) and the conditional variancé[Y;|Y;_i, .. ] is constant. This is
not the case for non-linear models.

Non-parametric estimates d¢iie conditional mearan be used to detect non-linear
behavior and tadentifya family of relevant time series models. Consider for insgan
the time series generated by the non-linear model:

1/;5 :g(}/;fflu"'u}/;f*]J +h<1/;*17"'7}/;*p)6t- (21)
For this non-linear model the conditional mean and variasce

E[Y;D/;—l)] = g(ﬁ—la"')ﬁ—p) (22)
VVilYir,. ] = W(Yi,...,Yi,)o? 2.3)

wheres? is the variance of the white noise process

Thus the non-parametric methods can be used to estimatestance)(y) = E[Y;1]Y: =
y] in the simple casg = 1. Using this non-parametric estimate a relevant parameteri
zation ofg(-) can be suggested. This very important aspect will be coreidarther

in Section 2.4.2 and in Chapter 3.

In classical (i.e. linear) time series analysis the ordefafinstance, an ARMA(p,q)
model, or equivalently the number of needed lagged valugseoprocess itself and
the noise, is identified using the autocorrelation fun&iGhCF, PACF and IACF). For
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non-linear time series analysis equivalent functionskelsuggested. These functions,
calledLag Dependent Functiofft DF), are introduced using non-parametric methods.

Furthermore non-parametric estimates can be used to grprxedictors i.e. estima-
tors of future values of the time series. Use of non-paramestimators for getting
insight in thetime-varyingbehaviour and a compledependency on exogenous vari-
ableswill also be considered.

In this section the most frequently considered non-paramestimators for time se-
ries, the kernel estimators, are firstly introduced. Negt kbrnel estimator are de-

scribed in more detail. Finally, some examples on how to esedt estimation in time
series analysis are given.

2.2.2 The kernel estimator

Let{Y;;t = 0,=£1,-- -} bea strictly stationary processA realization is given as the
time series{y;;t = 1,--- , N}, and that single realization of the process is the basis
for inference about the process.

IntroduceZ, = (Y;H—jm T 7}/;4']-") andY;f* = (Y;H—hu T 7Y;f+hm)'

In order to simplify the notation we will consider the case= (Y;) in the rest of this
section. It is obvious how to generalize the equations.

Thebasic quantity estimateid
E[G(Z)|Y: = ylfy(y) (2.4)
wherefy is the pdf ofY; andG is a known function.

Theestimatorof (2.4) is (using a special notation)

G2 = (V) Y2 GRS 25)

wherek(u) is a real, bounded, function such that(u)du = 1, andh is a real number.
N’ is some number which corrects for the fact that nof\albbservations can be used
in the sum — typicallyN' = N — j,. Itis important to notice that(u) is called the
kernel functiorandh the bandwidth

Let us consider two examples of using equation (2.5). In tisé éxample it is illus-
trated that equation (2.5) is a reasonable estimator.
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Example 2.1 (Non-parametric estimation of a pdf). The pdf ofY; aty is estimated
by

f) = 9] = 57 SoRET 26)

where the meaning of the notatifh y| follows from (2.5).

Assume that” has pdff(y), then

flu) = lim Py —h <Y <y+h) 2.7)

An estimator off (y) is

fly) = %LN[Number of observations ify — h;y + h)] (2.8)

Define therectangular kernel

Loifjul <1
— 2
wlu) = { 0 otherwise (2.9)
then the estimator (2.8) can be written as
N
iy 1 1 y—Y
fy) = Ntzlﬁw( N )
Now consider the general kerngl §(u)du = 1). Then the estimator is
N
oy L y—Y
ﬂw—ﬁﬁgy( ) (2.10)
which clearly is equal to equation (2.6). ¢

Example 2.2 (Non-parametric estimation of the conditionaimean). The estimator
of the conditional expectation ¢f(Z;), givenY; = y is

E[G(Zt)|yt =y] = %

_ w L GZ)k(5)
¥ k()

where[1; y] was found in the previous example.

(2.11)

Of special interest is the cas&(Z;) = Y,,1, where (2.11) estimateB[Y;1|Y; =
yl- ¢
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2.2.3 Central limit theorems

Central limit theorems can be established under varioukwependence condition
on the process$Y;}. Let 7} be theo-field of events generated By; u < ¢ < v. Then
introduce the coefficient

aj; = sup |P(ANB)— P(A)P(B)|; 7 >0 (2.12)

AeF! \BEFX,

Definition 2.1 (Strong mixing condition). If o; — 0 asj — oo the processy;, is
said to bestrongly mixing A

The strong mixing condition is used frequently in the asystiptheory of estimators
for time series; but the condition is often very difficult toeck.

Central limit theorems for non-parametric estimators dépd a procesgY; }, as well
as of conditional pdfs and conditional expectations atiooitly points, are given by
[Robinson 1983] under the strong mixing condition.

2.3 Kernel estimation for regression

This section describes in more detail the kernel estima¢ionnique. Since the method
is useful for non-parametric regression in general a matatihich is related to non-

parametric regression will be used; but the problem is Kighllated to the estimator
in (2.11), and thus also useful in time series analysis.

2.3.1 An estimator for regression

Kernel based non-parametric regression is first proposeNdnaraya (1964). Let

Y denote the dependent variable (also called the responget,t@utput), and let
XM . X@ denote they independent variables (also called regressor, covariate,
feature, input).

Assume that the theoretical relation is
Y =g(XW, ..., XD) 4 ¢ (2.13)

wheree is white noise, ang is an unknown continuous function.
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Given N observations
1 1
O={x",. . x9v),. .. (xV,.. .. x2vy}
the goal is now to estimate the functign

Using the result in Example 2.2 thikernel estimatofor g given the observations in

thecase =11is

N 2oeny Yok {p 7! (& — X))
N ey M{h7 (x = X,)}

Note that if we compare with equation (2.5) th&§7,) = Z, = Y;, and the indepen-

dent variable isX.

jlz) = (2.14)

Various candidate functions for thernel k. have been proposed. [Hardle 1990] has
shown that the parabolic kernel with bounded support, ddhie Epanechnikov kernel
minimizes (asymptotically) the mean squared error amohgeahels in which the
bandwidthh is optimally chosen.

The Epanechnikov kernelith bandwidth is given by :

a — a _ 3 u2
KPP (u) = h kPP (uh™t) = E(l — ﬁ)l{‘ugh}. (2.15)

Other possibilities are the rectangular, triangular or@aeissian kernajiven by:

K& (u) = h k% (uh™) = (2.16)

1 < u? )
exX - .
h/ 2w P 2h?
These kernels are depicted in Figure 2.1. The Epanechnémsekis shown foh = 1,

and the Gaussian kernel for= 0.45.

If we allow ¢ > 1 in (2.14) a kernel of;'th order have to be used, i.e. a real bounded
functionk,(ui, . .., u,), where [ k,(u)du = 1.

By a generalization of the bandwidthto the quadratic matrix with the dimension
q x q the more general kernel estimator fgrx ™, ..., X @) is

% ZiV:1 Yikq[(z — Xs)hil]
% Zi\le kql(z — Xs)h_l]

wherex = (z1,...,2,) and X, = (Xs(l),...,Xs(q)). This is called theNadaraya-
Watson estimator

g(x) = (2.17)
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K(u)
1 E T T T T T T N
Triangular
0.8 i
0.6 - Epanechnikov 7]
niform
o4 L | unifo |
|
0.2 - | .
0 J_/ | i | @LSS
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 2.1: Some univariate kernel functions.
2.3.2 Product kernel

In practice product kernels are used, i.e.
q
ko(@wh™) = [ [ k(wi/hi) (2.18)
=1

wherek is a kernel of order 1.

Assuming that;, = h, i =1,...,q the following generalization of the one dimen-
sional case in (2.14) is obtained

% Ziv:l VoIl k{h (i — ngi))},
& 2y Ty k{1 (i = X37))

g(x) = (2.19)

2.3.3 Non-parametric LS

Let us now describe how the kernel estimation compares taljeweighted least
squares (LWLS). LWLS techniques for non-parametric edimnawill be further con-
sidered in Section 2.5.2.
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If we define the weight

© k(@ — X))

Y T kA (e X)) e
then it is seen that equation (2.19) corresponds to the &neahge:
1 N
i) = 5 ;ws(wm (2.21)

The estimate is actually mon-parametric least squares estimatethe pointe. This
is recognized from the fact that the solution to the leastisegiproblem

N
arg min % Z wy(x)(Ys — 0)° (2.22)
s=1
is given by N
Or5(x) = % (2.23)
s=1 Ws

This shows that at each, g is essentially a weighted LS location estimate, i.e.
. 5 1 A
g(x) = Ops(x) = Y wilx) = Ops(). (2.24)

since: 3N w,(x) = 1 cf. Eq.(2.20).

2.3.4 Bias problems

Kernel estimators tends to give bias problems at the boyrwfathe predictor space
(i.e. the space spanned by the independent variables). iS klise to the fact that
the kernel neighborhood at the boundary is asymmetric. gitublem can somehow
be accomplished for by modifying the kernel and for instamgi@g a non-symmetric
kernel — see [Hardle 1990].

Bias can also be a problem in the interior of the predictocepathe predictors are
non-uniform or if the true regression curve has a substantraature. These problems
are most dominant when the predictors are multidimensio®alariety of kernel

modifications have been proposed to provide approximatasymptotic adjustments
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for these biases; but in practice it is difficult to implem#ra necessary modifications,
in particular in the multivariate case.

A family of procedures which does not have the above problerthé regression
smoothers, which will be described in Section 2.5.2.

2.3.5 The bandwidth

In analogy with smoothing in spectrum analysis the bandwidtetermines the smooth-
ness ofg:

e If his large the variance is small but the bias is large.

e If his small the variance is large but the bias is small.

In the limits:
Ash — ccoitis seenthag(z) =Y.

Ash — 0itis seenthag(x) =Y; for x = (XZ.(”, . ,XZ.(‘])) and otherwis®

2.3.6 Selection of bandwidth - Cross validation

The ultimative goal for the selection afis to minimize (see [Hardle 1990])

MSEL(h) = 1 SI8(X0) — g(Xo)r(X) (2.25)

Wherer (.. .) is a weighting function which screens off some of the extrefnserva-
tions, andy is the unknown function.

An easy solution is the 'plug-in’ method, wheYgeis used as an estimate @fX;) in
(2.25).

Hence, the criterion is

MSE2(h) = + S (3(X0) — Yi*r(X) (2.26)
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butitis clear tha@(h) — 0for h — 0, sincey; — g(x;) — 0 whenh — 0. Hence
a modification is needed.

In the “leave one out” estimator the idea is to avoid 117} ) is used in the estimate for
Y;. For every datd X ;, Y;) we define an estimatgy;,, for Y; based on all data except
(X5).

The N estimatorsjy, . . ., g(v) (called the “leave one out” estimators) are written

- (4)
9 (@) = 3ot sy Yol Ly MR (i = X )} (2.27)
N Do Loy KA (i — Xﬁl))}

Now theCross-Validation criteriorusing the “leave one out” estimatgs,, . . ., g
is
1 N
CV(h) = N Z[Yz - Q(i)(Xi)]QW(Xi)- (2.28)

i=1
and the optimal value of is then found by minimizing'V'(%).
It can be shown that under weak assumptions the estimate dfathdwidth that is
obtained when minimizing the Cross-Validation criterisrasymptotic optimal, i.e. it
minimizes (2.25) — see [Hardle 1990].

An example of using the CV procedure is shown in Figure 2.7.

2.3.7 Variance of the non-parametric estimates

To assess the variance of the curve estimate at poidtrdle (1990) proposes the
point-wise estimator given by

§ (@) = 3w (@) (Y — §(X.))" (2.29)

where the weights are given as shown previously by

Lk = X))
L T, k{ht(z — X))

wy(z) = (2.30)

Remembering the WLS interpretation this estimate seensenadle.
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2.4 Applications of kernel estimators

2.4.1 Identification of the model order

In linear time series analysis the order of, for instanceABRMA model is determined
by considering the autocorrelation function (ACF), thetigaautocorrelation function
(PACF) and/or the inverse autocorrelation function (IACF)

In non-linear time series some equivalent functions, ddlieg Dependent Functions
(LDF), have resently been introduced in [Nielsen & Madsef130 These methods
are based on non-parametric methods and described in $8c8io

2.4.2 Non-parametric estimation of the conditional mean an d
variance

Assume that a realizatioN, ..., Xy of a stochastic procedsX,} is available. The
goal is now to use the realization to estimate the functignsandh(-) in the model

Xt = g(thlu . 7Xt7p) + h(Xt,17 - 7thq>€t- (231)

As in Tjostheim (1994) we shall use the notation

M(ZL‘Z‘I, Ce ,l‘id) = E[Xt|Xt—i1 = Zl'z‘l, N 7Xt—id = l‘id] (232)
V(.CCZ'N e ,.Tid) = V[Xt|Xt7i1 = Tiqyy - 7thid = xid] (233)

where:; are positive integers arranged in increasing order.

One solution is to use the kernel estimator (other possésliare splines, nearest
neighbor or neural network estimates).

Using a product kernel we obtain

d _
~ Niid Zi\fzid-i-l X Hj:l k{h 1(xij - Xs—ij)}

M(.Th,...,xi ) = Ntis P (234)
! m Zs:thrl j=1 k{h="(zi; — Xo—i;)}
Assuming that?’(X;) = 0 the estimator fol/(-) is
1 N 2 1714 -1
N - . Xs . k h €T Xs—i:
Vi, ... o) =" Looignn Ko 1oy KA (3 )} (2.35)

N+i1 d _
N—z‘1d+z‘1 zs:td—f—l Hj:l k{h 1(%']- - X ij)}
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If E[X,] # 0 itis clear that the above estimator is changed to

1 N 2 174 -1
i1y oy bag) — 1 ZN—}—il d k{h—l(x _X )} i1y Lig
N*Z’dJril s=tiq+1 ]:1 15 S—1j

(2.36)

Example 2.3 (Estimation of conditional mean and variance) We have simulated
10 stochastic independent time series for both of the faligwon-linear models:

A 08X, 1 +15+¢, X, 1 <0

B . Xt = \/l‘l“XtQilEt

Using the simulated time series 10 estimates of the comditimean and the condi-
tional variance are found using a Gaussian kernel with 0.6. The results fotM/ (x)
andV (x) are shown in Figure 2.2 and 2.3, respectively.

X, — { —08Xi_1+¢, X120

The theoretical conditional mean and variance are showm'w/it ¢

2.4.3 Non-parametric estimation of the pdf

An estimate of the probability density function (pdf) is [Btoson 1983] :

N+i1  d

1
f(xh,...,xid):m S TR e @, — Xomi)} (2.37)

s=iq+1 j=1

Compare with the univariate pdf in (2.6).

2.4.4 Non-parametric estimation of non-stationarity - An e X-
ample

Non-parametric methods can be applied to an identificatidheostructure of the ex-
isting relationships leading to proposals for a parametaciel. An example of iden-
tifying the diurnal variation in a non-stationary time g&ris given in the following.

Measurements of heat supply from 16 terrace houses in Kall/ladsuburb of Malmo
in Sweden, are used to estimate the heat load as a functibe tihte of the day. The



2.4. APPLICATIONS OF KERNEL ESTIMATORS

49

Mx)

Mx)

Figure 2.2: Estimated/(x) for model A (above) and model B
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Figure 2.3: Estimate® (x) for model A (above) and model B
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Figure 2.4: Supplied heat to 16 houses in Kulladal/MalmirduFebruary 1989.
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Figure 2.5: Supplied heat versus time of day and night.
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[kJ/s] Nadaraya-Watson Estimator — Epanechnikov Kernel
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Figure 2.6: Smoothing of the diurnal power load curve usimgpanechnikov kernel
and bandwidths 0.125, 0.625, , 3.625.

heat supply was measured every 15 minutes for 27 days. Tingowe delay between
the consumers and the measuring instruments is not moratbample of minutes.

In the present investigation it is assumed that the heatlgugam be related to the
time of day, and that there is no difference between the daythé& considered period.
Then the regression curve is a function only of the time of dad it is this functional
relationship, which will be considered.

An approach for describing the dynamics, using filteringxgflanatory variables such
as e.g. weather variables, is shown later on.

Thus, the assumption of independence between measurermers fulfilled. The
consequence of this is that the information about the regregunction contained in
data is minor compared to a set of data with the same numbedependent observa-
tions.

Figure 2.6 shows the Epanechnikov curve estimate calclfatea spectrum of band-
widths. It is clear, that the characteristics of the non-sthed averages gradually
disappear, when the bandwidth is increased.

Bringing the Cross-Validation function into action for lmavidth selection on the orig-
inal data gives the result shown in Figure 2.7. Obviouslyrtheimum of the CV-
function is obtained for a bandwidth close t&. This value most likely somewhat
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[(kJ/s)?] CV-function — Epanechnikov Kernel
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Figure 2.7: CV-function applied on the original data using Epanechnikov kernel.

bigger than the visually chosen, and the drop at 5.15 in theimg will clearly disap-
pear in a curve estimate with this bandwidth.

These results indicate the need of non-parametric curvaatsts in which the band-
width is not only a function of the density of the predictorigsles, but for instance
also of the gradient of the regression curve.

If a Gaussian kernel is used in the smoothing procedure teetedf choosing vary-

ing bandwidth is shown in Figure 2.8. Clearly it is difficuisually to observe any
difference between the curve estimates obtained with tle&ghnikov and Gaussian
kernel.

A general conclusion :The choice of the kernel (window) is not important as long as
it is reasonably smootlit is the choice of the bandwidth that matters

2.4.5 Non-parametric estimation of dependence on external
variables — An example

This examples illustrates the use of kernel estimatorsxploging the (static) depen-
dence on external variables. Data are collected in thadib&ating system in Esbjerg,
Denmark, during the period August 14 to December 10, 1989.
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Figure 2.8: Smoothing of the diurnal power load curve usingaassian kernel and
bandwidths 0.025, 0.125,..., 0.925.

The dependent variable is the heat load in a district heaysgem, and the inde-
pendent variables are the two most influential explanatariables in district heating
systems, i.e. ambient air temperature and supply temperalthe data will also be
used later for estimating some parametric non-linear tienes models.

For the estimation of the regression surface the kernel mdeith applied using the
Epanechnikov kernel (2.15). A product kernel is used, he.gower load estimatg,
at timet, at ambient air temperatuteand for supply temperatureis estimated as

3843

D Dl (t = t) Ky, (0 — ;) K, (s — si)
pht,ha,hs (t7 a, 8) = Z:;’ggz . (238)

Z Ky, (t — ;) K, (a — a;) Kp, (s — s;)

1=1009

where K (u) = h™'k(u/h). The bandwidths were chosen using a combination of
Cross-Validation and visual inspection.
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Figure 2.9: Heat loag(t) versus ambient air temperaturg) and supply temperature
s(t) from August 14th to December 10th in Esbjerg, Denmark.

B [MJ/s]
300
250
200
150
100

(heyha, he) = (3.35,2.24,2.24)

100

s [°C]

a [°C] 20 60

Figure 2.10: Kernel estimate of the dependence on time qfigggmbient air temper-
ature,a and supply temperature, shown at; = 7.
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Figure 2.11: Point-wise estimate of standard deviatiomefdurface estimates.
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2.5 Smoothing

The kernel estimates considered in the previous sectiovigg@ localconstantes-
timate of the response or dependent varidblas a function of the predictor or in-
dependent variabl&. Hence the kernel estimate produces a smooth estimate of the
variation which are less variable thantself. This tool is therefore also callekarnel
smoother

In general aamootheris a tool for estimating the response variable as a functfon o
the predictor variables. An obvious generalization of thegiples of using a local
constant approximation is to use a local polynomial appnation.

In this section some other smoothing principles will be ioetll and some applications
related to time series analysis will be given. First a basioathing principle, namely
the bin smoother, will be introduced. Secondly, the prilespf smoothing byocal
weighted least squaraggression is outlined. This method is generalized usieg th
conditional parametric modelaind extended to time series models by introducing the
conditional parametric ARX-modelBinally, some examples will be provided.

2.5.1 Regressogram (Bin smoother)

Thebin smootheralso calledegressogranfiTukey 1961], is simply a rectangular ker-
nel estimator based on a partitioning of the predictor \&loto a number of regions,
and then averaging the response in each region. In the folipthe regressogram
estimates for the conditional mean and variance are defined.

Definition 2.2 (Regressogram — bin smoother)Let I, ..., I, be a partition of an
interval [a, b] made up of intervals of length;, and denotd, = ; for € I;, and
h(z) = h, for z € I,. The regressogram estimatdsandV’ for the conditional mean
and variance, respectively, are defined by

’ (NA(2)) ' 5000, Vi { X, € L}

M(x) = ~ (2.39)
(NA(@)) 712y T{Xe € Lo}
Py = Wh@)TEL = M@)PHX € L) (2.40)
(Nh(z))=1 200y H{Xe € L}
wherel{-} is an indicator function. A

Often the intervals are of equal length. Typically five retaare chosen, and the
cutoff points are selected so that there is approximatekycaral number of points in
each region [Hastie & Tibshirani 1990].
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The estimate provided by the bin smoother is not very smoetalise it jumps be-
tween the intervals.

2.5.2 Locally-weighted polynomial regression

Let us return to the non-parametric least squares estimatestribed in Section 2.3.3
where the following weighted least squares problem is ctamed

N
1 9
Argmin — 821 w,(x)(Ys —0) (2.41)

The underlying model is obviously thétis (locally) constant, i.eY; = 0 + ¢,. The
estimate becomes, however, a functioncofNote the similarity with adaptive LS and
adaptive RLS — see for instance Chapter 2 and 9 in [Madsena].995

If the curvature of the true regression curve is substattieh only a small fraction
of the observations can be used to estimate a local consthat iestimate shall pro-
vide a reasonable (local) estimation of the regressionecumherefore it is obvious
to consider a generalization to local regression models@yHer instance, a local
polynomial approximation can be used. This is the main iddard locally-weighted
regression, which is also calléacally-Weighted Least Squares (LWLS)

Model and estimation

The underlying model for local regression is
Y = u(X) + & (2.42)

where the function: is assumed to be smooth and estimated by fitting a polynomial
P(X, z) model within a sliding window, and parameterized such that

pu(x) = P(x, ) (2.43)

For each fitting point, and for a given parameterizatébiof the polynomium, the
following locally least squares problem is considered

arg min % Z wy(z)(Ys — P(X, x))? (2.44)

The local least squares estimatguk) is now/i(x) = P(x, x).
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Example 2.4 (Locally-weighted linear model).Consider the local linear approxima-
tion

P(Xt, .T) = 90 + 91 (Xt — .I‘) (245)
By taking® = (0, 6,) the parameters are estimated locally at each fitting polmt
solving

arg mm — Z w,(2)(Ys — (00 + 01 (X, — x))? (2.46)

and the local linear estimate p(x)
fu(z) = 6o (2.47)
¢

Note that each least squares problem prodyi€es for that single point — to estimate
at additional points a new locally weighted problem has tedieed.

Weight functions

In Section 2.3.3 the weights,(x) were defined using the kernel; but in the non-
parametric least squares setting the weight normallysatisang a nowhere increasing
functionWW. Some weight functions are given in Table 2.1.

| Name | Weight function |
Box :{ (1): :1 )
Triangle | W (u) = { U ue€ :il)
Tri-cube = { é E Fl): 2)
Gauss | W(u) = exp(—u?/2)

Table 2.1: Some weight functions.

In the case of a spherical weight function the weight is given
ws(x) = W(||x — X,||/h(z)), (2.48)
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where||z — X || is the Euclidean distance betwegrand X ;. A product kernel is
characterized by distances being calculated one dimeas@time, i.e.

q

wy(a) = [[W (e = XP|/h(=)), (2.49)

i=1

wheregq is the dimension of. The scalah(x) > 0 is called the bandwidth. Compare
with (2.20).

For the choice of thbandwidtheither ametricor arank principle can be used. If(x)

is chosen so that a certain fractiar) Of the observationsX ;) is within the bandwidth

it is denoted anearest neighbor (NN) bandwidthf (x) is constant for all values of

x it is denoted dixed bandwidthlf « has dimension of two or larger,szalingof the
individual elements ofc before applying the method should be considered, see e.g.
[Cleveland & Devlin 1988]. Other coordinate systems thaat thictated byr might

also be relevant as e.g. Mahalanobis type measur€s (!z) — compare also with
(2.17).

Example 2.5 (Locally weighted LS).Figure 2.12 shows the locally LWLS estimate
using a local constant model and a NN method, whereas FigliBeshows the results
using a local quadratic model.

Local constant nearst neighbour 10%, 20%,..., 60%

0.8
I

0.6

0.2

Figure 2.12: LWLS — Local constant approximation.

It is clearly seen that the bias is much larger for the localstant model than for the
local quadratic model.
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Local guadratic nearst neighbour 10%, 20%,..., 60%

0.8
I

0.6

0.2

Figure 2.13: LWLS - Local quadratic approximation.

2.6 Conditional parametric models

This class of models is a further generalization to modelgkviare (globally) lin-
ear in the some of the regressors; but the coefficients of thdehrare assumed to
change smoothly as an unknown function of other variablelse models are also
calledvarying-coefficient modelgiastie & Tibshirane 1993]. When all coefficients
depend on the same variable the model is, however, denaeddtional parametric
model

The model

Assume that observations of the respois@and the predictor variableX, and Z,
exist for observation numbers= 1,..., N. The conditional parametric modek
defined as

Y,=Z0(X,)+e; t=1,...,N, (2.50)

where{¢;} is zero mean iid random variables.

The parameters of the above model is again estimated |doallging the straightfor-
ward generalization of (2.44), namely by solving

arg min % Zws(w)(ys — ZT0(x))? (2.51)
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wheref(x) most frequently is parameterized using polynomials, a2 .#¥4). Regard-
ing the weight function we refer to the previous section. Leillustrate the method
by an example.

Example 2.6 (Locally-weighted linear model).Assume that the global variable is
zl = (1, 7y,), anddim(x) = 1.

In aconstant locally-weighted lineaettingd” = (6,, 6, ).

In a quadratic locally-weighted lineasetting were the local constant parameter as-
sumption is replaced by a local quadratic assumptiof(of the above value oZ; is
replaced by

zZ' = (1, Xy, X2, Zv, Zvu Xy, Z0 X7P) (2.52)

and the parameter vector is now

6" = (600, Oo1, bo2, 010, 611, 012) (2.53)

After (locally) estimating the parameters in (2.53) thedloestimates ofl, andd, are

Oo(z) = Boo(z) + for(x) + foa ()2
01(1‘) = 010([[’) + 011(1‘)1‘ + 012(!L‘)l‘2

2.6.1 Conditional parametric ARX-models

In this section we shall use the previously defined varyiogHtcients models to define
a very useful class of non-linear ARX models, where the coefiis depend on some
other external variables. Most of the text and the discussidaken from [Nielsen,
Nielsen & Madsen 1997]. In this reference also the effecioofedation in the input is
studied in some detail.

It is well known that a linear ARX-model can be written in tleerh (2.50), where is
the time indexg(-) is a constant parameter vector a#id contains input and lagged
values ofY;. Hence, if the parameters depend on an external variabfer astance
X;_m, itis obvious to defineonditional parametric ARX-modeds models written in
the form

Y, = Z ai(Xi—m)Yioi + Z bi(Xt—m)Ui—i + €, (2.54)

i€Ly i€ Ly

wheret is the time index.Y; is the output variableX; and U, are input variables,
{e:} is zero mean white noisd,, and L, are sets of positive integers defining the
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autoregressive and input lags in the model, ands a positive integer.a;(-) and
b;(-) are unknown but smooth functions which are to be estimatederiSions to
multivariateX; andU, are strait forward.

A simulation study in [Nielsen et al. 1997] has shown thas iteasonable to use the
techniques from the conditional parametric models to egrparameters in the above
defined class of non-linear dynamic models.

2.6.2 Functional-coefficient AR-models

The functional-coefficient AR-models ([Chen & Tsay 1993aimodel where the co-
efficients are function of previous values of the processfitdMore specifically the
functional-coefficient AR-mod@fAR model) is a model on the form

p
Y, = Z ai(Yi_ )Y + e, (2.55)

i=1

whereq,(-) are unknown but smooth functions of previous values of tbegss as col-
lected in the vectok”;_,. This model is a special case of thte-dependent models
which will be described in more detail in Chapter 7. It is adgen that for instance the
EXPAR model is a special case of the above FAR model. Notetlagtahe functional-
coefficient AR-model is different from the fractional awggressive model defined in
Chapter 1.

2.6.3 Case study

Let us illustrate the use of the conditional parametric ARXd®al by consider real data
and a real problem which focus on modelling the dynamic ietadf temperatures in

a district heating system. In such a system the energy ndedédating and hot tap-
water in the individual households is supplied from a cétigating utility. The energy

is distributed as hot water through a system of pipelineggoy the area supplied.

Models of the relationship between supply temperature ated iemperature are of
high interest from a control point of view. Previous studiese lead to a library
of ARX-models with different time delays and with a diurnariation in the model

parameters. Methods for on-line estimating of the varyimgtdelay as well as a con-
troller which takes full advantage of this model structuesén previously been pub-
lished [Sggaard & Madsen 1991, Palsson, Madsen & Sggaad] VEfisen, Nielsen

& Sggaard 1996].
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A more direct approach is, as suggested in [Nielsen et al']189use one ARX-model
but with parameters replaced by smooth functions of the flmte.r This approach is
addressed in the following. A big advantage for this appnoacthat the need for
on-line estimation of the time delay is eliminated.

Data

The data covers the periods from 1 April until 31 May and 1 8eyiter until 17 De-
cember, 1996. Data consists of five minute samples of suppiypérature and flow
at the plant together with the network temperature at a na@osumer, consisting of
84 households. In 1996 that consumer used 1.2% of the prddaresrgy. Based on
the observations half-hour averages were calculated,rees# tvalues are used in the
following.

Non-linear FIR and ARX models

The network temperature is modelled by models of the stra¢®i54), where one time
step corresponds to 30 minuté$,represents the network temperature represents
the supply temperature, and represents a filtered value of the flow.

Below results corresponding to two different model struesuare presented, (i) the
non-linear Finite Impulse Response (FIR) model

30
Y, =) bi(X)Uii +e (2.56)
=0
and thenon-linear ARX-model
15

Y, = a(Xy)Yi1 + Z bi(X)Ui—i + € (2.57)

=3

It will be illustrated how some of the terms used for ordinamgar models, like the
stationary gain and poles, can be used also for this typerefinear models.

Results

For both the FIR-model and the ARX-model described in theiptes section local
quadratic estimates and nearest neighbor bandwidths ade U$e coefficient func-
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tions are estimated at 50 equally spaced points rangingtfier2% to the 98% quantile
of the filtered flow.

The coefficient functions of the FIR-model are estimatechgisi nearest neighbor
(NN) bandwith fora equal t00.1,0.2,...,0.9. In Figure 2.14 the impulse response
as a function of the flow is displayed far = 0.4. Equivalent plots for the remain-
ing bandwidths revealed that far < 0.2 the fits are too noisy, whereas in all cases

sufficiently smoothness is obtainedaat= 0.5. Only minor differences in the fits are
observed for € {0.3,0.4,0.5}.

s
A ' ";.!/II/[ il
/,,.‘.{ ““ ' }(trlll¢ "’l '
LI 77/ "{‘ ',44/'41 " "‘ 0 l !
% 7:"1:‘\’.’."'04// 7 ;;’ ":’;!!'IIII

Response (C)
0402 00204 0.60.8

Figure 2.14: Impulse response of the FIR-model.

In Figure 2.15 a contour plot corresponding to Figure 2.8hmswvn. From the plot the
varying time delay of the system is revealed, it seems to frarg three lags when the

flow is large to approximately ten lags when the flow is neamitsimum. The peak
at lag zero for the lower flows is clearly an artifact.

The residuals of the FIR-model show diurnal variation. Taagle inverse autocorre-

lation function of the residuals indicates that an AR(1)d®lacan account for most of
the correlation.

Based on the results obtained for the FIR-model the ARX-rhddscribed in Sec-
tion 2.6.3 is purposed. The coefficient functions of the nh@ie estimated forv
equal to 0.3, 0.4, and 0.5. Very similar results are obtafoethe three different band-

widths. Fora = 0.4 the impulse response as a function of the flow is displayed in
Figure 2.16. The varying time delay is clearly revealed.

In Figure 2.17 the stationary gain of the two models and tHe pbthe ARX-model
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Figure 2.15: Contour plot of the impulse response of the Ridtel ¢« = 0.4). The

contour lines is plotted from -0.1 to 07C" in steps of 0.XC, lines corresponding to
non-positive values are dotted.
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Figure 2.16: Impulse response of the ARX-model.
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Figure 2.17: Stationary gain of the FIR-model (left) and ARYdel (middle) and
the pole of the ARX-model (right) all plotted against the fland for NN bandwithy
equal to 0.3, 0.4, and 0.5.

are shown. The model describes the relation between thestatope at the plant and
the network temperature. Hence, in the case of no temperiatss the stationary gain
(the stationary gain for constant flow) must be 1.

From the estimated values of the stationary gain it is seantlie temperature loss
changes from 6% when the flow is large to 12-15% when the flownalls This
clearly illustrates that no single values exists for theiatery gain as for the linear
models; in the considered case the stationary gain and ¢aédo of the pole depend
on the flow.
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Chapter 3

|dentification

3.1 Introduction

This chapter focus on various aspects related tadaetificationof a non-linear (or
non-Gaussian) time series model. The identification steplwes determining the
structure of the functional description of a (possibly) Aimear relation. A method,
which is related to the kernel estimation of the conditianakn described in the pre-
vious chapter, is outlined in Section 3.2.

The identification of the functional relation is based onaksumption that the number
of needed lags in the function is identified. In linear timeaeseanalysis the number
of needed lags is traditionally determined by considerirggdample ACF and sample
PACF for the time series. However, these tools are not deitfab identifying some
non-linear lag dependency. Therefore some equivalerg,toalled théd.ag Dependent
Functionsare introduced in Section 3.3, for identifying the lag degency in the more
general non-linear case.

3.2 Identification of a functional relation

In this section a method for detecting nonlinearities anemeining the structure of
the functional relationship is considered. The method esémated cumulative con-
ditional mean and variance functions.

Assume that the conditional mean and variance of the statygorocesg X, } given

69
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Xi_1,X;_2,... only depend onX;_;. This holds for the very important nonlinear
model
Xt = g(Xeo1) + h(Xi)e, 3.1)

where{e, } is white noise with unit variance.
In section 2.4.2, non-parametric estimates of the conthtiomean and variance were

used to obtain non-parametric estimates of the functiotisamonlinear model (3.1).
For convenience we will use the following notation :

MNz) = Elx |z = 2], (3.2)
V(z) = Vize | 241 = 2] (3.3)
Given atime serie§ X}, ..., X, } the above estimates can therefore be usédktatify

the functions. It is important to note that asymptotic restdr the estimators of and
~ are only usefupointwise

Introducecumulativeversions of the conditional mean and variances
A = / Ma)dz (3.4)
r¢) = [ s (3.5)

where attention is restricted to some fixed intefwab]. Obviously estimates of and
' can be used tmentifythe nonlinear functions as well.

The advantages of considering the cumulative versiondate t

e Itis possible to derive functional limit theorems (wheraagmptotic results for
kernel estimators of and~ are only useful pointwise).

¢ As an implication of the item above, tests can be constructeigsting a partic-
ular model.

e The estimators foA andI" are relatively insensitive to variations in the band-
width compared to the estimator farand-.

In the following we restrict the attention to tiegressogranfiTukey 1961] as defined
in Section 2.5.1.

Let I1,..., 14, be a partition offa,b] made up of intervals of equal length,, and
denotel, = I; for x € I;. The regressogram estimatorgind+ follows using (2.39)
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and (2.39) withy; ~ X; andX; ~ X;_q, i.e.

S\(SC) _ (nhn)_l_zzb:]\lf X I{ X, 1€ 1.} (3.6)
(nhy) ™ Zt:l X1 €1}
. () 13T (X = AN@))2{ Xy € L}

o) = (i) S, T{X, 1 € 1) (3.7)

Now introduce the estimators
A = / Az)dz, (3.8)
() = / y(x)d. (3.9)

Simulation studies have shown that there should be at le@sbfiservations in each
interval [McKeague & Zhang 1994]. Itis clear that more s@ibated estimators (e.g.
the kernel estimators considered in the previous chaptu)dwoutperform the regres-
sograms in estimatingand~. However, the integration has a strong smoothing effect,
so the gain obtained by using kernel estimators appliedeg@timulative characteris-
tics might be small. For higher order models the kernel esttns probably would be
useful.

Under some weak conditions (e.g. that the marginal densify,@oes not vanish on
[a,b] — see [McKeague & Zhang 1994] for a further description ofdbaditions) an
asymptoticl00(1 — «)% confidence banébr A is given by

Ax) £+ can™ V2HOB)Y? [ 1+ M ; x € [a,b], (3.10)
H(b)
whereH () = [ 4/ fdz, andf is the histogram estimator fgf, i.e.

n

fl@) = (nha)™ > Haa € 1u} (3.11)

t=1

¢ iS the uppery quantile of the distributiosup,c o , 5 | B°(t) |, whereB? is a Brow-
nian bridge. Values of, are given in Table 3.2.

A confidence band fol' can be found in a similar way.

Test of simple hypothesas= \, andy = ~,, where)\, and~, are specified, can be
made by checking whether the confidence bands conigandl’,.
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a |l 099 0.95| 0.90 | 0.75 | 0.50
cq || 1.552| 1.273| 1.133| 0.920| 0.720

Table 3.1: Some percentiles of distributiam,, ; 5 | B°(t) |-
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3.3 ldentification of lag dependencies

In classical time series analysis the sample autocormeldtinction GAC'F’) and the
sample partial autocorrelation functio§ ® ACF) has gained wide application for
identification of the model order, or lag dependency, foedintime series models.
For non-linear time series these tools are not sufficiertesthey only address linear
dependencies.

This section describes generalizations applicable fortitieation of the model order,
in terms of the needed lags, for non-linear time series nsodehe presentation fol-
lows [Nielsen & Madsen 2001]. The generalized functionsthed.ag Dependence
Functions(LDF), and thePartial Lag Dependence FunctiotBLDF). Furthermore a
measure of the distance from linearity, called Non-lineag IDependence Function
(NLDF), and a Cross Dependence Function is briefly mentioned

The tools are founded on the non-parametric methods ashedan Chapter cha:kernel.
The generalizations do not prescribe a particular smogttaohnique. In fact, when
the smoother is replaced by a linear regression the samgdmue of LDF and PLDF
reduce to close approximations of the sample versions of &@FPACF. The gener-
alizations allow for graphical presentations, very simitathose used for SACF and
SPACF.

Under a hypothesis of independence bootstrap confiderax@até [Efron & Tibshirani
1993] of the lag dependence function are readily calculaded it is proposed that
these can also be applied for the partial lag dependencadan€&urthermore, under a
specific linear hypothesis, bootstrapping can be used tstiart confidence intervals
for the non-linear lag dependence function. Since the dizleeoconfidence intervals
depend on the flexibility of the smoother used it is informato apply the tools using
a range of smoothing parameters.

The lag dependence function and the non-linear lag depeedenction are readily
calculated in that only univariate smoothing is needed redeemultivariate smoothing
or backfitting is required for the application of the partad dependence function.

In Section 3.3.1 the study is motivated by considering a Brdpterministic non-linear
process for which the sample autocorrelation function issignificant. Section 3.3.2
describes some preliminaries leading to the generalizatithe proposed tools are
described in Sections 3.3.3, 3.3.4, and 3.3.5 and boogst@gs considered in Sec-
tion 3.3.6. Examples of application by considering simedialinear and non-linear
processes and the Canadian lynx data [Moran 1953] are foudation 3.3.7.
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3.3.1 Motivation

The sample autocorrelation function, commonly used farcstrral identification in
classical time series analysis, measures only the degraeaf dependency. In fact
deterministic series exists for which the sample autotatros function is almost zero,
see also [Granger 1983]. Consider, for instance, the detetie process:

Xt — 4Xt71<1 - thl) (312)

for which Figure 3.1 shows 1000 values usilig = 0.8 and the corresponding sam-
ple autocorrelation functio§ AC' F' together with an approximative 95% confidence
interval of the estimates under the hypothesis that theryndg process is i.i.d. Fur-
thermore lagged scatter plots for lag one and two are shomam Ehe plot of the series
and theS AC'F the deterministic structure is not revealed. However, éiggéd scatter
plots clearly reveal that the series contains a non-lingaarhic dependency.

Xt
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Figure 3.1: The time series (topyACF (bottom, left), X; versusX, ; (bottom,
middle), andX; versusX;_, (bottom, right) for 1000 values the deterministic proces
Xt == 4Xt71(1 - thl) W|th X1 = 08

In practice the series will often be contaminated with n@isd it is then difficult to
judge from the lagged scatter plots whether any dependsnqmesent. Smoothing the
lagged scatter plots will aid the interpretation but difier smoothing parameters may
result in quite different estimates. Therefore it is impaottto separate the variability
of the smooth from the underlying dependence.

From Figure 3.1 it is revealed that, in principle, can be regarded as a function of
xy_p foranyk > 0, butk = 1 is sufficient, sincer, can be predicted exactly from

x;_1 alone. This indicates that there may exist a non-linearvadgnt to the partial
autocorrelation function.
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3.3.2 Multiple linear regression, correlation and partial cor-
relation

In this section the relations between multiple linear regi@n, correlation, and partial
correlation are presented with a focus on aspects leaditiggtgeneralized tools.

Estimates of correlation and partial correlation are dipsslated to values of theo-
efficient of determinatiofz-squared) obtained using linear regression models. The
generalizations of the sample autocorrelation funciotC' I’ and the sample partial
autocorrelation functio PACF are based on similaR-squared values obtained us-
ing non-linear models.

Consider the multivariate stochastic variablé X, ..., X;). The squared multiple
correlation coefficienpy, ,, betweent” and(X, ..., X;) can be written [Kendall &
Stuart 1961, p. 334, EqQ. (27.56)]

9 _V[Y]—V[Y|X1,...,Xk]

(3.13)

Given observationg;, z1;, . . ., zx;; @ = 1,..., N of the stochastic variablé¥’, X, ..., X})
and assuming normality the maximum likelihood estimatpggfmk) is

S50 — SSo(1..k)
SSo ’

whereSSy = Y (vi—Y_ y;/N)* andSSy...x) is the sum of squares of the least squares
residuals when regressing linearly onzy;, ...,y (i = 1,...,N). Rj, , is also
called the coefficient of determination of the regressi@), ,, can be interpreted as
the relative reduction in variance due to the regressors.

Rgu...k) = (3.14)

Hence it follows that when regressigglinearly onx, the coefficient of determination
R§;, equals the squared estimate of correlation betwéend X, and furthermore it

follows that 25 ) = R -

The partial correlation coefficienty1...—1) betweerY” and X, givenX,, ..., X;_
measures the extent to which, by using linear models, thati@r in Y, which cannot
be explained byX;, ..., X;_1, can be explained b¥,. Consequently, the partial cor-
relation coefficient is the correlation betwe@n| X, ..., X;_1) and(Xy | X1, ..., Xip_1),
see also [Rao 1973, p. 270]. Using [Whittaker 1990, p. 140bhiain

9 VY Xy, X - VY X X
Pok)|(1..k—1) = VIV [ X1, Xed] :

(3.15)

Fork = 1itis readily seen that(,,, , , 1) = py,)- If the variances are estimated us-
ing the maximum likelihood estimator, assuming normaiitigllows that an estimate
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of p%Ok)|(1...k71) is

SSo1..k—1) — SSo(1..k)
2 _
Riorya..k-1) = o . (3.16)

Besides an estimate ¢f0k)|(1...k_1) this value can also be interpreted as the relative
decrease in the variance when including as an additional predictor in the linear
regression ofj; onzy,, . . ., rx_1,;. Note that (3.16) may also be derived from [Ezekiel
& Fox 1959, p. 193].

InterpretingRg , ), Ry @nd R, ) @s measures of variance reduction when
comparing models [Anderson-Sprecher 1994], these canlbaatd and interpreted
for a wider class of models such as non-parametric and addiitodels.

In the following “~” will be used above values & S and R? obtained from models
other than linear models.

3.3.3 Lag Dependence Function

Assume that observatioqs;, . .., zy} from a stationary stochastic procegss; } ex-
ists. It is readily shown that the squar8diC F'(k) can be closely approximated by
the coefficient of determination when regressindinearly onzx; 4, i.e. Rg(k).

This observation leads to a generalizatiorbefC F'(k), based orﬁg(k) obtained from
a smooth of thé-lagged scatter plot, i.e. a plot of against:; _,. The smooth is an es-
timate of the conditional meafy.(x) = E[X, | X;_, = z|. Thus, the Lag Dependence
Function in lagk, LD F(k), is calculated as

LDF(k) = sign( fu(6) = fu(@)) \/ (R2)+ (3.17)

wherea andb are the minimum and maximum over the observations and thecapb
“+” indicates truncation of negative values. The sign is ideldito provide informa-
tion about the direction of the average slope. The trunnasimecessary to ensure that
(3.17) is defined. However, the truncation will only beconséve in extreme cases.
By definition LD F'(0) is set equal to one.

Due to the reasons mentioned above, wiigh) is restricted to be linead, DF (k) is

a close approximation § AC' F'(k) and, hence, it can be interpreted as a correlation.
In the general caséD F'(k) can be interpreted as (the signed square-root of) the part
of the overall variation in:; which can be explained hy,_,..
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3.3.4 Partial Lag Dependence Function

For the time serie$x, . . ,xx } the sample partial autocorrelation function in lag
denotedSPACF (k) or ¢k, is Obtainable as the Yule—Walker estimategf in the
AR(k) model

Xt = Oro + P Xe1 + ...+ O Xo—i + ey, (3.18)

where{e, } is i.i.d. with zero mean and constant variance. An additive non-linear,
alternative to (3.18) is

Xt = ko + fria(Xom1) + oo+ fin(Xi—i) + e (3.19)

This model may be fitted using the backfitting algorithm [H&agt Tibshirani 1990].
The functionf.x(-) can be interpreted as a partial dependence function ik lagen
the effect of lagd, . .., £ — 1 is accounted for. If the function;(-), (j =1,...,k)
are restricted to be linear thé@k(x) = gbkkx and the function can be uniquely identi-
fied by its slopepy.s.

However, since the partial autocorrelation function in Aaig the correlation between
(X | Xirs oo, X)) @nd (Xy—p | Xymq, .., Xyi——1)), the squareds PACF (k)
may also be calculated &, , , ), based on linear autoregressive models of order
k — 1 andk. Using models of the type (3.13)PACF(k) may then be generalized
using anRk-squared value obtained from a comparison of models (3fi&derk — 1
andk. This value is denote&%(]k)‘(lmkfl) and we calculate the Partial Lag Dependence
Functionin lagk, PLDF(k), as

PLDF(k) = Sign(fkk(b) - ]Ekk(a)> \/(R%Ok”(l...kfl))-i-' (3.20)

When (3.19) is replaced by (3.18)L.D F (k) is a close approximation sfPACF (k).
Asfor LDF(k), generally,P LD F (k) cannot be interpreted as a correlation. However,
PLDF (k) can be interpreted as (the signed square-root of) theveldgcrease in
one-step prediction variance when lags included as an additional predictor. For
k = 1 the model (3.19) corresponding ko— 1 reduces to an overall mean and the
R-squared value in (3.20) is thug ), wherebyPLDF(1) = LDF(1) if the same
smoother is used for both functions. Hor= 0 the partial lag dependence function is
set equal to one.

The non-linear additive autoregressive model (3.19) ishmafitted by the the back-
fitting algorithm [Hastie & Tibshirani 1990], see also [Nseh & Madsen 2001] for
details.
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3.3.5 Strictly Non-Linear Lag Dependence

The lag dependence function described in Section 3.3 mesboth linear and non-
linear dependence. If, in the definitiont(k), the sum of squares from a overall mean

S5y is replaced by the sum of squa@goL(k) of the residuals from fitting a straight line
to thek-lagged scatter plot, a measure of non-linearity is obthire this paper this
will be called the strictly Non-linear Lag Dependence Fiorctn lagk, or NLDF' (k).
Hence

SSOL(,C)

. . SSk  — S8
NLDF(k) = sign( fu(b) = fy(a)) J ( o °(’“’) . B2
+
vaﬁereﬁC is obtained as for (3.17), i.e. it is a smooth of théagged scatter plot and
SSo is the sum of squares of the residuals from this smooth.

3.3.6 Confidence Intervals

In principle, the smoothing parameters associated witlstheoth can be selected to
obtain R-squared values arbitrarily close to one. For this reasaes iftnportant to
obtain confidence intervals for, e.g., the lag dependenugtifin under the hypothesis
that the underlying process is i.i.d. and for a given set aatimng parameters.

As indicated above it is clear that the range of the confid@meevals will depend on

the flexibility of the smoother. To detect a general nondnity a flexible smoother

must be used whereby the range of the confidence intervabaiithcreased compared
to the case where we are only interested in detecting minpartieres from linear-

ity or departures in the direction of near-global higheresrdolynomials. Thus, the
bandwidth of the smoother can be used to adjust the propedtithe test. It is rec-

ommended to apply the methods using a range of bandwidthsrandthers. These
aspects are exemplified in Section 3.3.7.

Under the hypothesis that the time seHes, ...,z } are observations from an i.i.d.
process the distribution of any of the quantities discugsede previous sections can
be approximated by generating a large number of i.i.d. tierees of lengthV from
an estimate of the distribution function of the process awhlculating the quanti-
ties for each of the generated time series. Such methoddtaredenoted bootstrap
methods and in this context various approaches to the egilenlof approximate con-
fidence intervals have been addressed extensively in #ratlire, see e.g. [Efron &
Tibshirani 1993]. An extensive description of the bootstraethods for calculating the
confidence limits for LDF and PLDF estimates are found in [bda & Madsen 2001].
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3.3.7 Examples
Non-linear processes

Three non-linear processes are addressed, namely (i) thiengar autoregressive pro-

cess (VLAR(1))
1

T 1+ exp(—5X,, +2.5)
where{e, } i.i.d. N(0,0.12), and (i) the non-linear moving average proceS<.(/ A(1))

t ey, (3.22)

Xy

Xy =e;+2cos(e—1), (3.23)

where{e,; } i.i.d. N(0, 1) and (iii) the non-linear and deterministic process desctiin
Section 3.3.1, called NLAR(1) in the following. For all three cases 1000 observa-
tions are generated. The starting valuefat AR(1) is setto 0.5 and foDNLAR(1)

itis set to 0.8. Plots of the seriééLAR(1) and NLM A(1) are shown in Figure 3.2.
The plot of DN LAR(1) is shown in Figure 3.1.
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Figure 3.2: Plots of the serie6 LAR(1) (top) andN LM A(1) bottom.

For the calculation of. DF', PLDF, andN LDF alocal linear smoother with a near-
est neighbour bandwidth of 0.5 is used. Actually, laggedttscplots indicate that a lo-
cal quadratic smoother should be applied, at leasvibil/ A(1) andDNLAR(1), but
to avoid a perfect fit for the deterministic series a locatéinsmoother is used. Confi-
dence intervals are constructed using standard normavaise since normal QQ-plots
of the absolute values of the 200 bootstrap replicates sthoke to be appropriate.
The confidence interval obtained oD F is included on the plots aPLDF'.

Figure 3.3 showsSACF, SPACF, LDF, and PLDF for the three series. For
NLMA(1) andDN LAR(1) the linear toolsSACF andSPACF, indicate indepen-
dence and. D F shows that lag dependence is present. From these obses/dtian

be concluded thaV LM A(1) andDN LAR(1) are nonlinear processes. From the plots
of LDF andPLDF it cannot be inferred whetheé¥ LM A(1) is of the autoregressive
or of the moving average type. FOrN LAR(1) the autoregressive property is more
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clear sinceP LD F drops to exactly zero after lag two. In the casedVLAR(1) a
more flexible smoother will result in values 61 F' being significantly different from
zero for lags larger than two, while, fav LM A(1), LDF will be close to zero for
lags larger than one independent of the flexibility of the sther used. This is an
indication of DN LAR(1) being of the autoregressive type aNd.M A(1) being of
the moving average type.
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Figure 3.3:SACF, SPACF, LDF, and PLDF (columns, left to right) for series
NLAR(1), NLMA(1),andDNLAR(1) (rows, top to bottom).

For NLAR(1) the linear tools indicate that the observations come frorA &fil) pro-
cess. This is not seriously contradicted b F' or PLDF, althoughL D F' declines
somewhat slower to zero th&WC F'. To investigate if the underlying processiis linear,
a Gaussiam R(1) model is fitted to the data and this model is used as the hygpigthe
under which 200 (parametric) bootstrap replicatesvdfD F' are generated. Normal
QQ-plots show that the absolute values of the bootstrapcedpk are approximately
Gaussian. Figure 3.4 showsL D F and 95% standard normal intervals, constructed
under the hypothesis mentioned above. From Figure 3.4 @insladed that the un-
derlying process is not the estimatdd?(1)-model, and based oRLDF it is thus
concluded that the observations originate from a non-fipeacess of thel k(1) type.

For NLAR(1) Figure 3.5 shows the estimated relation betweeandz; _; using the
same smoother as used above. This should only be regardguielsranary estimate.
Note that although the investigation above indicates that\/ A(1) is of the non-
linear M A(1) type the models fitted with the purpose of calculating ', PLDF',
and N LDF are not of this type. A different method is required for estiion.
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Figure 3.4: NLDF for NLAR(1), including a 95% confidence interval under the
assumption of anl R(1) process (dotted).
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Figure 3.5: Scatter plot of, againstz, , for ]GLAR(I), together with the true (solid)
and estimated (dotted) relation using a local linear snmeyadind a nearest neighbour
bandwidth of 0.5.
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Canadian lynx data

Lin & Pourahmadi (1998) analyzed the Canadian lynx data fMdt953] using non-
parametric methods similar to the methods presented irptper. The data is also
described in [Tong 1990 Section 7.2]. In this paper a thorough analysis of the data
will not be presented, but the data will be used to illusthate the methods suggested
can be applied. As in [Lin & Pourahmadi 1998] the datdjg,-transformed prior to
the analysis.

For the transformed dataDF, PLDF, and NLDF are computed using a local
guadratic smoother and nearest neighbour bandwidths @@3.. A local quadratic
smoother is used since lagged scatter plots indicate thatoime lags the underly-
ing dependence may contain peaks. E&rF' 200 bootstrap replicates are generated
under the i.i.d. hypothesis and QQ-plots indicate thatdsieshnormal intervals are ap-
propriate. The same apply fo¥ L D F with the exception that the bootstrap replicates
are generated under the hypothesis that4l#2) model of Moran (1953), also de-
scribed by Lin & Pourahmadi (1998), is true. Confidence wakx are computed also
for PLDF for the nearest neighbour bandwidth of 1.0. The intervadsbased one
hundred bootstrap replicates Bf. D F' generated under the i.i.d. hypothesis.

In Figure 3.6 plots o LDF, NLDF, and PLDF are shown. Dotted lines indicate
95% confidence intervals under the i.i.d. hypothedi® ) and under theAR(2)
model of Moran (1953) ¥ LD F'). The intervals obtained fok. D F' are also shown

on the plots ofPLDF'. Furthermore, for the nearest neighbour bandwidth of 1.0, a
95% confidence interval for white noise is included on the pfa® L D F' (solid lines).

I

LDF
1.0 0.5 0.0 0.5 1.0
[
NLDF
1.0 0.5 0.0 0.5 1.0
PLDF
-1.0 -05 0.0 0.5 1.0

0 2 4 6 8 10 12 0 2 4 6 8 10 12 0 2 4 6 8 10 12
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I
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NLDF
1.0 0.5 0.0 0.5 1.0

PLDF
-1.0 -05 0.0 0.5 1.0

LDF
-1.0 -05 0.0 0.5 1.0

0 2 4 6 8 10 12 0 2 4 6 8 10 12 0 2 4 6 8 10 12

Figure 3.6: Canadian lynx datdog,,-transformed). Plots of. DF, NLDF, and
PLDF using local quadratic smoothers and nearest neighboumbdtins 0.5 (top
row) and 1.0 (bottom row).

From the plots ofLDF' it is clearly revealed that the process is not i.i.d. Thegpdit
NLDF for a nearest neighbour bandwidth of 0.5 show hardly anyifsigmt values,
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but when a nearest neighbour bandwidth of 1.0 is used lagsdvi@ur show weak
significance. This indicates that a departure from lingamithe direction of an almost
guadratic relationship is present in the data.

Finally, the plots of PLDF clearly illustrate that lag one and two are the most im-
portant lags and that other lags are, practically, non#sogmt. In conclusion, an
appropriate model seems to be a non-linear autoregressidelmontaining lag one
and two, i.e. a model of the type (3.19) with= 2.

Estimating this model using local quadratic smoothers andaaest neighbour band-
width of 1.0 yields the results shown in Figure 3.7. The resgofor lag one seems
to be nearly linear. This aspect should be further invetgjaThe results agree well
with the results of Lin & Pourahmadi (1998).

-05 00 05 10 15

0
a -

2.0 25 3.0 35

Figure 3.7: Non-linear additive autoregressive model fierbg,,-transformed Cana-
dian lynx data f»; (-) solid, f22(-) dotted). The estimate of the constant term is 2.76
and theM S E of the residuals is 0.0414.

3.3.8 Lagged Cross Dependence

Given two time serie§zy,...,zx} and{y,...,ynx} the Sample Cross Correlation
Function between processéX;} and{Y;} in lag k (SCCF,,(k)) is an estimate of
the correlation betweeX;_, andY;. It is possible to generalize this in a way simi-
lar to the wayL D F' is constructed. LikesC'CF this generalization will be sensitive
to autocorrelation, or lag dependenceiK,;} in general. ForSCCF this problem
is (approximately) solved by prewhitening [Brockwell & Oaw987, p. 402]. How-
ever, prewhitening is very dependent on the assumptiomedtity, in that it relies on
the impulse response function from the noise being indegretnaf the level. For this
reason, in the non-linear case, it is not possible to uselpteming and the appropri-
ateness of the generalization®f'C' ' depends o4 X, } being i.i.d.
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3.3.9 Final Remarks

Most of the methodology presented in this paper is implesgimt an S-PLUS library
called LDF which can be downloaded from http://www.imm.dtu~han/software.html.



Chapter 4

Cumulants and polyspectra

4.1 Introduction

Linearity and Gaussianity are highly related. This impetrtact is further discussed
in section 4.2.

Some of the traditional tools for testing for non-linearéye based on tests in the
frequency domain. For this reason the traditional powectspm is generalized to

higher order spectra in section 4.3. The higher order spestdefined as a Fourier
transformation of the auto covariance function to higheleormoments using higher
order cumulants for the process. Most frequently, howewsly the bispectrum is

considered. The bispectrum, including a method for estimgdhe bispectrum, is de-
scribed in section 4.4. Section 4.5 contains non-paraoesis for non-linearity and

non-Gaussianity based on the bispectrum. Finally, somanpetric tests for deter-

mining the nonlinearity, in particular the Lagrange mulgpstatistic are presented in
section 4.6.

Aspects of model validation, which relates to the identif@aproblem are described
in Chapter 3.

4.2 Gaussianity and linearity

The following decomposition theorem is well known from lamdime series analysis
—see e.g. [Madsen 1989].

85



86 CHAPTER 4. CUMULANTS AND POLYSPECTRA

Theorem 4.1 (Wold’s Theorem).Let X; be a zero mean second order stationary pro-
cess. TherX; can be expressed in the form

Xe=U+V;

where

e {U,} and{V;} are uncorrelated processes.

e {U,} is non-deterministic with a one-sided representation= % ">°, a;n:—;

oo 2

whereay = 1 and) ", a7 < oo, {n;} is an uncorrelated sequence which is
uncorrelated with{ V; }.

e The sequences:;} and{n;} are uniquely determined.
e {V;} is deterministic.
Proof. Omitted. [ |

This theorem implies thainy Gaussian process conforms to a linear procdsste
that the converse is not necessarily true, i.e. not eveeatiprocess is Gaussian.

4.3 Polyspectra

4.3.1 Cumulants and polyspectra

Definition 4.2 (Joint Cumulants). The joint cumulant for the random variabl&s, X5, ..., X,
is defined by

C{X1, Xy, ..., X3} = Z(—1)p*1(p — 1)ty fharg o fhr (4.1)

v

wherey,, is the mean of the products of’s corresponding to the partitiosy. The
sum is over all partitions of the numbelrs - - | k andp is the size of the partition. A
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Example 4.1.
C{Xi} = E[X{] (4.2)
C{X1, Xa} = E[X1X5] — E[Xi] E[X,] (4.3)
C{X1, X0, X3} = E[X1X2X3] — E[X1Xa] E[X3] — E[X,.X5] E[Xa]
E[X1] E[X>X5] + 2 E[X1] E[X5] E[X3] (4.4)
¢

Remark.The cumulants are equal to thhé&h order central moment fok = 1,2, 3,
but not for higher values df. This means that'{ X, X,} = Cov{X;, X5}, and the
third-order cumulant is

C{X1, X5, X3} = E[(X1 — E[X4])(Xs — E[X])(Xs — E[X5])]  (4.5)
v

Definition 4.3 (Moment Generating Function). The moment generating function for
the random variableX, X, ..., X is defined by

A

Definition 4.4 (Cumulant Generating Function). The cumulant generating function
K(04, ...,0) is defined by

K(@l,,ek) :10gM(01,,0k) (47)

A

Some tedious (but straight forward) algebra shows that

o 0

391 a—ekM<917“'7‘9k>|9¢=0,i:1 ..... = E{X1.. X} (4.8)
and

0 O KOs 00 om0ir k= C{X1 X} “9)

881 aek 15+ Vk)10;=0,i=1,....k — 10Xk .

Definition 4.5 (Polyspectrum of a Stationary Process)Consider a stationary stochas-
tic proces X, } and define

C(Tl, T2y veny Tk_l) = C{Xt, Xt+7-1 s Xt+T27 PN Xt+7—k_1} (410)
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Now thek-th order polyspectrum for the process; } denoted byfx (wy, ws, .. ., wk_1)
is defined by the Fourier transform 6§ X, X;1+,, Xiiry, ooy Xer,_, }s 1.€.

1 oo oo
fX(wl,ng,...,wk,l) = (g)kil Z Z 0(7-177-27-'-7ka1>
TI=—00  Tp_1=—00

exp{—i(wiT + woTo + ... + wp_17k_1)}. (4.11)

Note that the second order polyspectrum equals the stasgaadrum of a stationary
process. A

Definition 4.6 (Time reversibility). A stationary process is said to bme reversible
if for any integern, and everyty, - - - , t,, the joint distribution of X, ,--- , X, )is
the same as that 9%, --- , X;,).

A stationary time series which is not time reversible is saidetime irreversible A

For atime reversiblerocess it follows that
C(Tla"' 77_19—1) - C(_Tla"' 7_7_19—1)7 (412)

which implies thalm{ fx (w1, wa, ...,wx_1) = 0}.

4.3.2 Polyspectra, non-Gaussianity and non-linearity

Theorem 4.7.Consider a stationary Gaussian stochastic process}. Then all of its
polyspectra of order higher thatvanish.

Proof. Assume that the random variabl&s, Xs, ..., X}, £ > 2, have a Gaussian joint
distribution with meann and covarianc®. The characteristic function of the random
variables is

1
exp{im”t — §tTEt} (4.13)
Thus the moment generating function is given by
1
exp{m7’ + 5@)Tze} (4.14)

This shows that the cumulant generating function is quadra® and its derivatives
with order higher than two vanish. This completes the proof. [ ]
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4.4 Bispectrum

Definition 4.8 (Bispectrum). The third order polyspectrunfi(w;,w-) of a stationary
stochastic process is called bispectrum. A

By theorem 4.7 the bispectrum of a stationary Gaussian psoiseidentically zero.
This providesa basis for a test for Gaussianity

4.4.1 Bispectra and Linearity

Suppose that the two stationary processEs} and{Y;} arelinearly related through

Xp =) hiYi (4.15)
1=0
Then
fX (wl, QJQ) = H(—w1 — wg)H(wl)H(wg)fy(wl, WQ), (416)

where H (w) is the frequency response function of the filter with impulsgponse
{h;}. The result follows directly from the definition of bispaatn.

If {Y;} is a white noise process then equation (4.15) defines a ltaonary process.
Assume that a stationary procgss; } has the linear representation

o0

Xi= > a6 (4.17)

1=—00

where{¢;} is a sequence of independent, zero mean, identically loliséd random
variables (white noise). Denoting the third momentdby 1.3, we have

(L5 fx (w1, ws)

on) = H(w1)H (ws)H (—w; — ws) (4.18)

and denoting the second momentpby 5,

fx(w) = S Hw)P

Hence, under the linearity hypothesis, the quantity
|fX(W1,w2)|2

|fx (w1 — wo) fix (w1) fx (wo)]

(4.19)
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is a constant for allo; andw,. This providesa basis for a test for linearity Fur-
thermore, if the process is Gaussian, this constant isiclytzero for all frequency
pairs. Therefore, the estimation of the bispectrum fromeole=d data is a fundamental
step in one possible test for linearity and Gaussianity.

Example 4.2 (The bispectrum for an ARMA(1,1) process)This example illustrates
how to calculate the bispectrum for an ARMA(1,1) procesiwibn-Gaussian noise
input.

Consider the ARMA(1,1) process
Xt + a,Xt_l = €t + bEt_l (420)

where{e; } is a sequence of identically distributed independ&t 3)-distributed ran-
dom variables.

The frequency response function is easily found as (see $btad993])

1+ be ™

HWw) = —— 4.21
@) = oo (4.21)

When we include the above in equation (4.16) we get

P(b, w1, WQ)
= —_— 4.22
fX(WhWQ) f€<w1’w2>P(a, whwz) ( )
where the real part is given by
Re[P(z,wy,wy)] = 1+2°+ (2® +2) cos(w) +

(2° + 7) cos(wy) + (2 + ) cos(wy + wy)

and the imaginary part by
? — x)sin(w;) + (2 — 2) sin(wy) +

(z — %) sin(w; + ws).

Im[P(z,wy,ws)] = (x
As {¢ } is a sequence of independent random variables it follonectyr from the
definition of the bispectrum that

Fu(wr,ws) = (2“73)2 (4.23)

whereps = m(0,0). Sincee; is Gamma distributed

ft(wl,wQ) = W (424)
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Figure 4.1: Real part of the theoretical bispectrum for anvb®1,1) process with
Gamma distributed noise

e Im[f (w1, ws)] —

=Sz \
0.8 y — —— -\
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Figure 4.2: Imaginary part of the theoretical bispectrumegn ARMA(1,1) process
with Gamma distributed noise

sinceus = 2k33 for X ~ I'(k, B).

The theoretical bispectrum for the ARMA(1,1) process gibgn = 0.5 andb = —0.3
is shown in Figure 4.2.

4.4.2 Estimation of bispectra

Let X1, X, ..., Xy be realizations from a stationary (at least up to third grdevcess
{X:} with third central moment’(r, 7»). The natural estimate @f (7, 7») will be
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N—~
~ 1 _ _ _
C(Tl, 7—2) = N (Xt — X)(Xt+7—1 — X)(Xt+7-2 — X), (425)
t=1
T, Ty > 0
v = max(0,7, 7).

Then from the definition of bispectrum, we introduce thereate! (w;, ws):

I(wy,wy) = Ok {Z X) exp(—iwst)} (4.26)
X{Z X) exp(—iwst)} (4.27)
X{Z X)exp(i(wy + we)t)} (4.28)

This estimate is often called thaird order periodogram Exactly as in the peri-
odogram case, this estimate is asymptotically unbiasedhdiutonsistent. Thus, it
must be smoothed by choosing some suitable window.

4.4.3 Consistent estimate of bispectra

In order to obtain a consistent estimate of the bispectroebispectrum is smoothed
by using a kernel in the frequency domain. This is a directegaization of peri-
odogram smoothing for estimation of spectra and is closgfted to the non-parametric
methods discussed in Chapter 2. Recall that the smoothemtipgram estimate at a
frequency is obtained by a weighted average of periodogrstimates at neighbor
frequencies or equivalently by

fu(w) = / ’ T1(0)K (6 — w)db

—Tr

where K () is a kernel with bandwidth determined By, f,,(w) is the estimate of
the spectruny(-), and(-) is the raw periodogram estimate.
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We consider unit bandwidth kernels in two paramef€séd; , 6,) that satisfy:

K0(917 92) = K0(927 91) == K0(917 _91 - 92) = KO(_el - 927 92) (429)

/ Ko(61,0,)d0:d0 = 1, (4.30)

62 J 01

/ Kg(@l,eg)dﬁldﬁg < 00, (431)
62 J 01

/ / Q?Ko(el, 02)d81d82 < OO,i = ]_, 2. (432)
62 J 01

Exercised4.1 Using the symmetry condition (4.29), show that

%/ / 9?K0(91,¢92)d¢91d092 - —/ / 9192K0(¢91,92)d091d¢92,’i - 1, 2

Now denote the inverse Fourier transformiaf(6,, 02) by Ao(11, 72), i.€.
)\0(’7’1, 7'2) = / / exp(in@l + iTQ@Q)KQ(Gl, 92)d91d¢92

The function\o (7, 72) is a window in time domain (note that convolution in frequgenc
domain corresponds to windowing in time domain and viceajed/e further assume
that the first partial derivatives o¥y(m, 7») with respect tor, andr, at (0, 0) vanish
but the second derivatives are different from zero. Suchlewnfunctions are said to
belong to theC}? class. A kernel with bandwidth/, K,,(60,,0,), is defined by

K (0y,05) = M*Ko(M6y, M6s,). (4.33)

It can be shown that it/ is chosen such that/ — oo, whereN is the number of
samples, buiﬁ{,—2 — 0, then the smoothed estimate of the bispectrum given by

™ s

fM(wl, WQ) = / KM(01 — W1, 02 — wg)](ﬁl, 02)d91d92 (434)

—T —T

is asymptotically unbiased and consistent. The followingorem may be used to
assess the mean square error of the smoothed bispectromatesti

Theorem 4.9.Let the second order partial derivatives pfw;, w>) exist and be finite,
and letC'(, 7») satisfy the condition

e}

Z |7:C (11, T2)| < 00,i=1,2.

T1,T2=—0C

Further, letKy (-, -) € C}?). Then the asymptotic bias fw;, w) denoted by(w;, w)
is given by
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and the asymptotic variance term Vgitw,, w»)) by

M? V.
W2_2f(wl>f(w2)f(wl + ws)
where
B, = //0102[(0 01, 05)d0,dbs, (4.35)
02
Va = (QW)/ K§(61,05)dbdb, (4.36)
8, Jo,

, 22
D( )(Wl,u}Q) = (aw% + awg - awlwz)f(wth)’ (437)

Exercise4.2 Let
M*(wy,ws) = arg mj\}n MSE(w;,ws)

where the mean square error is given by

MSE(wr,ws) = |blws, ws)|? + var(f (wy, ws)).

Show that
M*(wl,wg) = MRG(wl,wg)
where
By .1
My = s,
R (\/72)

) TN
G(wl,wz) = [2D( )(wl’w2)\/f(w1)f(w2)f(wl —|—w2)

Notice thatz does not depend upon the choice of kernel. Further, showhbaiptimal
value of M S E (with respect ta\/) is given by

Q[ﬁf(wl)f(“&)f(uh + wy) D (wy, we) Vo By] 72/,

which indicates that the terivi, B¢ is instrumental in evaluating the appropriateness
of the type of kernel to be employed among the clasé*@f kernels.

Exercise4.3. Consider the one dimensional lag window(7) satisfying
and the (unit bandwidth) kernel defined by

(617 92

7'2 eXp ZT1091 ZT2092)

T]=—00 T2=—00
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where\y (71, 72) = Ao(71)Ao(72) Ao (71 — T2). Verify that condition (4.29) holds for this
window. Moreover, verify that the first partial derivatives\,(m, 72) with respect to
71 andr, at (0,0) vanish but the second derivatives are different from zerepeat
the above for the constructioq () A\o(72). Does the window defined by (1) \o(72)
belong to theC'? class? Finally show that (4.38) is satisfied by (unit bandhwid
Daniell, Tukey-Hamming, Parzen, and Bartlett-Priestlegdews (see e.g. [Madsen
1995, Table 6.2).

Summary of Window and Bandwidth Selection

e See [Madsen 1938, pp. 178, Table 6.2. Choose a window and &&t= 1 to
obtain\y(-).

e Compute the three dimensional window(ry, 72) = Ao(71)Ao(T2) Ao (71 — T2).
Choosel, noting that

— Ifitis possible, M should be less than the square root of éimede size, N.

— It should be smaller than the value &f used in estimating the spectral
density.

— Use (4.2) to calculate the optimal bandwidth. Once for soebection of
kernel X, the optimal bandwidtid/y is found the)M value for others, say,
Parzen window\/p,,. is calculated according to

MR Parzen
Mpy = ———M 4.39
par = T M (4.39)
whereMp . denotes the value a¥/y for the corresponding window selec-
tion.

Example 4.3 (Estimation of bispectra).Consider a time series of lengfth = 500
which is generated by the ARMA(1,1) process with Gamma ihisted noise consid-
ered in Example 4.2.

Figure 4.4 and 4.6 show the estimated bispectrum Witk= 10 and M = 18, respec-
tively. In both cases a Parzen window is used.

As expected a more smooth variation of the estimated bispecseen forM = 10
compared toV/ = 18.

A comparison with the theoretical bispectrum in Figure fdicates a reasonable
agreement for the real part; but for the imaginary part thenaged bispectra seems
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Figure 4.4: Imaginary part of estimated bispectrum, Pawi@dow, N = 500, M =
10

having trouble with detecting the local minima observedia imaginary part of the
theoretical bispectrum.

This concludes our discussion @fon-parametric method®r estimating the bispec-
trum of a process. If the data generating mechanism is kreopaiori, e.g. a bilinear
model, it is also possible to explicitly compute the bispect for that model and eval-
uate the result for some estimated parameter values. Tapasmetric method
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Figure 4.6: Imaginary part of estimated bispectrum, Pawi@dow, N = 500, M =
18

4.5 Tests using the bispectrum for Gaussianity
and linearity

Statistical Test for Gaussianity (Symmetry)

Here we have to test the null hypotheséls: f(w;,w;) = 0 for all w;, w;. However, as
a result of the following symmetry relations:

f(wl,wg) = f(wQ,wl) (440)
= f(wl, —W1 — LUQ) (441)
= f(—w1 — Wa, CL)Q) (442)

= f (wg,wl) (443)
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it will be enough to evaluate the bispectrum at the pointdined to the area with
boundaries:

Wy — W = 0

wo + %wl =T

w; =0
®3
" 77/7%;1—[?&5@7”777”77”71
”*H%Iﬂ%#l‘l%k”i*”Ti””i
”*H%IW%H”;””%* *J;””i

Figure 4.7: Choice of grid for P=7, n=9. The coarse grid moare marked by X and
the fine grid points are marked by vertical or horizontal joieces.

Our aim is to estimate a (compleX) x 1 vectorn where thei'th element is the
bispectrum of theé’'th node. In order to estimate, we estimate the bispectrum for the
points corresponding to fine grid (see Figure 4.7). Thesmasts are then gathered
in n vectors (each vector having elements), each denoted §y), i = 1, ..., n. Now
estimate:

po= >y (4.44)
=1
A = [go —llge — A" (4.45)
=1
¥ = % (4.46)

Under the null hypothesis th#{w;, w;) = 0 for all w;, w;, the statistic?; defined by

Fo= 20 =P (4.47)

2p
T2 = npt A 'q (4.48)
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is distributed as a centrdl’ distribution with (2P, 2(n — p)) degrees of freedom.
The latter is the complex generalization of Hotelling'$test (see [Giri 1965, Khatri
1965]).

Test for Linearity

This test is very similar to the previous one, with the follogz modifications. The
vector§ ;) is modified toY ;. The elements of the vector are now

|f (wi, w;)|?
4.49
f(wi) f(wj) f(wi +wy) ( )
instead off (w;, w;). Denote the counter-part of the vecipby Z. Now estimate:
. ] —
z = - ;Y(i) (4.50)
S =) Yu-2)y-2) (4.51)
i=1
3y = S (4.52)
n
Define the statisti¢’, by
/”L —
T = nB'S;'B (4.54)
B8 = BZ (4.55)
Sy = BYyBT (4.56)

where) = P — 1 andB is a) x P matrix defined by

1 -1 0 0
0 1 -1 0
0 O 1 -1

Under the null hypothesis, the statisfigis £ distributed with(Q), n — ) degrees of
freedom.

For a more comprehensive study of non-parametric testsifrélguency domain see
[Subba Rao & Gabr 19&}.
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Figure 4.8: Monthly observations of unemployment in Gerynan

There also exist other non-parametric tests. For exampdst @rocedure is suggested
by Hinnich which is basically the same as Rao-Gabr’s tedt glight modifications.
The finite Fourier transform of the sample is used to cons&@onsistent estimator of
the bispectrum, instead of Rao-Gabr’s standard windowexgbEacovariance method.
For details see [Hinnich 1982].

Some comments on the use of bispectra

Mellentin (1992) has experimented with the estimation spbrtra and non-parametric
tests for Gaussianity and non-linearity, see [MellentiB2]9 He points out some draw
backs of Rao-Gabr’s test and their results gathered in [S&ap & Gabr 1984]. He
suggests among others that the test quantity in some cagexyisensitive to the test
parameters, e.g. the distance between the points of therfthesgirthermore, he crit-
icizes Rao-Gabr’s choice of Daniell window in [Subba Rao &638984], since it in
some cases results in a negative value of the spectrum infsequency ranges. This
obviously questions the credibility of the test results.atso suggests that one should
not use the same window and truncating point for estimatf@pectra and bispectra.
Nevertheless, he believes that the tests in bispectra havadvantage that they are
non-parametric and are not restricted toagpriori structure.

His experimentation with Hinnich’s proposed test, as dbsecr in [Hinnich 1982]
shows that the test results are superior to Rao-Gabr’s guoee However, Hinnich'’s
test is computationally more demanding.

Example 4.4 (Tests for Gaussianity and linearity in German memployment data).
Mellentin (1992) has analyzed the German unemploymentstatas{ 7;} in the pe-
riod January 1948 - May 1980. The time series is shown in EigL8.
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Figure 4.9: The time series DIFFARBL.

Test for. .. Testin Test in 95% quant. in F-dist.
[Subba Rao & Gabr 19%} | [Mellentin 1992] F(14,4)/F(6,3)

Gaussianity 349.9 399.1 5.89

Linearity 221.53 1084.7 8.94

Table 4.1: Tests in the bispectra for Gaussianity and lityear

In order to remove variations in the data, he performs tHeviahg transformation:
Y, =(1-B)(1-B%Z
The serieqY;} is denoted by DIFFARBL and shown in Figure 4.9.

Estimated bispectra for DIFFARBL are shown in Figures 4.4 4. In the latter
figure normalized values of the bispectra are considered.

It is clearly seen that the bispectrum is non-zero. This reélaat the process in non-
Gaussian. Considering the large number of extreme valuB$HRARBL this seems
very reasonable.

The statistical non-parametric tests based on estimafibispectra rejects the Gaus-
sianity and linearity hypothesis.

Tests for Gaussianity and linearity are shown in Table 4.he-results are further
discussed in [Mellentin 1992]. The tests are based on a Danrelow with M = 20
andd = 12 (Furthermores = 6 andr = 2).

The statistical non-parametric tests based on estimafitspectra rejects both the
Gaussianity and the linearity hypothesis.
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Figure 4.11: Modulus of bispectrum for DIFFARBL, Daniell; = 10

Is is seen from Table 4.1 that [Subba Rao & Gabr 1)&hd [Mellentin 1992] obtains
different results using the same data. However, in bothsc#se Gaussianity and
the linearity is rejected. The differences illustrate thetfthat tests using the non-

parametric bispectra is sometimes rather doubtful. Thblpros is further discussed
in [Mellentin 1992]. ¢

4.6

Parametric tests

Some parametric tests are based on the Lagrange Multiphdy gtatistic — see sec-
tion 4.7.2 for an introduction.

Problem Formulation: Suppose that the model can be written as

X, = ﬁlTXt—1 + (B2, Xi1) + & (4.57)

Partition the parameter vectgf as3 = [(1, 52| where; and 3, parameterize the
linear and non-linear parts, respectively. It is desiretbsb:

HQZBQZO
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Figure 4.13: Norm. bispectrum for DIFFARBL, Parzéd,= 20

against the alternative:

leﬁg%O

In general the procedure is:

1. Minimize
S(B) =Y (B (4.58)

under the restrictiop, = 0 and estimat¢; denoted by?l. Denote the residuals
under the null hypothesis ly.

2. Compute the efficient score
&St

Bk

for the hypothetical non-linear model. Evaluatéd) at (5;, 3.) = (61, 0) and
denote it by

z(P) (4.59)

Zy = ['%tv 2ét]

where partitioning is performed in the obvious way.
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3. Compute the statistic

LM =673 @) ) o= 23 () 2ud) ' ) 2} (O 2ué)

(4.60)
whereg? is a maximum likelihood estimate for the variance of thedeals un-
der H,. In a standard situation, the statistic LM is asymptoticafl distributed
with degrees of freedom equal to the dimensioppf

For a further discussion about the LM test, see [Harvey 128@] [Saikkonen &
Luukkonen 1988].

4.7 Model validation

4.7.1 Introduction

There is no universally accepted procedure for modelingstesy. In time series
analysis, however, there are various “tools” to verify thédity of an assumed model
or model structure. One of the most primary test procedwésst for linearity and
Gaussianity that was thoroughly investigated in the seabio identification of non-
linear time-series. In this section, we are mostly conagmigh the other end of the
problem: Given a model and a set of observations, how toy#rdt the model is a
“good” fit to the true system. The appropriateness of the éibiously a goal oriented
guantity (if such quantity is defined at all).

It is common practice within the time-series community téirteethe “distance” be-
tween the model and the true system by some quadratic eigrassthe prediction
errors (or residuals). Thus the appropriateness of a medaimally defined as its
ability to provide a better prediction of the future behavia the following, we men-
tion some widely accepted (or at least widely known) créefThe interested reader
may consult [Tong 199§ and [Madsen 1994 for details.

4.7.2 Tests for Structure Discrimination
Likelihood Ratio Test

The problem is to test the hypothesis
HO 10 € Mo
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against the alternative

H1 : 9 c Ml

where@ is the parameter vector andl, C M.
A = L(6o)/L ) (4.61)
LR = —2logA €., X*(s—71) (4.62)

whereL(6;) (i = 0, 1) is the maximized likelihood function undéf, and H,, respec-
tively. s andr denote the dimensions @#(; and M.

Lagrange Multiplier Test

If the subseiM, is defined as the-dimensional subspace for which thelimensional
parametep is restricted by the vector of independent constrag®) = 0, one may
apply the Lagrange Multiplier Test. The test quantity is

LM =N"'d §'d (4.63)
where Dlog L
d= 50 (4.64)
and )
5o s

and N is the number of observationgl and S are obtained by evaluating and S

at theconstrainedmaximum likelihood estimaté. Under H,, the test quantity. )/

is asymptotically distributed ag?(s — r). LM is also know as the efficient-score
statistics

Another variant of the test known as Wold’s test is obtaing@\maluatingd and.S' at
the unconstrained maximum likelihood estimate, see [Hat@89].

Bayesian Model Discrimination

We wish to test the null hypothesis that the true modelig against the alternative
H; that the true model is\l;. Let’s denote the loss of choosing,; when Hj is
true by L(Hy, H,) and similarly definel.(H,, Hy). If Hy and H; are true with prior
probabilitiesP(H,) andP(H,), then Bayes’ rule yields that the posterior probabilities
(given data)’) become:

P(Ho|Y) = P(Y|Ho)P(H,)
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and similarly forH,. Now, H, is accepted if
P(H1|y)L(H1,H0) < P(H0|y)L(HQ,H1)
Combining this last inequality with the Bayes’ rule yieltiat H, is accepted if:

P(Y|Hy) _ P(H:\|Y)L(H,, Ho)
P(Y|Hy) = P(Ho|Y)L(Ho, Hy)

This is the same as likelihood ratio test with the advanthagethe critical values of the
test are determined by the loss of making wrong decision laagtior probabilities.

4.7.3 An Overview of the Model Order Determination Crite-
ria

AIC (Akaike Information Criterion) is given by
AIC = —2log(maximized likelihood + 2p

The minimizer of AIC' determines the model order. A draw back of the criterion is
its tendency to overestimate the order of the model for ldage records. In order to
relieve this problem another criterion called Bayesiamimfation Criterion (BIC) is
often used:

BIC = —2log(maximized likelihood + plog N (4.66)

4.7.4 Model Validation and Residual analysis

The idea behind residual analysis is to figure out if the sgsteesponse is “close”
to the predictions from the model. Under the assumptionttiimodel is valid the
residual sequencg must be uncorrelated. Thus

P S (e — ek — )
Zﬁil (€; —€)?

will provide an estimate of the auto-correlation functidrtie residuals for lag: =
0,1,2,.... Itis well known that under the null hypothesis the sequaseeéhite noise,
VNpi, k = 1,2, ... is Gaussian with mean value zero and unit variance. Then in
this case is easy to test the null hypothesis. There are tabisrbased on cumulative
periodogram and tools involve investigating if the inpudldhe residual sequence are
correlated, see [Madsen 1945

(4.67)



Chapter 5

Parameter estimation in nonlinear
systems

5.1 Introductory discussion

This chapter treats parameter estimation in nonlineaesyswith discrete time. The
systems are supposed to be described with models containkigpwn parameters,

given the structure determination and tests for nonlimg#nat were discussed in the
previous chapter. A couple of algorithms for parametemestion will be discussed,

keeping in mind some of important properties of the resglparameter estimate that
are to be sought, as e.qg.

e asymptotic unbiasedness, i.e. no systematic error whemutnéer of data points,
(IV), increased unboundedly,

e asymptotic consistency, i.e. the variance of the estima#s ¢p zero asymptoti-
cally with N — oo,

e asymptotic efficiency, i.e. minimal variance amongst usbihestimates.

In addition we are interested in knowing the distributiontloé estimates, if that is
computable. Finally, we would like to say something aboetdbnvergence speed as
function fo N.

The general problem will be appoached by the Maximum Lilaithmethod, and by
a Prediction error technique, sometimes, cf. [Tong 1)@8alled the conditional least-

107
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squares method. Just as in the linear case these two metHbsisow some similari-
ties, cf. e.g. P] for a discussion. Due to the variety of nonlinear model espntations,
the properties of the parameter estimates can be expedbedvery diverse, hence in
addition to study the general principles mentioned, thelipt®n error method will
also be discussed in connection with estimation in modets thresholds and in bi-
linear models.

The model selection and validation problems are also dsszliand a couple of tests
will be presented.

5.1.1 On a previous test

The Lagrange multiplier (LM) approach presented in the jorev chapter gives a pos-
sibility to test possible extensions of a basic linear orlim@ar model with (extra)
nonlinear terms without having to estimate the ’large’ mpde. the model with full
parametrization. The procedure saves computations ahd éttended model indeed
is an overfit the procedure also makes it possible to avoidenigad trouble. The idea
is of course also applicable in the linear case, cf. [Boh8@8] where a test of this
type is shown to give asymptotic maximum discrimination pawThe test statistic,
which is a function of the efficient scorgg has under the nulhypothesis distri-
bution with as many degrees of freedom as the number of paeasna the nonlinear
part of the model.

Note the important property of this type of procedure belrg it not only gives at test
of nonlinearity but also gives an idea about the alternative

5.1.2 On e.g. Hammerstein models

A Hammerstein model (introduced already in the mid-sijtiesn exemple of a non-
linear model with a regression structure, with a predidta &.g.

§(t1e) =D 07 gi(u',y')

where thep; are arbitrary functions of past data. Look on this as a fiditeensional
parametrization of an unknown nonlinear function. The ceaaf nonlinear functions,
i.e. ¢; depends on possible physics, intuition, data, etc and mizgbed as above.

The Hammerstein case is when we have

Algy(t) = Bilg )u(t) + .. + Bylq P (t) + e(t)
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wheree(t) is a noise sequence and tBes are polynomials in the backward shift op-
erator. It may be regarded as a simple form for Volterra madtl a simple form of
generalized transfer function, cf. section 1.2.1. By idtrcing the unknown parame-
ters in the polynomials asand correspondingly for the output and input signals we get
something of the sort mentioned above. The predictor thotagts an ARMAX part
and a nonlinear part that depends on powers of the inputlsifha parameter estima-
tion may be based on e.g. a least-square approach, and lcaveonvergence proper-
ties, given a sufficiently exciting input signal, cf. e.goffgrstrom & Stoica 1988] or
[Olbjer et al. 1994].

Note that in this case we have a static and continuous namitgevorking on the
input or the system. In cases when such a nonlinearity actingn external signal is
discontinuous or its derivative is discontinuous, such.gsvehen there is a saturation
or a hysteresis before the linear part of the system, a neblgmopops up, that of
determining the point of change. That problem is howevesobted in full generality,
but it might be seen (partly) as a threshold problem, cf.\elo

Nonlinear models of this polynomial type are common as fippgiraximations to gen-
eral nonlinear systems. The applicability of least-sgsianethods for parameter es-
timation makes the useful also in connection with adaptov@rol or adaptive signal
processing. This is treated in the thesis, [Vadstrup 1988pnnection with adaptive
control of nonlinear systems with static nonlinearitiestioa input. He defined what
you might mean with an optimal predictor and showed that usdiable conditions
you do indeed get an optimal predictor and optimal contrebah the asymptotic
adaptive case.

5.2 Maximum Likelihood in general

5.3 An approximative Maximum Likelihood method
for nonlinear systems

Let the unknown system be decribed by
X1 = (X, ug, 0) + g(Xe, ug, O)wy, (5.1)

}/;g = h(Xt, U, 9) =+ e;. (52)

Assume that the initial condition is Gaussian, and that tmetionsf(), g() andh()
are continuous. Write the likelihood for the stat&$, denoting the sample path of the
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state variable byt

L0, XY) = px(XN|9) = (-3)
= [HpX Xt|Xt 15 )] pX(Xt0|8)'

px (X4, |0) is the density for the initial state. This equation is howewmst often
not a possible starting point for achieving a working altfori when estimating the
unknown parameters, The problems are e.g. that the distribution of the stateas
awhole have to be computed for every time step and everyaeresi candidate of the
unknown parameteé, Furthermore, usuall is not observed.

However, by alternatively considering the observatignshe likelihood can be writ-
ten

L, YY) = py(YV)0) = (5.4)

= [H py (V' 0)

where, the entire history of the output signal is used in treddioning, sincey; gives
an incomplete observation of the state vector. Again, tlobdlpm is the unknown
densities. However, by considering the one-step predi&rioors

5t(9) =Yt — h(Xt\t—la Ug, 9) (5.5)

Py (Y10]0).

and assuming Gaussianity of these variables, resting oashiemtion that the obser-
vation noise:(¢) is Gaussian, then the likelihood for the outpMtswhich is expressed
by using the prediction errors, can be completely charaet@iby the first and second
moments in the conditional distributions, which gives

N

1 1 1 1
L(97 yN) - _5 ];[ (_) det(Rt‘t,l)_E eXp(—ingt|t,1€t), (56)

Sl

27

giving the loglikelihood

N
1
log L(6, YN) = -5 > [ogdet(Ry—1) + &f Rys—12,)] + const (5.7)

t

with R,,_, being the conditional variance, i.e.

Rt|t—1 = Var(yt|yt71, 9) (58)

Now the approximative maximum likelihood estimate of thegpaeters are found by
minimizing (5.7), giving the estimates An estimate of the precision of the esti-
mate may be obtained from the inverse Hessian obtained fieradtimation routine.
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The Hessian can be interpreted as an estimate of the inflmmattrix. The proper-
ties of this approximative algorithm depends on the validitthe assumption about
Gaussianity above. Hence no general statements can be madeé|l depend on the
nonlinear functions involved and on the distributions & thsturbances acting on the
state and on the output.

54 Maximum likelihood estimation in nonlinear
systems

The presentation here will be very brief, a more thorougbutision may be found e.g.
in [Hall & Heyde 1980] where general properties of maximukelihood estimation
of parameters in stationary ergodic Markov chains is diseds

The presentation here will first be in a handwaiving manrtegntsome very short
arguments will be given towards a more strict presentation.

Start with a sample of data

YV = (Vi,..., Vo) (5.9)
from a time seriegY;} with a probability densityPy (y1, . . ., yn; 0) that depends on a
parameted, with a true valug),. Start with the single parameter case.

Introduce the loglikelihood functiohy (0) = log Py (y1, - - -, yn, 0), its gradienldeLg(B)
and the increment of gradient as
_dLy(9)  dLi—1(0)

which gives?2® = Y™y, Assume that(6) = 0 and that, (22?2 < o,

~

Then the ML-solution(6), to the problem is computed as a solution to the likelihood

equation
dLy(0)

de
. . . . . dL(6)
The estimate is iteratively computable via the Taylorexgam of =77~

~ 0. (5.11)

N
0="> ui(f) — (0 — 0")In(0) + remainder (5.12)

where the expressiahy (#), can be regarded as an approximation of Fisher’s Informa-
tion Matrix. It is computed from

Iy =Y E@]Y. (5.13)
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Now the Maximum Likelihood estimate attains a Gaussiarrrifigtion as the number
of data points increases

NI

[In(6o)]2 (0 — 6p) — N(0,1). (5.14)

This estimate has a number of nice properties such as e.gartfiaother consistent
estimate ofy which has an asymptotic Gaussian distribution when nomedliwith

1 . . . .
[Ix(0)]2 will have a larger estimation error variance.

This is indeed just browsing over the material. However theartant message is that
everything is as should be expected and including that weugetxpression for the

precision of the estimates, to be interpreted as the Fisf@nnation for the estimation

procedure.

Furthermore, as usual, the computation of the likelihondfion and the estimate of
the information matrix might be the difficult and demandirggtp of this solution of
the estimation problem.

Remark.A (slightly) more precise discussion starts by definingartingale Let B”
be a sequence of growingalgebras and(,, being a random variable.

Definition5.1 (X, B") is amartingaleif

e X, is measurable with respect By
o F|X,| <

o E(X,|B™)=X,,; m<n
if > X,, we have ssubmartingaleand
if < X,, we have asupermartingale

An important property of this type of processes is that atiichsubmartingale is con-
vergent!

Introduce the loglikelihood function and its gradient aswabin equation(5.10 to arrive
at

E@(ui‘yi_1> =0

where) is theo-algebra generated by thé sequence anlyL;, '} can be shown
to be a square integrable martingale.
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Hence{u;, Y’} is a square integrable martingale difference sequence and

N

In(0) = Ep(u|Y™)

1
expresses the conditional information on the datd ¢s Fisher Information).
Then, under some conditions that are stated in [Tong BO86mM [Hall & Heyde
1980], we get, a®v — oo, that
I (0)7 (O = 6) = N(0,1)
wheredy is a root of the likelihood equation

gL(8) = 0.

This form of maximum likelihood estimates of parameters amlmear systems is
indeed also efficient in a specifiable meaningSif is another consistent estimate of
the paramete#, for which we have

[In(66)]% (Sn — o) — N(0,4%(6s)), (5.15)

where~() is bounded and continuous éh then under suitable regularity conditions
v2(6y) > 1. Hence the ML estimate attains the optimal variance.

In case there are more than one parameter to estimate, #resex of this maximum
likelihood algorithm essentially goes via a definition o tincrement of the gradient
of the likelihoodfunction

0
— %(

and a corresponding definition of the 'Fisher information’

u(6) Li(0) — Li—1(0))

N

In(0) = Eo(u;(0)ui(0)"|Bi1)

1

leading to consistency and asymptotic normality.

Remark.To see the analogy with the linear case, start with the hioeld function for
estimation in an AR(1) process written on regression form

Px(zy, ..., x5, 0) = DV p(z|2i_1, . . ., 0) - p(initial values
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and find the loglikelihoodfunction as

N
1
Ly(0) = -+ = const— o > et 0)

and thus the increment of its gradient

1
u; = gL —gLiy =--- = —CiPi-
o
Hence

Ey(u;]l XY = 0 (5.16)

. 1
Ep(uf|X™h) = o= ¢} (5.17)

g

which as desired, gives

S B = 53

and the information matrix in the linear case is refound[&for [?]! v

Example 5.1. Look at a nonlinear autoregression of first order, an NLAR{Dcess,
given as
Xt = )\(.Z’tfl, 9) + &;. (518)

The loglikelihood function, given the initial values andsaming that the noise se-
quence is Gaussian, € N'(0,1), is
1 N

Ly(0) = =3 > [ — AMxi_1,0))” + constant (5.19)

which gives the increment of the gradient

u(0) = L@;@l’ ). (5.20)
which indeed has zero conditional expectation. The infoionanatrix is
N

Iv(@) = > Bp(uf|x) (5.21)

N 2

d)\(.Tifl, 9)

= _— .22
> (Pt (5.22)

A\
— NE <@) , N — 00. (5.23)
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Asymptotically the parameter estimate attains a Gausssanbdition

a2l
6—6— N0, |NE (%) ] ). (5.24)
If, in particularA(x, ) = 0x(x) we get
N
Oy = w (5.25)
> X (i)
A 1
Vi = — . 2

ar(@N) NEXQ(I‘l) (5 6)
Note that this in indeed a Hammerstein model, revisited. ¢

5.5 Prediction error methods

Prediction error methods in their general form, presented in connection iwitar
system identification, are applicable also in the nonlimage. Again, refer to [Hall &
Heyde 1980] and to [Tong 198Dfor details. The original reference to the prediction
error technique is the nonlinear case is [Klimko & Nelson 8]9and the method is
treated in depth also ir?[.

Start by defining the lossfunction

Qn(0) = (x; — Eglw;]X50))%,

where the process; is predicted by its conditional mean &;|X;_,) given the pre-
vious observations that are collected in the informatian(sgmaalgebrajt. The
parameter estimates are given by the solution to the setuaitens

QN
00;

=0;:=1,...,p.

We see that the one-step prediction errors for the nonlipesress enter into this for-
mulation of the loss function, but the problem formulatitiows different parametriza-
tions e.g. in order to reflect the intended use of the modehcElgf prediction models
might be developped also férstep predictions withh > 1.
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In ordet to derive an estimation algorithm, a Taylor expanf the loss functiord)
aroundd, is performed, to get

Qn(0) = Qn(0) + (0 — o) DeQn(00)
+ %(9 —00) V(0 — 6y)

+ (0 —00) TN (0%)(0 — bo)

!

2

HereD is a gradient)/y is the Hessian at, and
Tn(0") = Dy@Qn(0") — Vi

andD2Q y(0*) is the Hessian at*.

Then, if

o Tv(0*) is small
e 2N) Wy -V
o N"'DyQn(0) — 0,

there is a sequence of estimafés } such that
éN — 00, a.s.

and fore > 0; 3 an event” with P(E) > 1 —¢ and an\V, such that ot for N > N,
0y satisfies the (conditional) least squares equation

=0;2=1,...,p.
8‘9@ 3 2 ) P

andQ attains it relative minimum aty.

Note that the discussion on “evefit can be seen as a way of treating the fact that the
sequence of estimates does not necessarily stay insidéatienarity region during
the iterative search, in particular when the estimate hag teased on few datapoints.
WhenN — oo the character of the loss function guarantees the estirmtesasurely

to stay inside the region in parameter space where statip@arwell as invertibility
are guaranteed.

The precision computations done in the linear case carxiesto the nonlinear for-
mulation as well, and so does the asymptotic normality.cinf&is possible to prove

N0y —60y) — N(0, Py)
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whereP; = VWV~ andW stems from the convergence of
0.5N%°DyQ(6y) — N(0, W)
which is identical with the linear case (to be illustated iremark below).

Furthermore, for any non-zero vectoof constants one can show a iterated logarithm
law like .

NO'5CT(9N _ 90)
(202 loglog N )05

o =c'Pye

lim supy_, o =1 as.
giving the rate of convergence fof>® (0 — 6,).

Example 5.2. Look, as in example (5.1) at estimation of a single parametamon-
linear autoregression of first order, an NLAR(1) proces#&gias

Ty = Mwy_1,0) + &4, (5.27)

where the noise sequence is assumed to be a sequence ofnidelepeandom vari-
ables, with a non-specified distribution. The one-stepiptea in this model is

ft+1|t = )\(%79)7 (5.28)

which gives the gradient of the loss function

dOn(0)  d ,
0 = g 22\w = Az, 0)),
. _2Zgj(e)7d“§;’9) (5.29)

and its Hessian

TONIO) 352(9) = -2 (Z (o) L) Afl;fg’@) - Z(idk(§;’9>)2> . (5.30)

Now, dividing by /V and lettingV — oo means that the first term in the expression for
the Hessian tends to an estimate of the correlation betweendise sequence and a
function of previous information, which then tends to zeu do the assumptions on
independent noise. This gives that

L 2On(0) 2 SN dA(;,0)
1 ~ I 2 .
N —m NE ( 70 ) — 2V, (5.31)
where N
L Az 0)
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In the same way we consider the gradient of the lossfunctidrdafine

W = lim ild@N( ) ldQN(e)

N—oo N2 df (2 de )
1 d\(z;,0) dN(z;,0)
= N(Z 5]'(9)7)(2 81'(9)7)

— Z A\ ”“3’ ~V (5.33)

Q

such that indeed, as in the previous example 5.1

-1

E (%)1 ). (5.34)

Hence in this case the estimate obtained by applying theqbiea error method to
the problem has the same asymptotic properties as the éstjoten when using the
maximum likelihood method when the noise was assumed to lbestm. Hencdf

the noise is Gaussian, the prediction error method in thse edll produce an effi-
cient estimate. When the noiserist Gaussian, then we have seen consistency and
asymptotic normality of the resulting estimate in the pcédn error case. However,
the efficiency question is then unsolved. ¢

0—0— N0,

Remark.To be completed!

In the linear case...

It is also possible to include a discussion about the exgotession for the parameter
covariancel%. It is then the same as in the case discussed in connectiaringar
systems. \/

Notice, that in this case we have to compute the conditioxpéetation in order to
predictz;, or alternatively, we need to invert the process to compugeptrediction
error. The assumption on invertibility is thus inherenthie talgorithm, and a test of
invertibility might be a necessary part of the algorithmidgrthe estimation procedure,
as is the case in linear estimation in e.g. ARMA-procesde$?lc Whether this is a
difficult part of the algorithm or not, depends on the prossscture. Note also, that
we did not assume anything about e.g. how the noise enterthatsystem!

In chapter?? the prediction error method will be applied in a practicadeaf mod-
elling a district heating system, showing results from pagter estimation in linear as
well as non-linear models.
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5.6 Threshold models

Parameter estamation in threshold models contains someeatwves to be considered
before applying e.g. the prediction error technique. Ireottd realize that, one may
observe that the previous discussion on parameter estim@iethods is based on the
(not explicitly expressed) assumtion that the paramet@&mete as a function of the

random data is a continuous random variable. This is inqdai manifested in the

fact that the asymptotic distribution is found to be Gaussia

In threshold models, like e.g. in the SETAR(2,1,1) modebbel

Qo+ a1Ti—1 +€at Ta T
— ’ 5.35
o { Bo+ Bixi—1 +epr xg > T ( )

this is not the case. The unknown set of parameters includaddition to the param-
eters in the two autoregressions also the threshold valand the delay/, between
current time and the regime decision time. The delay timsratust non-negative in-
teger values and the lossfunction, equation (5.5), is di#zoous at the observations
and constant between them when considered as function dfiteghold value. The
sum of squared prediction errors thus obtains its minimufaragion of the threshold
value over an interval. Hence, the threshold estimate has @iven particular con-
sideration when part of the estimation procedure, and tesgmtation below is based
on [?], and is also presented in [Tong 1980 However, in cases when the structral
parameters in the threshold model are known, the predietimr approach above is
directly applicable for estimation of the parameters in diféerent regime models,
giving consistent and asymptotically normal estimates.

Hence, assume that a SETAR-process is given as

o = g+ X1+ ..+ Ty + 0a€ar Tqg ST (5.36)
Bo + i1 + ..+ BpTi—p +0gEgr  Ta>T

The parameters to be estimated by using a dataset/\Withbservations are collected

in the vectord = (aT, 37, r,d), and the estimates are collected in the corresponding
vector@AN. The method demands the different regime models to be digghable, i.e.
and the a upper limit for the delay to be knowrpriori The estimates are found by
minimization of the loss function, i.e.

Qn(0) =) (x5 — Eg(a1X-1))%, (5.37)

where the minimization procedure results in estima&‘@fffNﬁn) and EN(?N,En)

-~

based oy (d,,).
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5.7 Validation

The model selection problem, considered as part of theatadid contains a discussion
about

the Akaike criterion

the Bayesian approach

the crossvalidation

the Hannan-Quinn approach

the Rissanen approach

In addition to [?], [Tong 199®], [Madsen 1998], [Olbjer et al. 1994] the validation
problem is treated in [Holst, Holst, Madsen & Melgaard 19f#]grey-box models
and in [Hjorth 1994] with emphasis on computer intensivehuds.



Chapter 6

A case study:
Non-linear modeling of heat load
In district heating systems

The present case study considers the problem of constguetiynamic model for the
heat load in a district heating (DH) system. The approack helt be explicitely to
model the nonlinearities in the system.

Another approach is that of using a model, which actuallpssifficient, for instance,
a linear model, and applying adaptive estimation methodit the insufficient model
approximate the system locally.

A discussion of the advantages and drawbacks of the adag®ach will be given
here, by means of which a motivation for the investigatiothefnonlinear modelling
approach appears.

Instead of using the physical insight explicitly, the apgrio in this chapter will be to
use knowledge about variables, which are known to have areimfe on the heat load
in DH systems, and to use statistical methods for determomat model orders.

It may be shown, cf. Sejling (1993), that the most importartables are the ambient
air temperature, the supply temperature and the time aredaiygay.

For the purpose of elaborating on nonlinear dependencésvbgtigation in this chap-

ter will concentrate on forming a model using only thesealalgs to explain the vari-
ations of the heat load.

121
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Results will be given for four different model classes:

General linear transfer function models.

Transfer function models for second order expansions dbegpory variables.

Smooth threshold transfer function models.

Neural network models.

6.1 Data

The investigation is carried out using observations from EiH system in Esbjerg,
Denmark. The energy is produced in a Combined Heat and Pdaset (CHP), i.e.
hot water for district heating as well as electricity is pnodd. Data consists of two
separate periods of observations, hereafter referred Batss A and Data B, respec-
tively. The observations used are hourly averages of:

e Heat supply.
e Temperature of the supply water from the CHP plant in Esbjerg

e Ambient air temperature at the CHP plant in Esbjerg.

The observations in Data A were sampled from July 6th untdddeber 10th, 1989,
and in Data B from December 28th, 1989 until April 11th, 1980these two periods
there are no holidays apart from in the first few days of Datarigl the observations
from these days are not used for estimation or validationte Nloat the first period

covers heat production during summer, autumn and begirofitige winter periods,

while the second period is dominated by winter conditions.

Throughout the investigation Data A is used for estimatibmodel parameters, and
Data B is used for validation of the models.

That is, the estimated models are applied on a differentfsgdita to test the general
applicability of the model estimate.

Data A is chosen for the estimation as this is the set of datéchwhas the largest
variation range of the ambient air temperature.
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Figure 6.1: Heat supply, supply temperature and ambiem¢@perature in Esbjerg in
Data A.
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Figure 6.2: Heat supply, supply temperature and ambiemperature in Esbjerg in
Data B.



6.2. ESTIMATION 125

6.2 Estimation

All models considered can be written on the form:

y=go(VHU) + e (6.1)

with
yt = (yt—layt 27"') (62)

and
Z/{t = (ul,t7 ul,tfh e ,unu’t, unu’t,l .. ) . (63)

That is, y; is a nonlinear functiory,(-) of (V*~!,U*) superposed by a sequence of
random variablese, }, which are supposed to have zero mean, to have varighte

be independent and identically distributed (i.i.d.), amdé¢ independent ¢!, ).

n,, 1S the number of external variables in the model.

Estimation method: The parameters in the models will be estimated by the piiedict
error method, which was discussed in Chapter 5, and see glsKlenko & Nelson
(1978) and Ljung (1995), i.e. by a minimization of the sum @éi@dred one-step pre-
diction errors.

This means that the estimalg; is found as the parameters minimizing the criterion

1 1
:NZ; :NZ;_ (6.4)

The one-step predictiof (¢) of the procesgy; } at timet is obtained by conditioning
on the observefly, } until timet—1 and{u, .}, € [1; n,] untiltimet, i.e. itis assumed
that the external variables affecting the process at tiare known at that time. Hence,
the prediction is given as the expected value of the procasdittoned on these sets
of observations for a given value of the parameter vector

0(0) = E [y 16, Y71 U (6.5)

[\')D—‘

The minimization routine provides the numerical approxiorato the HessianH (0 ),
obtained in the minimum of the criterion,

52V (8)

H(Oy) = 5 , (6:6)

0=0y

and an estimate of the covariance matrix for the parametienae is given by

Cov{on) = 2 [ " )
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where

g

® N

= > ey (6.8)

is an estimate of the innovation variance.

6.3 Performance assessment

The one-step prediction qualities of the obtained modellesjaately assessed by the
empirical RMS-value of the prediction errors, i.e.

55(0) = ﬁ >y — 0:(0))*. (6.9)

t=t1

Alternatively, in order to make comparisons between load@tiong efforts in different
systems possible, a relative prediction error may be coeaplgading to the following
guality measure

SS%(0) = J ﬁ Z (meo) , (6.10)

P— Yt

which produces a relative measure of the prediction errpencent of the simultane-
ous signal value.

A more appropriate criterion for determining the model oidéhe Bayes Information
Criterion (BIC'), derived by Schwarz (1978), which apart from a constanivergby

BIC = Nlog o2 +n,log N, (6.11)

where N is the number of observations used in the estimation,gnd the number

of parameters in the moded?g is the ML estimator, (6.8), of the innovation variance
for normally distributed innovations. An estimate of theegpriate model is then be
found by minimizingBIC' with respect to model order and model parameterization,
cf. Chapter 5.7.
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6.4 Modelling using transfer functions

6.4.1 General Transfer Function Models

First only linear transfer function models are considefdte models in this class can
be written on the form

- i Bla)
A(Q 1)yt = Zbo FZ( _1)
=1 q

with {u,,,7 € [1;n,]} being external processes afxd} white noise with variance?.

Cla ),
D(g )"

q Mg + (6.12)

This class is in [Ljung 1987] referred to d@ise general family of model structures
including a number of the commonly used model structurespasial cases. For
instance, the finite impulse response (FIR) model is obthimgh all polynomials
except theB3’ ones being one, and the ARMAX model corresponds to case where
F'"andD polynomials are one.

Each of the polynomiald, B?, F'¥, C' andD are polynomials in the back-shift operator.
In the implementation they can all be specified as producasmimber of lower order
polynomials depending on the desired parameterizatiereach polynomial in (6.12)
is of the following form

ng ng
G(q—l) = H Gj(q_l) = H 1+ gj,lq_l 4.+ gijjq_nGj. (613)
j=1

j=1

It is obvious that a transfer function model being linear upgly and ambient air
temperature will not be sufficient in describing the dynadependence on these vari-
ables. However, the purpose of showing the results withkihig of model is to allow
for comparison with subsequent non-linear models.

After estimation of a number of the most appropriate stngswf the transfer func-
tions from external variables and noise process, the madehbwas found

1-0.91g7"
V. = 357 —— V.
24Pt 1—0.80q ! 245¢
1-097¢71
— 1.62 4 VQ4CLt +

1—1.32¢~" + 0.33¢2

. 2wt 2mt . [ 2wt 2t
[—2.8781n(§)—0.34cos(ﬂ)+4.1481n(E)+2.76COS(E):|v24],47t

1+ 0.05¢7" —0.91¢~ (6.14)
[ .
1—1.10¢"'+0.18¢~2
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The variables in the model are

e p;, . heatload.
e s, . supply temperature.
e a; . ambientair temperature.

14, 1s anindicator function defined as one if the current hounia day differing from
typical work days and zero otherwis®.,, is the diurnal difference operator defined
by Vosxry = 2 — x4_94. This means thaWo, 14 is equal to one on the first non-work
day following a work day, and equal to minus one on the firstknaay following a
non-work day. For all other days is it zero.

All the parameter estimates of this model were found to briignt on 5 % level
using the Hessian approximation as an estimate of the péeaswyariance matrix.

This model includes an additive diurnal profile, composesiné and cosine functions
with periods 24 and 12 hours, for weekend days and days fitassis non-working
days. A diurnal profile common for all days is, in this parteounodel, redundant due
to the diurnal differencing of both heat load and externaialdes.

6.4.2 Second Order Nonlinear Models

The linearity of the transfer function model is evidentlyestriction in the capability
of the model to describe load variations and dependence tennak variables. Both
stationary and dynamic relations obviously depend on dergoint and weather
condition.

Now it is tried to improve the performance of the dynamic mdg@el4) by introducing
additional transfer functions with second order compasient

As will appear, this extension implies, e.g. that statigndependency relations be-
tween the supply temperature and the heat load varies lynwih the inverse mass
flow, being low-pass filtered.

Likewise for the ambient air temperature the stationaryedeence varies linearly with
the low-pass filtered ambient air temperature.

This kind of models belongs to the classsaeicond order Volterra series expansions

The response of the system to changes in the supply tempematist clearly depend
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Figure 6.3: Residuals corresponding to model (6.14).
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Figure 6.4: Autocorrelation of residuals correspondingntdel (6.14).
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on the mass flow, since the time delays through the systeneaag state, is propor-
tional to the inverse of the mass flow.

Hence,m;} is introduced in a supplementary transfer function frompdypempera-
ture to allow for an approximation of the mass flow dependemtsfer function from
the supply temperature to the heat load.

This approximation of the model implies a linear relatiotmzEen the stationary gain
and the low-pass filtered inverse mass flow.

As the result of estimation of a number of candidate modeik second order trans-
fer functions the following model gave the lowest value af thformation criterion
(BIC)

(04) 1—1.05¢°¢
Vaipy = 630 ——— L Vs, —
(.02)
1—0.83 ¢!
(.02) 9% o1
02) 1-1.22 o
932 (.02) q mf,ifl v248t -
1— 0.87 ¢!
(08) (.002) )
08 1— 0.98 ¢~
2.88 q Vosa; +

(02) (02)
1—1.29 ¢~14 0.30 g2
(03)
(01) 14 (.24 g

0.12 Taﬁt v24at +

1— 0.08 ¢!

(02) /2wt (02) 2t (02 /2t (02) 2t
—2.71sin N —0.18cos o +4.08sin T +2.54cos T Voul g4

(.006) (.005)
14+ 0.05 ¢ '— 0.91 ¢*

o o . (6.15)
1— 1.08 ¢ 1+ 0.17 g2

The filtered variables in this model are determined by exptaksmoothing from

1—a - (.002)
il = LT Gy =0.980), (6.16)
' L—aig b p
wherer; is the return temperature, and
1—a (.001)
ap; = Y G =0.994 . (6.17)

1-— (3[2(]71
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1y, expresses, apart from a scale parameter, the low-pasedilteass flow through
the heat plant.

The parameters of the filters (6.16) and (6.17) were estoateultaneously with the
other parameters of the model. The filters implement a simgb@nential smoothing
with unit gain of the inverse mass flow and ambient air tempegarespectively.

Likewise, a transfer function from ambient air temperawith o ,-dependent gain is
introduced to obtain an approximation to the dependencealf load on ambient air
temperature.

That is, the additional transfer function has the implicatihat the dynamic depen-
dence on ambient air temperature is a function of the love-fidtered ambient air

temperature itself. For instance, this model can be givenriterpretation that the
stationary gain of the relation between heat load and arhbietemperature depends
linearly on the level of the ambient air temperature (the-fzags filtered ambient air
temperature).

The estimated variance for the residuals is reduced frof f@:8the linear model to
4.94 for the above non-linear model.

6.4.3 Smooth Threshold Transfer Function Models

Now the model class considered is 8reooth threshold autoregressf{&TAR) model
applied on the transfer function model.

The basic idea of using thresholds in general transfer fomehodels is that hereby
regimes are introduced in which one particular set of modeimonents of the model
is valid. Applying the principle of thresholds in model (8)1lgives the following
general formulation of the model

’t Ji(—1
o Z B (g7 C(q
AJ 1 yt ; W kz (I -+ ﬁet. (618)

This means that the total model actually consists of a nuraberodels, all with the
structure of a linear transfer function model, where in g\tane step only one of the
models is active. The value of. corresponds to the regime being active at tiime
determining what model structure and parameters are Valldsamoment.

The smoothing is made by using a continuous and smooth maind the logistic
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Figure 6.5: Residuals corresponding to model (6.15).
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Figure 6.6: Autocorrelation of residuals correspondingntodel (6.15).
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distribution function is a relatively common choice,
1

1+ exp (—(”C a)> .

Fop(z) = (6.19)

Among a number of different models with smooth thresholech glEpendence the fol-
lowing resulted in the lowest value &f/C. The standard deviations of the parameters
estimates are marked in parenthesis.

() 1-1.01 ¢!
Voup: = 5.42 (03) Vausy —
1— 0.81 ¢!
340 - 191 ¢
— . q
(. (o Vst
1+ exp(4.08 — 15.57 i} }_,) 1— 0.85 ¢!
(1) o (-008) L
1.19 1 1—0.97 ¢~
(1) (.04) —1.98 (.06) (.06) Vasas +
1+ exp(19.14 — 1.52 ay,) 1-1.36 ¢+ 0.37 ¢ 2
(- 27t (:2) 27t (D (2wt (- 27t
{ 2. 385111( o1 )—0.2700s(ﬂ) —|—4.0251n(§)+2 6OCOS( 12 )}VM[At
(.008) (.009)
1+ 0.05 ¢ = 0.92 g2
o) ) et. (6.20)

1— 1.08 ¢~ 1+017q

The filtered variables in this model are given by

1-4 _ (.006)
= —— L2 G, —0.974 (6.21)
1—adig7t p
and (o0
1— Gy . .009
Qrt = Wat, Q9 =0.951. (622)

The estimated variance of the threshold model is 4.89¢llt#tter than the second
order model).

The transfer function from supply temperature is seen tgisbof two separate trans-
fer functions, one of which has a gain being dependent oroiughss filtered scaled
inverse mass flow, lagged one hour. Hereby, the compositsféiafunction at time
includes parameters being functlonmi;t 1 ag(mft 1) is introduced to allow for
an approximation to a mass flow dependent transfer functan the supply temper-
ature to the heat load.
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Figure 6.7: Residuals corresponding to model (6.20).
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Figure 6.8: Autocorrelation of residuals correspondingntadel (6.20).
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6.4.4 Analysis of Modelling Results

In this section the results for the three model types cons@lpreviously are further
analyzed.

First the DC-gain or stationary gain for the three mod&lge™) |.—o, in the transfer

from supply temperature are compared. For the linear mb@eDC-gain is constant,
H,(1) = 1.61 MJ/°Cs, whereas for the second order model there is a linear depea

between gain and:; ", i.e.

H,(1) = 1541 — 1.89 MJ/Cs (6.23)

For the smooth threshold model the DC-gain is

B 4.86
1+ exp(4.08 — 15.61m; ")

(1) — 0.389 MJ/°Cs (6.24)

For the observations in Datafvﬁ&x;1 is typically 0.5°Cs/MJ in the summer period and
between 0.2 and 0.8Cs/MJ in the coldest period. Hereby it is seen that both the
threshold model and the second order model bear the, ppssioineous, quality of
postulating a large DC-gain for the summer observations.

In the transfer functions from ambient air temperature tdlthe stationary gain is
found as the fraction between the stationary increase uh éva an infinitesimal in-
crease in ambient air temperature, when contributions fatirother model compo-
nents are set to zero. Thus, for the second order model ttenstey gain becomes

H,(1) = 0.163a — 9.48 MJ/°Cs (6.25)

while for the smooth threshold model it is

5.17

= — 8.62 MJ/°C 6.26
1+ exp(19.1 — 1.52a) 5.0 S ( )

H,(1)

For the linear model the gain i§,(1) = —7.35 MJ/°Cs.

These relations between stationary gain and ambient apdagature, shown in Figure
6.10, seem reasonable.

The threshold model shows a two-level gain with a smoothsttem for ambient air
temperature from 19C to 15°C. The placement of the two levels is reasonable, and
the ambient temperature where the transition takes plasasalso to be reasonable.
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6.5 Modelling using neural network

Finally, artificial neural networks are considered as asctdsnodel structures holding
the capability of describing the existing nonlinear redas in the heat load dependence
on supply temperature and ambient air temperature.

It has been proved that multi-layer networks hold the cdpglof approximating any
continuous function. (Hornik, Stinchcombe and White, 1989

This investigation considers the application of one palécchoice of neural network
in gaining a sufficient nonlinear predictor of the heat dethafhis class of neural
networks includes one, which previously has been sucdéssipplied to, e.g. the
sunspot series.

Architecture

The general structure of the network is shown on Figure Gtikre the neurons are
shown as circular nodes.

In this investigation only models with two layers of neur@me considered. The mo-
tivation for the decision of leaving out the models with oalhye layer of neurons is an
intuitive belief that a two-layer model has a higher degre#exibility in modelling
nonlinearities than a one-layer model, for the same numhesir@ameters.

The network model has; inputs,u,;,i € [1;n,], andn; andn, neurons in the two
intermediate layers, respectively. The network has onputudorresponding to the
dependent variable, the variations of which is the objethefmodelling.

In the general structure each input is connected to eacloneuthe first layer, each

neuron in the first layer is connected to each neuron in th@sHayer and each neuron
in the second layer is connected to the output. Each commebfis an adjustable
weight,w..

The output and each neuron has an adjustable bias,

The output from neuron in the first layer at time is

ny
=o(Suui) emmi w2
i=1

whereg(-) is the activation rule of the neuron, see below.
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Output

Input

Figure 6.11: Architecture.

The output at time of neuronk in the second layer is

ni
2 2 1 2
o= g (z Wfl) b,a>) C hein
j=1

and the output from the network is

n2
op = Z w,(co) 0,(52 — ).
k=1

The total number of parameters (weights and biases) is

Np = (n; + 1)’[’L1 + (TLl + 2)712 + ]_

2. unit layer

1. unit layer

(6.28)

(6.29)

(6.30)

Using a neural network as a model describing functionatimeia has the same char-
acter as a non-parametric approach [Ripley 1993, Ripley[L9Bhe reason is that a
neural network can be applied without using any physicalkaedge about the system.

The neural network can simply be applied as a nonlinear appadion to the existing
system relations in the same way as a traditional nonparemmetthod can be applied.

Furthermore, it is not possible to give any physical intetation of the individual

weights and biases in a neural network model.

Activation rule

The nonlinearity of the neural network is introduced in tisgvation rule of the neu-

rons.
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In this investigation the sigmoid, performing a smooth magpg—oo; co) — (0; 1),
given by
1

T 1texp (—ax)’ (6.:31)

gs (z)

is used.

Dynamics of computation

If the identity (¢(z) = x) is used as activation rule, the neural network degenerates
to a linear filter. Thus, the network will be able to performaapredictor obtained
from an ARX-model, since for an ARX-model the one-step prtdiis linear in both
model parameters and regressor variables. The neural rketvilh however, contain
superfluous parameters due to the intermediate layersnmegdedundant in a linear
filter.

Determining the weights and biases in a neural network ihemeural network ter-
minology, referred to againing of the net.

In statistics the process of determining the weights ansdsi#s referred to as param-
eter estimation, the weights and biases being the parasradtdre model.

It is assumed that the dependent variable can be describtbe igilowing model

Yy = o(uy) + €. (6.32)

Denoting the parameters of the mo@ekhe prediction of the network is given as

The estimate of the neural network parameters, minimizuegprediction error vari-
ance, is thus found by minimization of the criterion funatia (6.4).

In the section on general transfer function modelling thet performing model, rewrit-
ten to match the formulation in (6.32), would have the form

Hi(qg " )Vup: = Hao(q ") Vause + Hs(q7") Vauay
+Hi(q ) Voavry + Hi(q ) Vo (vaulay) + €. (6.34)

11 andyy, are trigonometric diurnal profiles, the first one actualljnpesuperfluous
due to the diurnal differencing.
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The chosen number of inputs is 15. With the dependent variadingp, the inputs
are

D1 Seoa 1 —1Iay

P2 @y sin(27t/24)

Proa ap1  cos(2mt/24)

St ayoq4 sin(27t/12)

sp1 lay  cos(2mt/12)

For this selection of inputs, estimation were carried/foe [2; 8] andny € [2; 3].

In the estimation of the neural network models, the modéinege was continuously
applied on the validation set (Data B) to test its predicp@nformance. The reason
for doing this that in the field of training neural network netsl it is recommended
to apply the model, in the course of the estimation, on a &tstasd stop the training
when the performance on the set deteriorates.

The idea of this approach is that the neural network stracthould be so wide that it
for a certain set of weights and biases reaches the optiradigtion performance.

6.6 Model validation

Table 6.1, and figure 6.12 summarize the modelling results shrow the standard
deviation of the prediction errors when the estimated nmodelre applied on the two
datasets, Data A and Data B.

The important result is that, although the neural networkleh@s superior in fitting
Data A, the second order model and the smooth threshold ngoded a smaller pre-
diction error variance when used on Data B. One interpaatdf this result might be
that explicitely introducing physical characteristicstioé system, as was done in the
non-linear models, improves the possibility for the modedi€scribe data outside the
estimation set.

The linear transfer function model is still inferior to thehers, but the difference from
the neural network is not so evident.
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Estimation (Data A) Validation (Data B)
Model 62 | BIC G2 # Parameters
Linear 5.80 5104 11.29 15
Second Order | 4.94 4695 9.59 23
Smooth Threshold 4.89 4672 9.89 25
Neural Network || 3.92 4532 10.99 95

Table 6.1: Results from estimation and validation.

[MJ/s]
4
35 - - -
3 - -]
2.5 -
1 WW[—(\“( |
1.5 —— — -
Estimation Validation Linear Second Order Threshold
Neural Network for ny = 2,3,...,8 Left: Estimation Right: Validation

Figure 6.12: Bar diagram af, for the estimation set ang, for the validation set.
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Chapter 7

State space models

7.1 Introduction

State space models are very useful for descrilbimig-stationaryor time varyingsys-
tems. The reason is due to the (first orddgrkov propertyof the state vector which
implies that prediction and state estimation is fairly ealsp for time varying systems
— see e.g. [Madsen 198b But also somenon-linearsystems can conveniently be
described in state space form.

This chapter concentrates on state space models and icytarthow to estimate
parameters in state space models. It is assumed that ther rieadmiliar with the
classical linear stochastic state space model. First amamilikelihood method for
estimating the embedded parameters in a linear state spats e described in Sec-
tion 7.2.

Later on in Section 7.3 it is illustrated how the parametérsome doubly stochastic
models can be estimated by using the above mentioned maxiikelihood method.

A traditional approach for estimating unknown parameterstate space models is to
include those parameters in the state vector and then usdeafiftering approach,
which then (also) provides an estimate of the unknown paeisie An extended
Kalman filter for that purpose is briefly described in Secfioh

The EM-method, which is a very useful method for parametiémesion in particular
cases, as e.g. in the case of missing observations, is loedaén Section 7.5.

Finally, the class of so-called state dependent models (SiBNhtroduced in Sec-

143
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tion 7.6, and it is shown how many of the non-linear time sen®dels can be written
in state space form using the SDM. Estimation of parametestate dependent models
is briefly outlined.

7.2 Maximum likelihood estimators for state space
models

Let us first consider a linear state space model and a proeddufinding ML es-
timates of the embedded parameters of the state space niduelestimates are, in
general, found by numerical optimization.

The ML estimator for estimating parameters of, for instamceultivariate ARMAX
models will come out of the method as a result under statjoo@anditions, where the
calculations can be tremendously simplified. This is shawthe final part of this
section.

The state space approach described is useful also for mudtie ARMAX models
with missing or aggregated output data. The state spaceothethused, for instance,
in Splus [Statistical Sciences 1995].

Consider the linear stochastic state space model:
X, =AX, 1+ B + ey, (7.1)
Y, =C, X, + ey, (7.2)

where{e;;} and{e,;} are mutually uncorrelated normal distributed white noise s
qguences with varianck, , and3l, ;, respectively. Further we assume thah Y = m
and that the model is global identifiable (will be discussed subsequent chapter).

The parameters are embedded in the mattikgsB,, C;, 3, , andX,;, which might
betime varying as indicated by the notation.

Remark.We allow for a totalmissing observationf the output vector at time by
putting (using a sloppy notation):
EQ,t =0 (73)

For simplicity we will, however, assume that values are observed (possibly aggre-
gated) if an observation is not totally missing. v

By this remark and the following approach it is possible tineate parameters based
on time series with missing observations. Détdenote all observation up till and
including timet.
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Since{e;;} and{e,,} are normal distributed;|); is also normal distributed and
entirely characterized by the mean:

Xy = B[Xd|¥). (7.4)
and variance:
= VI[Xe| V] (7.5)
The one-step predictions are:
X = A Xy + By (7.6)
= ASA] + 3, (7.7)
Yo =Ci Xy (7.8)

At time ¢t + 1 we get the updated estimates by usingaman filter (see the note
[Madsen 1992] about projections in Hilbert spaces) :

Xt+1\t+1 = E[XtJrl‘ytuYtJrl]

= Xt+1|t + K1 <Yt+1 - YtJrl\t) : (7.9)

-1
Kt+1 - t+1‘tCT [Ct t+1‘tCT + EQ t} (710)
fflml = 2t+1\t K, ,C3y t+1|t- (7.11)

Note that in case of a missing observation at time no updating of neither the mean
nor the variance takes place.

Let us finally introduce thene-step prediction errofthe innovatior) and its covari-

ance: ~ .
Yot =Y — Y (7.12)

Rii = VY| = VIYealv] ==,
= CX7,C + Sy (7.13)

Since the mean and variance ¥, |}, now are calculated we are able to state the
conditional density function:

1 1.~ T 1
f(Yia]Yh) = [(2m)™ det Ryp1] ™2 exp l—QYthRtJhYth (7.14)
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Let 8 denote the unknown parameters, g = (Y, --,Y) all AV available
observations in the time series of length(\ < N).

Theconditional likelihood functiorfconditioned ony ) is

L(6;Yn) = [(In0) (7.15)
F YN Vn=1,0) [ (Y 1| Yn—2,0) - [ (Y1]Y0,0). (7.16)

By using the above calculated density function we obtain
N 1 1l~71 ~
L(0:Yx) = [ [l(2m)" det Ri] "2 exp | — 0¥y R 'Yy | (7.17)
=1

As starting values we can talééom = 0 andXg, = oI wherea is 'large’.

The maximization of the likelihood function is equivaleatrhaximization of
1 N ~ T ~
log L (0; Vy) = -3 > llogdet R; + Y, \R; 'Y, 4] + const (7.18)
i=1
and the ML-estimate o is the argument which maximizes this, i.e.
0 = arg {meax log L (6; yN)} ) (7.19)

For the maximization a numerical method must be used.

As an approximation of the covariance of the parameter estiswe can use
\ [é} ~ _H, (7.20)

where )
_ O log L(6; In)
H ;s = 00;00;

. (7.21)
0=0

Note thatH is used as an approximation of the Fisher information matrix

Using the above described method it is possible to estinpateaineters itime varying
modelsformulated as linear state space models. In Section 7.3lustrated how the
method can be used also for estimating parameters in a dlassneinear models
namely the doubly stochastic model.
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7.2.1 ML estimates under stationary conditions

It is straight forward to seen that instationary situatiorthe problem reduces to the
following likelihood function

N ) 1.~ .
L(6;YNn) = H[(Qw)m det 3] 7% exp {—QYtTt_lElYﬂtl} (7.22)

t=1

N
1 - -
= [(2m)™ det Z]VZ exp [‘55 Ytt—121Yt|t—1] (7.23)
t=1

The assumption about stationarity implies that the matrieeB, C, 3; andX, are
constant. This also means that missing observations aslooted, cf. (7.3).

Compared to the notation above we now use the symbfar the covariance of the
innovation. Hence the problem is simplified to calculatedhe-step prediction errors
Yt|t 1=Y, — Yt‘t 1, which is easily done for e.g. a multivariate ARMAX model.

The problem is most conveniently separated in the casksown and unknown.

3 known

In this case maximization of the likelihood function is egalent to minimization of
51(0) where

N
1 - -
Sl (0) = N E Yt|t—12_1Yt‘t—1 (724)

whereYH”t =Y, — Ytﬂ‘t is the one-step prediction error.

Let us introduce the sample covariance of the predictiommsri.e.

1 ~ ~ T
— N Z Yt|t*1Yt|t—1 (725)
t=1

then thecost functionS; is written
S1(8) = tr ' D(6) (7.26)
However, if the distribution assumption is postponed, tle¢had is called @rediction

error methodwhere the cost function is given 8. Remember that it is assumed that
3} is known.
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3> unknown

In this case the maximization of the likelihood function abas equivalent to mini-
mization of

N
1 R )
$(6,%) = SN logdet T+ =y DD (7.27)
t=1

Differentiating with respect t& gives

08 N
8—2 = 5 - _2 ZYtIt 1Yt|t 1 -1 (728)
which equals zero for
1 <. - ~ T
S= > YyaY, , =D(®) (7.29)

t=1

This means that for any given value &then (7.29) minimizes (7.27). Therefore the
problem can be reduced by imposing the constraint D(6). By substituting this
constraint into the above cost function gives

N
1 1 ~
56(9) = 5 IOg det D 5 E Yt|t 1 Yt|t 1 (730)

or

N
1 1 > Y
S.(0) = 3 log det D(0) + 3 tr [(Z YttlytTt_1) D_l(e)]
=1

1 N
= 3 log det D(0) + 5} tr I,

1 N
= 3 log det D(0) + Tm

Since the last term is constant the ML estimate is found bymzing thecost function

S9(0) = logdet D(0) (7.31)

Again this is aprediction error methodf the assumption about the distribution must
be postponed, where, in the present case, the cost funstgwan bysS;.
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7.3 Estimation of some doubly stochastic models

In this section it is outlined how the estimation method diésd in Section 7.2 can
be used to estimate the parameters in some doubly stochastiels. The principles
outlined can be generalized to other non-linear models.

Consider thenon-linearprocess:

Y; = &Y +¢ (7.32)
Py —p = (P —p)+ G (7.33)

where{e; } and{¢;} are mutually uncorrelated Gaussian white noise procesghs w
variancess? ando?, respectively. This model is some times referred to as anLjR(
AR(1) model, since both the model fof and the embedded model for the parameter
variation is an AR(1) model.

The parameters of the non-linear model @e, o7, 07).

By choosing a different parameterization of the model it ¢awever, be written as a
linear state space model. The model for the parameter mariean be written

Oy = Py + (1 —9) + ¢

Hence, by introducing = u(1 — ¢) the variation of both{Y;} and {®;} can be
described by the linear state space model

P ¢ 1 D4 1
() = (D)) ()« o

Y, = (¥i1,0) ( K ) re (7.35)

Note that the new parameter is introduced as a state varatdehat there is a unique
relation between the new parametéfsd, o2, 07) and the parameters of the model
(7.32).

The principle outlined above is readily generalized. Ifds,instance, rather easy to
see that the following doubly stochastic model (an AR(1)(2Rnodel)

Y, = &Y 1+¢ (7.36)
Sy —p = G1(P1 — ) + Pa( P —p) + G (7.37)
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can be written as the following linear state space model

whered = (1 — ¢ — ¢9).

As soon as the doubly stochastic model is formulated as arlisiate space model,
then the method for parameter estimation described in@ectk can be used.

It is left as an exercise for the reader to generalize thecipies to other doubly
stochastic models.

Example 7.1 (Doubly stochastic process - AR(1)-AR(1))The above outlined class
of doubly stochastic processes provides a rather flexitderggion of non-linear phe-
nomena.

Consider as an example a doubly stochastic process withiffeostht parameter sets
as described in Table 7.1.

| Parameter | ¢ | n | o | o7 |
True values No. 1] 0.85] 0.80] 0.1¢ | 4.0% |
True values No. 2/ 0.95] 0.80] 0.10 | 4.0% |

Table 7.1: Parameters used for simulations of a doubly a&ithprocess.

Simulations of the process are shown on Figure 7.1 and 7tRédamwo set of parame-
ters.

It is noticed that large values of the process is obtainecenods where the system
describing the embedded parameter variation is unstable. ¢

By considering for instance a second order parameter magethe AR(1)-AR(2)
model, with complex poles in the transfer function from tloése to the value of the
parameter, it is possible to obtain a process which tendsdw $arge values repeat-
ably with a certain period of time.



7.3. ESTIMATION OF SOME DOUBLY STOCHASTIC MODELS

151

100

50

Y(©

-50

1.0

Phi(t)

0.6

0.2

Y(©

200 400 600 800

0

1.0 15

Phi(t)
00 05

-0.5

Figure 7.1: A simulation of a doubly stochastic procegs= 0.85

Figure 7.2: A simulation of a doubly stochastic procegs= 0.95.
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7.4 Extended Kalman filter used for parameter es-
timation

This section describes an often used principle for estimggiarameters in state space
models, namely tinclude the unknown parameters in the state veatut then use a
method for state estimation. The resulting state space insuhegeneral a non-linear
state space model, and the extended Kalman filter is thenaftestused for the state
estimation.
Consider the following state space model

X1 = A0)X;+ B(0)u; + v, (7.38)

Yt = C(O)Xt + €; (739)

where the parameter vect@ris unknown

By including @ = 6;) in a new state vector

this leads to the following non-linear state space model

Z., = f(zt,ut>+(ﬁ’;) (7.40)
Y, = h(Z)+e (7.41)
(7.42)

where

rzw) = (A0
Mz, = C0)X,

Now a state estimation will provide a simultaneous estiomabtf the original state
vector and the parameter vecthr

7.4.1 A version of the Extended Kalman Filter (EKF)

Consider thenon-linear, discrete time system

X = f(t, Xt) + vy (7.43)
Yt = h(t, Xt) + €; (744)
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where
Elvv!] = R;;, Elee']| = R,; E[ve']=0

Then the EKF estimate oX,,; givenY(,Y 1, --, Y is obtained by
X = f(t, X)) + K[Y, — h(t, X 1)) (7.45)
where

K, =F(t, Xt|t71)PtHT(t> Xt\tfl)[H(ta Xt|t71)PtHT(ta Xt|t71) + R2,t]_1

(7.46)
P =F(t, X, )P FT(t, X 1) + Ry, (7.47)
— K\[Ry, + H(t, Xy, )P.H"(t, Xy 1) KT (7.48)
and
. 0
. 0
H(t, X) = o5 Mt X)|x_x (7.50)

This is called aliscrete-discrete extended Kalman filsgnce both the system equation
and the observation equation are given in discrete time.

The basic idea of the extended Kalman filter is thus to lireaabout each state esti-
mate. This is different from thinearized Kalman filteior perturbation Kalman filter
where a global linearization of the non-linear model is used

In Chapter 8 the extended Kalman filter and other higher diltiers will be described
in more detail.

7.4.2 Some convergence results

The following references deals with the convergence of the £stimation when the
EKF is used for parameter estimation.

L. Ljung (1977): Reduced an investigation of the convergence of EKF to iigagst
the stability of some ODE.

L. Ljung (1979): Showed that divergence can be traced down to miss-speicficzt
the state noise covariance.
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D. Wiberg (1990): By considering an extension of the EKF to include third order
moments, he proved that the EKF estimates, with probalaihty, converge to some
ML estimates.

New paper: “If an estimation of the Kalman Gain matrix is included, théwe EKF
estimates converge to the true values.”

With these new results the EKF may become an attractive wagtohating parame-
ters in non-linear dynamic models.
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7.5 The EM algorithm

The EM algorithm is proposed by [Dempster, Laird & Rubin 1P7A7is an iterative
method for computing ML estimates of parameters in a mod®alsbme problems the
likelihood function for a complete data set is much more ¢a$nd than the likelihood
function for the data at hand, which is assumed to be a subdet complete data set.
The idea is then iteratively to find an estimate of the coneplidtelihood function
given the actual data and the current parameter estimatee$timate of the complete
likelihood function is then maximized which results in ardaped parameter estimate,
which again is used in improving the estimate of the compikédihood function.

Figure 7.3: Complete (x) and incomplete data (y).

The algorithm contains thus two steps per iteration Bkgectation step for estimating
the complete likelihood function conditioning on the asale data and the latest pa-
rameter estimates, and theaximization step for finding the optimal parameter values
in the current iteration.

Given the 'complete dataz, the 'incomplete datay and a mappingy = y(x). Then
the density function of is g(x|@) with unknown paramete® and the density func-
tion of y is

f(yl) = /X  olalo)

The parameteré are to be estimated using the ML method by maximizfilg|0)
overf.

Here it is important to note that the basic idea is that it iswally much easier to
maximizeg(x|0), i.e. the complete-data likelihood than the incompletedikeli-
hood f(y|@). However, that is not possible due to the lack of completa.ddthe
next point is then to find a method to use the 'easiness’, la# ba estimation on the
incomplete set of data.

As mentioned the optimization of the complete likelihgoekpresents for many prob-
lems an easier task than optimization of the incomplete saimpih However, sincer



156 CHAPTER 7. STATE SPACE MODELS

is unobservable, we replate; g(x|@) by its conditional mean giveg and the current
fit 8 (the E step) and maximize the resulting function (the M step)

Hence, letk(x|y, 8) be the conditional density af giveny and®, i.e.

g9(x|6)
f(yl@)

k(xly,0) =

where it has been used thais a subset of.
Then the log likelihood is (while replacing with the condital means)
L(6) = log f(y]0) = Q(6]0™)) — H(0]0%)
Q(6]6") = log g(x(6)]y, 6%

H(6]6") = E [log k(ly, 0) |y, 0]
Now we can define the EM-iteration

e E-step: ComputeQ(8|0®) = E, [log L(z, 0|1, . . ., yn, 8],
o M-step: Choosed”*V to maximizeQ(0|6®).

That is the EM algorithm. The EM algorithm thus finds the maximof the likelihood
function iteratively.

The notationk,, denotes expectation with respect to the distribution thatlwe com-
puted using the'th estimate.

From [Efron 1982] Efron: Maximum Likelihood and Decisionddry, Annals of Stat,
10, pp 340-356, 1982:

Some properties:

i) First of all
L(g(p)) < L(g(pﬂ))

i.e. any EM sequencéd®} increases the likelihood, i.eL(8®), if bounded
above, converges to*,

i) If @ is continuous in both arguments théhis a stationary value of and if @
converges to somg*, then@™ is a stationary point.
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iii) If [ii], under conditions onQ and if || **Y) — 8® |- 0, p — oo this pointis a
local maximum (under assumption that they are isolated).

iv) If L(@) is unimodal (control by selecting different starting psifior the esti-
mation) over the whole parameter space, and if the partralatere of ) with
respect to the first argument is continuous in both argumeatsn bothd and
6, thend™ converges to the unique maximiz#r of L(6).

-1) Itis sensitive to the choice of initial value.
-ii) 1t might end up in a saddle point.

-iif) It might take some time to get along, i.e. sometimes iilittle slow.

Example 7.2 (EM-estimation of parameters in a NLAR(1) mode). Consider the
Non-Linear AR(1)-model (NLAR(1))

Y = h(Yio1,0) + e (7.51)
where{¢ } isi.i.d. N(0,1).

Assume that the available observations are
yN: (Yl,YQ,...71/},1,}/]'+17...,YN) (752)

i.e.Y; is missing.

The i’'th iteration of the EM-algorithm is

o E-step FindE[Y;|Vy. 09] = Y E[Y?|Vn, 09] = (Y2) D, E[h(Y))|Vn, 09] =

h(Y;) @, BIR? (Y)Y, 00] = h2(Y;)®.

In the evaluation it can be used that (for the NLAR(1)-model)
PY1Yj—1)p(Yj|Y5)

(7.53)
p(Yj41]Yj-1)

Note also thap(Y;;1]Y;) = ¢(Y;+1 — h(Y;)) where¢ is the density function of
N(0,1).

p(Y;|Vn) =

e M-step: Minimize with respect t@ the 'sum of squares’

N N N
STV -2 YVi(Yia) + Y h(Yio) (7.54)
t=1 t=1 t=1

where we replacé’;, Y, h(Y;), h*(Y;) by the values found under the E-step.

This givesg(+1.
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7.5.1 Estimation of parameters in a state space model

Given the system

Ly = (II':L‘t_1+’vt;t:1,...,N
Yy, = Mtwt—i—et.

where{ M} is assumed known.

Suppose that the input and output noises as well as thel ingtiaes are stochastic
processes with Gaussian distributions with paramei@r®, ), (0, R,) and (u, ),
respectively. The states as well as the parameters in tha value and noise distri-
butions and the parameters in drematrix are to be estimated.

The complete data set does in this case cortaif)” and{y,}¥. Since everything is
Gaussian, the log likelihood function for the complete dsta

2log L = —logdet & — (g — ) 7 (g — p)—
N
—nlogdet Ry — Z(wt — &z, ) 'R (x, — Pz, 1)
1
N

—nlogdet Ry — Y (y, — Myx,)" Ry ' (y, — Myz,) (7.55)

1

E-step:
The first step is to find the conditional mean for this functyiven the actually mea-
sured datdy, }. The parameters that are to be estimated are collected in
0") = (u, 3, ®, R, R,)".
The conditional expectation is
Q(016") = E,(log Llys .., yn).

Note, thatk, denotes expectation with respect to the distribution taathe computed
using ther’'th estimate.

Introducing (notice that the usuainotion is skipped)

:L‘t|s = E(:Et|y1, e ,ys)
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and correspondingly for the covarianEg,; we get

2Q(0|10™) = —logdet = — tr{= 7Py + (zon — ) ())} -
— Nlogdet R, — tr{R;'(C — B®" — ®B" + ®A®")} -
N
— Nlogdet Ry — tr{R;" Z[(yt — Mzyn)(-)" + M, PyyM][]} (7.56)

1

where

N

A = Z(Pt,1|N+wt—1|ng—1|N>
1
N

;t—1

B = Z(P;?V +5Et\NfI?tT_1\N)
1
N

1

WherePiﬁv_1 is the covariance betweer andx;_; given all N observations.

Kalman smoother estimates The valuese, PY andP;Z\fH are thus the expec-
tation and covariance af; given all the N observations. These quantities are calcu-
lated using th&alman smootheestimates which can be obtained recursively by using
thebackward recursionfort = N, N —1,...,1

TN = Tyap—1 + S (Tyn — Tep—1) (7.57)
Jiw = Py ®(®P,_ 1" + Ry)™! (7.58)

where P,_,;_; is the covariance obtained by using an ordinary (forwardiri€a
filter.

The covariance of the smoothed estimator satisfies

P, =P a1+ T (Pyn — ((I)Pt71|t71(I’T +Ry))J/ (7.59)
M-step:

If we now define thér 4 1)'st parameter estimate as the valu&@dhat maximizes the
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conditional expectatio)(0|0™), we get in this case a closed solution which is

q)(r+1) — BAfl

RV = NYCc-BA'B")
N

Ry = N7 Z[(yt — Myxyy) ()" + M PyxM/]
1

The initial values are just given as a single replicate. Gegg™" = z{ and®
reasonable.

See [Shumway 1988] for further details.

e Hence we have closed the loop with thet 1)’st estimate. Iterate until conver-
gence.

¢ We have simultaneously computed filtered and smoothed assof the states
and estimates of the parameters in the system.

¢ Note that the Kalman filter is included in the EM-algorithnm tmmputation of
the conditional estimates. Compare with the previous dssdiML method for
estimating parameters in state space models, where thiadikd function was
optimized directly! (using a numerical method). One of thieags that we then
got, but we didn’t get in the algorithm as it is presented heitbe precision of
the parameter estimates. If that is to be included in thisrélym, it has to be
extended.
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7.6 State-dependent models (SDM)

State-dependent models are proposed by [Priestley 198§d04 overview including
some examples is found in [Priestley 1988].

In Chapter 1 we introduced the general non-linear model,

Xt = h/(Et, €t—1,y.-- ) (760)
which clearly is “infinite dimensional”, since infinitely mg past variables are used.
The idea behind the state-dependent models is to reduce thiinite dimensional”

form.

In a parsimonious finite description it might be a good ideetasider previoug” and
e-values simultaneously.

Hence consider:

Xt == h(thlu e 7Xt*p7 €t—1,"" ", Elf*(]) + €t (761)
Note that the functiorh in (7.61) is not, of course, the same function as that which
appears in Chapter 1.

Define the “state vector”

~ T
Ty = (Et—q-i—la R ?) Xt—p+17 tet ,Xt)

Priestly (1980, 1988) uses the term “state vector” althotighdefinition does not
in general lead to aninimal realizatiod. It is for instance well-known that for an
ARMA(p, ¢) model the minimal realization has a state vector of dimemsiax(p, ¢+
1), whereas the state vectdy has the dimensiofy + p).

After a first-order expansion df about some fixed time point we obtain tBe¢ate-
Dependent Model (SDM) of order (p;q)

X + Z Gi(@e—1)Xii = p(Xi—1) + € + Zwi(it—l)et—z‘ (7.62)
i=1 i=1

1Recall that a realization of a state space model (represéytéhe triplet of matrices4, B, C))
is minimal iff the corresponding system is completely coli@tble and completely observable
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(Note that this is also doubly stochastic modelsee Chapter 1).

The SDM model has an appealing interpretation as a localgali ARMA model in
which the parametersg, «» and i all depend on the “state” of the proceds,at time

(t—1).

By selecting appropriate forms for the coefficients, théestiependent model contains,
as special cases, many of the well-known non-linear moa=sribed in Chapter 1.

Example 7.3 (Some non-linear models on SDM form)Let us show by examples
how some of the well-known non-linear models are writtentagesdependent model.

e ARMA models p, {¢;} and{v;} constants.
e Bilinear models u, {¢;} constants, and
Vi@ 1) =+ X705 X 5 5 i=1, g (7.63)

By selectingg properly and by putting some of or b;; equal to zero the general
bilinear model (1.34) is obtained.

e Threshold models

{vi} = 0
He = a((JJt)
¢i(it—1) = —CLZ(Jt) |f Xt_d € R(Jt)

Note, for the threshold model, theare step-functions which are constrained to
depend on just one component of the state vector, naXgely.

e Exponential AR modelsForu =0, {¢;} =0and
Oi(@i1) = —(i + Bre ) =1, p (7.64)

then (7.62) reduces to the EXPAR model.

7.6.1 A formal state space description of the SDM

The “state vector”

~ T
Ty = (Et—q-i-la R Xt—p+17 tet ,Xt)
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together with the innovation, . ;, determine completely the evolution from timéo

timet + 1.

A formal state space representation is

To1 = p(xy) + F(2)% + €

Xt — Cit
where
“(itfl) = (07 70 07 7”(:%))T
€& = et(O,-~-,1EO,~-~,1)T
c = (0,---,0,1)
and
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0
F(z;) =
0 0 0 1 0
0 0 0 0 1
0 R (¢ 0 0
| wq QZ}q—l e @Z)l _¢p _gbp—l

1

—61 |

(7.65)

It is obvious from the discussion above that the state degggndodel (7.62) represents
alocal linearizationof the more general non-linear model (7.61), and the modgl ma

be interpreted as representing the tangent plane to thecsufz).

Hence we may introduce the “state dependent transfer fumicti

1+ Zgzl i 1)z

HE) = 1057 GG

(7.66)
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7.6.2 Estimation of state-dependent models

In order to estimate a state-dependent model functionaldaf the parameteysz), ¢;(x), i (&)
are needed.

For example we may assume a linear function of the state necto

0i(E)) = ¢<°>+azﬁaz (7.67)
bi(@) = o+ &8, (7.68)

This form is appropriate for bilinear models (withh = 0); but it is hardly reasonable
to suppose that all non-linear models can be approximatddthve above linear ap-
proximation. However, as long @sandt are reasonable “smooth” functions ®f it
would be quite reasonable to use the linear functions asaflydmear approximation.
Hencea and are themselves state-dependent.

The basic solution is then to includeand in the “state vector” and allow them to
vary smoothly in time and to adapt the underlying variati®he natural approach is
to suggest aandom walkvariation fora. andg.

The estimation procedure is then based on an algorithm whidlosely related to the
Kalman filter — see [Priestley 1988] for details.



Chapter 8

Stochastic processes and state
filtering

8.1 Introduction — Physical modelling

In this chapter we shall start considering continuous tinoel@tling of physical sys-
tems. The essence of the chapter is an attempt to answer #séiaquon how to
incorporate the deterministic physical knowledge in thelelovhile extending it also
to include a description of the disturbances.

The basic deterministic and physically based model of a peatess or system is
assumed to be described by a set of non-linear differergiz&on. In most practical
applications, one should also include a stochastic pattereguations. There are a
number of arguments for including such a stochastic modepoment. Clearly, noise
is an intrinsic part of any real world system, e.g. as measant disturbances. The
stochastic part may also represent disturbances or inpuketsystem which are not
measured or known, or it may represent unmodelled dynanmitesystem.

The chapter then will start by presenting a seemingly ptssilay of creating the
stochastic extension, which however will fail, but will téo the introduction of the
Wiener process (Brownian motion), and the definition of alséstic differential equa-
tion (sde).

dz; = f(x,.t) dt + G(z,, 1) dB, (8.1)

B3, is standard Brownian motion (Wiener process), to be defimedtly. The solu-
tion of such an equation is defined via a stochastic integhathvis introduced and
discussed and the solution to the sde is presented.

165
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The presentation leads to a state space formulation of thtersydescription. Most
often the state variables are unmeasurable and only a éumnofithem is available.
The computation of an estimate of the state is a filtering lerab the solution of
which is exactly expressable but not always computatigredhievable. Hence there
is a demand for approximative filters and in the end of the vap number of such
approximations are presented.

The contents of the chapter are in various parts, but notya\ea a whole, treated
in the literature. The stochastic differential equatiosssach are discussed in e.g.
[Gard 1988], [Kloeden & Platen 1992] and [dksendal 198%, filtering problem is
the topic of e.g.Astrom 1970], [Jazwinski 1970] and [Maybeck 1982].

8.1.1 A first attempt to a stochastic differential equation

A seemingly very natural and heuristic extension of theedéhtial equation

dx
— = flat) (8.2)
to treating also a stochastic disturbance, is to add on aastic signab (x;, t), which
is supposed to have zero mean, in order to get

dmt

— = fz,t) +v(ay, t). (8.3)

Let us suppose that the equation (8.3) is a state space mdudet, implies thav (x;, t)
andv(y,, s) are independentz,, y, whent # s (otherwise the future states would
depend on the way the current states were obtained). Ifthéumore is assumed that
v(xy, t) is continuous in mean square sense, i.e.

Elv(zin,t +h) —v(x,t)] -0, h—0
and has a finite varianég, then it is possible to show, se&dqtrom 1970] that
E[v?(z;, )] =0 ! (8.4)
Hence, it is not possible to keep both the assumption on fuaiteance and indepen-
dence, and if the final aim is to achieve a state space mo@ehstbumption on finite

variance of the derivative has to be sacrified. The constmucif a stochastic differen-
tial equation then starts with the Wiener process.
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8.1.2 The Wiener process

A Wiener process is a Gaussian stochastic pro¢gsst > 0}. The mathematical
properties which defines it are given by:

(i) B,=0 w.p.l

(i) The increments3, — B8,, B, — B4, - -+, B,, — B,,_;, of the process, for any
partitioning of the time intervall < ¢, < t; < --- < t, < oo are mutually
independent.

(i) The increments, — 3, for any0 < s < t is Gaussian with mean and covariance
respectively

BB, -B]=0; V[B —B,]=0t—s| (8.5)
Some other characteristics of the Wiener process are é.§\Vig@ybeck 1982]):

() The Wiener process is a Markov process with respegt;t@A, is defined as the
o-algebra generated by in the time interval0, s]) i.e.

p(ﬁt|As) = p(ﬁABS) (8.6)
for0 < s <t.

(i) Itis furthermore a martingale with respect #, i.e. E[|3,|] < oo, and for all
0<s<t,
E[B,JA] =8, wp.l (8.7)

(iif) The sample paths of the process are continuous witlhgodity one, but they
are nowhere differentiable w.p.1.

Hence, the Wiener process is a nonstationary stochasttegsdhat starts inand has
independent, stationary and Gaussian increments. Byaenisg the process if, ¢],
we see that the variance of the process increases linedhy,vaind that the covariance
function fulfills

>min(s, t). (8.8)
The continuity of the process follows from the continuitytbé covariance function
in (8.8) on the diagona = ¢. The non-differentiability of the process, e.g. in mean

square sense can be seen from

. [(ﬁtm —ﬂar _*h_ o’
h - h? h

ra(s,t) =0
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The covariance function for the 'derivative’ of the process

rg(s,t) = 2 (;fg;t) — 5(s — 1) (8.9)

whered(t) is a Dirac pulse, hence the covariance function for thevagiie’ is defined
only as a generalised function, i.e. in distribution sendsing it in this sence, it is
possible to compute e.g. the spectral density of the 'daviv’aof the Wienerprocess
to show that is has a constant spectral density for all fregjes and thus has infinite
variance. Note that this generalised process is discamtmeaverywhere and that it at
timet is independent of the process at all other time instapts. This is the process
that is closest to the concept 'continuous time white noiseils now to be used in
constructing a stochastic differential equation.

8.1.3 A stochastic differential equation

One possible way of computing the solution to a determmifferential equation is
to use finite differences, Eulers method being the most €mpk. Conversely, the
deterministic differential equation may be defined from féedence equation formu-
lation by letting the timestep tend to zero. If the same pdace is applied in the
stochastic case, we have to start with stochastierenceequation

Tipn, — Ty = hf (@, t) + G(x4, 1) (Bern — Be) (8.10)

where the now introduced stochastic procg8s} is supposed to be a Wiener process.
Note in particular, that drift and diffusion expressions

E [mt_’_h — $t|mt] = hf(mt, t) - dl’lft (811)
Vv [mt_’_h — $t|mt] = hG2 (l’u t) - dlffu5|0n (812)

where it clearly is impossible to divide bByand let it tend to zero, since the diffusion
expression depends linearly éndue to the properties of the Wiener process. How-
ever, it is possible to let the timestep tend to zero in eguatB.10), which gives us
the desired expression for teochastic differential equatiorf. equation (8.1),

dx, = f(x, t)dt + G(xy, t)d,, (8.13)

with {3,} being a Wiener procesE|d3,]* = dt.



8.2. STOCHASTIC DIFFERENTIAL EQUATIONS AND STOCHASTIC INTEGRAL 369

8.2 Stochastic differential equations and stochas-
tic integrals

The stochastic differential equation in equation (8.138Bned using the Wiener pro-
cess, hence the derivative of the solutigrdoes not exist as a normal function. Thus,
the interpretation of the solution remains to be discussed.

Again, compare with the deterministic case, where the golub an ordinary differ-
ential equation may be computed using a pathwise integratitence consider the
stochastic differential equation

where f(x,, t) is the drift coefficientG(z, t) is the diffusion coefficient, an@, is a
standard Wiener process, representing the source of moike system. A solution to
(8.14) would formally have the form

T :wo—i—/tf(:cs,s) ds—i—/tG(:L's,s) dgs, (8.15)
0 0

The first of these integrals. i.e. the integral of the driéin de intrepreted as a standard
integral defined e.g. in the Riemann sense.

The second integral is however more difficult to handle,s&ag discussed previously,
the sample paths of the Wiener process have unboundedearidhe problem is seen
if we try to approximate the integral with a sum

=

G(27,,7;) (/Bti+1 - 5%) , ot ST <tin (8.16)

I
=)

7

and define the integral as the mean square limit of this rgatanapproximation for all
partitionst, < t; < - -- < tiy = t as the maximum step sizeax;(t;;1 —t;) — 0. The
result clearly depends on the choicergfsincer,, to a varying extentis correlated with
B,, Infact, varying choices of; lead to various integral concepts, cf. e.g. [Gard 1988].
Here we choose to have

which gives the approximating summation

=

Gz, t;) (ﬁtm - B,) (8.18)

~
I
o
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theltd stochastic integralAn existence and uniqueness theorem, proved using succes-
sive approximations, holds for (8.18) when the drift andugiion coefficients satisfy
Lipschitz and bounded growth conditions, see [Gard 1988e#én & Platen 1992].

This, so defined integral has a couple of interesting praggesuch as having the mean
value zero and giving the covariance between two integeibk@Riemann integral of
the mean value of the product of the integrands.

Hence, the solution to the stochastic differential equateonow well defined, and
we may continue to compute functions of the solution to tlelststic differential
equation, such as its moments.

8.2.1 1t6 Calculus

Defining the 1td integral, one should notice that the ordimaalculus does not apply
any more. For example, if, = h(t, ;) with x, a solution to (8.1) and a sufficiently
smooth function we obtain

oh  ,0h 1 _,0% Oh
dy = (50 + Fo + 5GP 55) di+ oG dB, (8.19)

8.3 Solving stochastic differential equations

Let the model be described by the vector 1td stochastiewdfitial equation
dz; = f (@0, up, 0,1)dt + G(x,,0,)dB, (8.20)

with {3,} being a standard Wiener process. The observagqrse taken at discrete
time instantsy;

Y = h(wka uy, 07 tk) + €L (821)

where{e;} is a Gaussian white noise process independer,oft, k, ande, ~
N(0,S(0,tx)). (The super- and subscriptis shorthand notation for,).

Condition1 (Itd Equation).Suppose the real functiorfsandG, and initial condition
x, satisfy the following conditionsf andG satisfy uniform Lipschitz conditions in
x:

| f(@at) — Fl@1, )] < Kz — @],
|G (@2, 1) — Glar, )] < K — .
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f andG satisfy Lipschitz conditions inon [ty, T :

| f(x,t2) — F(z, t1)]| < Klta — 1,
|G (x,t2) — G(x,t1)|| < Kl[ta — t1|.

The initial conditionz, is a random variable with[||zo||?] < oo, independent of

{8t € [to, T1}-

If condition 1 is satisfied thefw, } is a Markov process, and, in the mean square sense,
is uniquely determined by the initial conditiaty, see [Jazwinski 1970].

8.3.1 State Transition Distribution

The evolution of the probability densigy(x;|)*), t € [ty, t111] is described byKol-
mogorov’s forward equatioar theFokker-Planckequation:

dp(x,|Y*) = L(p)dt ~ t € [tg, tpsi] (8.22)
where
"0 fi "L 2(-(GGT)y
L('):_Z (8xf)+%z (éxaz = (8.23)

i=1 ij=1
is the forward diffusion operator, see [Jazwinski 1970, begk 1982]. This is the
evolutionbetweerobservations. The initial condition, &t, is p(x;|)*). We assume
this density exists and is once continuously differengabith respect ta and twice
with respect ta.

8.3.2 Updating Through Bayes’ rule

Now, we also assume that the observation mappingjven in (8.26), is continuous in
x and int and bounded for eaah w.p.1.

Integrating the Kolomogorov's equation yielgge,,, ;| )*). When a new measurement
is available at, ., the distribution should be updated through Bayes’ rulédyng
p(xr 1| YFY). This is used in turn as the new initial condition for Kolonoogv's
equation, ... .

The updating equation is therefore

w PlTr)p(ee YY)
P = T pE ) (8:24



172 CHAPTER 8. STOCHASTIC PROCESSES AND STATE FILTERING

Note that the denomitor is simply(y,|)*~!). Now, we have the analytical tool to
solve the state filtering problem.

8.4 Exact state filtering

8.4.1 What is a State Filtering Problem?

Consider again
dwt = f(wta Uy, 07 t)dt + G(wta 07 t)d/gt (825)

with the observation equation
Yy, = (g, ui, 0, 1) + ey, (8.26)

x; is the state of a physical system. We do not have access tadtes se. we
can not directly measure it. However, we can directly measuunction of the state
(contaminated with noise). One can raise three questia@inection with estimating
the state of the system at timéased on measurements until titpe These questions
are labeled

¢ Interpolation problem it < ;.
e Filtering problem ift = t,.
e Prediction problem if > ;.

What we have achieved so far is that by defining a suitablgiat€Itd integral), we
presented a solution to the transition distribution of tteges(Kolomogorov’'s equa-
tion). Then we used the observation equation and the Bayésteo update the dis-
tribution after each measurement. Thus, we have the wha&por probability dis-
tribution of the state. We often like to reduce the distribatto some numbers that
are much easier to work with. A very common approach is to lgeén the first and
second moments of the posterior distribution. In fact, iit ba shown that choosing the
posterior mean of the state as an estimate for the value stale we have minimized
a Bayesian risk. More precisely, we have the following teear

Theorem 8.1 (Optimal State Filtering). The estimate that minimiz&s$(x;—x;)" W (x;—
)], whereW > 0 is some positive definite weight matrix ainda functional on)*
for ¢t > ¢, is the conditional mean.

Proof. See [Jazwinski 1970]. [ |
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Let E*[-] denote the conditional mean pf given V. Also, let, and P, denote
the conditional first and second moments gigén, respectively. Then we have the
theorem:

Theorem 8.2.Assume the conditions required for the derivation of theddommal
density in (8.22) and (8.24). Between observations, thditional mean and covari-
ance satisfy

A

dzyi/dt = f(z,t) (8.27)
— . =

dPy/dt = fUth—fUt|kf + faxf (8.28)
f &y, + GG (8.29)

fort € [tg, tgi1], where[/-\] — EF[-]. When a new observation arrivestatwe have

Ek—l

T = kiﬁ‘”kp(yk“”’f)) (8.30)
E" (p(yglzk))
EF Yz xt T o

E* (p(yxl2))

Predictionsz,, and Py, with¢ > ¢,, based or)*, also satisfy (8.27) and (8.29).
Proof. Is found e.g. in [Maybeck 1982]. [ ]

The theorem provides the complete solution to the stateifiggoroblem. However, in
order to obtain a computationally realizable filter, somgragimations must be made.
First, we restrict our attention to a special but at the same very important class of
models, namely, linear models.

Kalman Filter : The exact solution to the state filtering problem for lindgnamic
models, i.e. models described by stochastic differentjgbéons of the form

d:l:t = A('U,t, 0, t) Ly dt —+ B('U,t, 0, t) Uy dt + G(O, t) d/Bt
Y, = C(up, 0,t;) xp+ D(uyg, 0, t;) up + ey

is given by Kalman Filter.
The Kalman Filter is described by the following equations:

Zrr = Trp-1+ Ke(Yp — Yppon) (8.32)
Pyr = Ppp1— KkRk\k_1K;‘g (8.33)
K, = Py .C'Ry (8.34)
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The formulas for prediction of mean and covariance of theestactor and observa-
tions are given by,

dPy/dt = APy, + Py A" + GG, (8.36)
t € [tk, tk+1[ (837)

Yirie = CTryip + Dugys (8.38)
Ry, = CPryCT+ S (8.39)

The initial conditions arer,, = uo and P, = V. The dependencies of time and
external input of the matrices in the Kalman filter equatibage been suppressed for
convenience.

8.5 Approximate filters

8.5.1 Linearized Kalman Filter

In the general non-linear case, a very common approacheslimaslinearization of the
functions around a nominal trajectory. Thus, we will be ablese the Kalman filter
derived for the linear model. The matrices are calculatediloy,, 0, t) = % R

B(u,0,t) = g—ﬁ . €tC., Wherex™ is some reference signal. There different ways
to calculate the reference trajectory. One way is integgathe state equation after
setting the noise equal to zero. This method, calledittearized Kalman filterwill

only converge if the noise levels are sufficiently small.

8.6 Extended Kalman Filter (EKF)

A better choice for the linearization trajectory, is to uke turrent estimate of the
state. Linearizing about it at every sampling time and apglya Kalman filter to
the resulting linearized model yields the algorithm knowrestended Kalman filter
Performance improvement for the extended Kalman filter mayltained by local
iterations (over a single sample period) on nominal trajgctedefinition and subse-
guent relinearization. If we iterate on the equations far tireasurement update, by
replacing equation (8.32) with the following iterator

M = -1 + Ki(y, — h(n_y, te) — C (Zppp—1 — 1,_1)) (8.40)
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with C' = (8h/6:p)\w:n_ ,and K = K(n,_,), iterated for; = 1,--- [, starting
with n, = &;,—1, and terminating with the result;;, = n,, we have the algorithm
callediterated extended Kalman filtersee Figure 8.1.

Extended Kalman
filter subsampling

Discrete time
observations

Continuous-time

evolution of states

Figure 8.1: The continuous time and discrete time scalesidered for the iterated
extended Kalman filter

8.7 Statistically linearized filter

In this approach, we consider approximatifige,, t) by a linear approximation of the
form

F(xit) = folt) + F(t) z: + € (8.41)
which has the minimum mean square error
J = Ele] We, |V (8.42)

for all t € [t,_1,tx[, whereW > 0 is a weighting matrix. Calculating the partial
derivatives of (8.42), with respect tfy,(¢) and F'(¢) and setting them to zero yields,
using the notation of Theorem 8.2

folt) = f—F(t), (8.43)
F(t) = (fz] - fal) P} (8.44)

with Py, being the conditional covariance of.

Similarly for the measurement equation:
h(:z:k, tk) = ho(tk) + H(tk) L (845)
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with the coefficients statistically optimized to get

~

ho(ty) = h— H(t,) @y (8.46)
H(ty) = (hal —ha )P, (8.47)

The issue now is the computing ¢t h, F(t) and H(t;). They all depends upon
the conditional probability density function af, which is generally not available. We
therefore assume the density is Gaussian.

We obtain thestatistically linearized filterwith the following equations for the time
propagation

diye/dt = f(ay,1), (8.48)
dPyi/dt = F(t)Py+ Py F' (1) + GGT (8.49)
t € [te,tra] (8.50)

with F'(t) given by (8.44), and the conditional expectations involvaldulated assum-
ing z, to be Gaussian with meai;, and covariance?,,. The measurement update
at timet,, is given by

K = Py H" (t)[H(tp) P H () + S (8.51)
Ty = Tpp1 + Ki(y, —h) (8.52)
Py, = Py — K H(ty) P (8.53)

The conditional expectations are calculated asifvere Gaussian with meaiy, ;.
and covariancé#, ;. The equations for the gain and covariance are the samesss tho
for the EKF, but withF (¢) replacing(d.f /0)| andH (t;,) replacing(Oh /Ox)|

T=Ty) T=Lp |1

8.7.1 Suggestions for Further Reading

For a more detailed treatment of the filtering problem see/iddak 1982] and [Jazwinski
1970]. In [Astrom 1970] the stochastic control problem is the mainessThe book

is rather old, as is [Jazwinski 1970], but both of them arey vell written and worth
reading.

The extended Kalman filter has been used also as a tool fonastg unknown pa-

rameter in a state space representation, via extensioreddtéte with the unknown
parameters. This problem is in [Ljung 1979] shown to haveaadxl solution in most
implementations, due to the neglected parameter depeadd#nbe gain matrix in

the Kalman filter. Two solutions to that problem are givenhe same reference,
the first is computationally demanding and simply introduaad treats the parame-
ter dependence in the gain matrix. The second solution dersonly the stationary



8.7. STATISTICALLY LINEARIZED FILTER 177

Kalman gain and extends the state also with this gain. ltas 8hown that if properly
structured, the resulting algorithm is of prediction ertgpe, giving e.g. consistent
estimates.

The EKF approach to parameter estimation has furthermare treated by Wiberg
and DeWolf in a series of papers, using an averaging appycaehe.g.[DeWolf &
Wiberg 1993, Wiberg & DeWolf 1993, Wiberg, Ljungkvist & Powé&994]. They
derive comparatively complicated but tractable recurp@emeter estimation algo-
ritms that are consistent also for estimation of the pararsen the noise covariance
matrices. An essential extension that is done in their @élgos compared to stan-
dard extended Kalman filters, is the retention of also theltbrder moment in the
parameter and covariance update, which essentially takesof the at least transially
nonsymmetric distribution of the parameter estimatioonstr

In [Melgaard 1994], the application of filtering and predatto estimation of phys-
ical parameters of a dynamic system is extensively invastdy and in [Hendricks
1992] parameter estimation in an engine model using phiysicdelling and extended
Kalman methodology is extensively discussed.
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Chapter 9

Modelling using stochastic
differential equations

9.1 Introduction

Often non-linearities and non-stationarities are mosveaniently modelled by consid-
ering continuous time stochastic models.

By that approach information from physics is more easilydusehe modelling tech-
nique described in this chapter is callgey box modellingsince it provides good
tools for combining information from physics with inforniat from the data.

This chapter describes in detaih@aximum likelihood methador estimation of linear
stochastic differential equations in state space formo Al estimation of a class of
non-linear differential equations is considered. Theessptice formulation is adequate
for modelling some non-stationary time series.

Furthermore themaximum aposteriori estimation techniq(lAP), the prediction
error method(PEM) (or non-linear least squarg¢sand theindirect prediction error
method(IPEM) are considered. Finally, some methods for filterimgtesiduals along
with the estimation and some methods for making the estomagbust are described.

At the end of this chapter several cases of modelling phiysystems using stochastic
differential equatins are presented.

179
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9.2 The continous time linear stochastic state space
model

The deterministic part of a model considered is frequemthpy a system of ordinary
differential equations.

In matrix notation the equations can be concatenateddrdeterministic linear state
space model in continuous time

dX

whereX is the state vector and is the input vector.

The dynamical behavior of the system is characterized byrtaix A, andB is a
matrix, which specify how the input signals enter the system

To describe the deviation between (9.1) and the true vanatf the states an additive
noise term is introduced.

Then we have the stochastic differential equation
dX = AXdt + BUdt + dw(t) (9.2)

where the stochastic processt) is assumed to be a process with independent incre-
ments. (9.2) ishe stochastic linear state space model in continuous.time

There are many reasons for introducing a noise term:

e Modeling approximationg~or instance the dynamics, as described by the matrix
A in (9.2) might be an approximation to the true system.

e Unrecognized and unmodeled inpuBome variables, which are not considered,
such as e.g. wind speed, may affect the system.

e Measurements of the input are noise corruptiecthis cases the measured input
is regarded as the actual input to the system, and the davikbm the true
input is described by ().

In the general case we assume that only a linear combindititve gtates is measured,
and if we introduc&” to denote the measured or recorded variables we can write

Y(t) = CX(t) + DU(t) + e(t) (9.3)
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whereC' is a constant matrix, which specifies which linear comborabf the states
that actually are measured, ahdis a constant matrix, which accounts for input vari-
ables which directly affect the output.

The equation is for obvious reasons calted measurement equation

The terme(t) is the

e Measurement errorThe sensors that measure the output signals are affected by
noise and drift.

In the following it is assumed that(¢) ande(t) are mutually uncorrelated, which
seems to be quite reasonable.

As an example of a model belonging to the class (9.2) considefollowing model
describing the heat dynamics for a building

T, o e T,
{ dT; ] | L —(L+L) { T, |1
T
0 0 Ayp/cm “ [ dw,, (t) }
1) e Au(l—p)/e; | j’)’: At gy |4
T.(t) = (01)T(t)+e(t) (9.5)

The states of the model are given by the temperaiijref a large heat accumulating
medium with the heat capacity,,, and by the temperaturg of the room air and
possibly the inner part of the walls with the capacity The termr; is the resistance
against heat transfer between the room air and the largeakeatnulating medium,
while r,, is the resistance against heat transfer from the room aietarnbient air with
the temperaturé,,.

The input energy is supplied by the electrical heatgrand the solar radiation which
penetrates through the windows facing sodthy,, whereA,, is the effective window

area. The effective window area is the window area correittedhade effects, and
absorption and reflection by the triple glazed windows. Nbs&t only the indoor air

temperature is measured.
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9.2.1 Identifiability of State Space Models

A good reference is the tutorial paper By

It is a crucial question whether the parameters of a spectate space model can be
identified. If a non identifiable model is specified, the methtor estimation will not
converge.

The identifiability concept has to do with the problem whetine identification pro-
cedure will yield a unique value of the parameters.

One aspect of the problem has to do with the experimentalitons, whether the
dataset is informative enougpdrsistent exciting to distinguish between different
models.

The other aspect has to do with the model structure, i.efféréint sets of parameters
will give equal models, given that the dataset is inform@aegwnough. The latter topic
will be discussed here.

The problem ofstructural identifiabilityarises from the fact that for a given transfer
function model corresponds, in general, a continuum oéstpace models. It is there-

fore necessary to put restrictions on the structure of the stpace model in order

to provide a unique relation between the parameters of Hie space model and the
transfer function.

Consider a continuous time state space model

X(t) = AX(t)+ BU(t) +e(t) (9.6)

Y(t) = CX(t)+DU(t)+ est) (9.7)
where the state vectdX (¢) has dimensiom, the inputU (¢) has dimensiom: and the
outputY (¢) has dimensiom, e;(t) ande,(t) are mutually independent white noise
processes with varianc&s andX, of dimension: ands respectively. The part of the

output, that cannot be predicted from past datg(i$ = Y (¢) — Y (¢). This quantity,
denoted by(¢) is called theénnovation

By rewriting (9.6) and (9.7) we obtain thenovation formof the state space descrip-
tion
X(t) = AX(t)+BU(t) + Ke(t) (9.8)
Y(t) = CX(t)+ DU(t)+ €(t) (9.9
Introducingp as the differentiation operator the corresponding trarfafection model

has the form
Y () =G(p)U(l) + H(p)e(t) (9.10)
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wheree(t) is a white noise process of dimensiowith varianceX.

The transfer functions are determined as

G(p) = CpI-A)'B+D (9.11)
H(p) = ClpIl —-A)'K+1 (9.12)

where K, the continuous time Kalman gain, is given as
K = PC's;}? (9.13)
andP is the solution to the steady state Riccati equation :
0=AP+ PA' +%, - PC'S;'CP (9.14)
The variance of the noise process) is given by
> =CPC'+3%, (9.15)

From the observations @/ (t) andY (¢) we are able to observe the transfer matrices
G(p) and H (p) with elements of the form

bup" + by—1p"t 4+ by
)= i ¥ a4 T ag (9:10)

wherea, = 1.

By comparing the parameterization of (9.11) with elemeritthe form (9.16) it is
possible to check if the parameters of a specified model iHiitble.

An example: The problem of identifiability is illustrated by an exampléonsider a
system (9.6) and (9.7) with matrices:

T I A AT TR
D = [0]

The transfer functioii7(p) given as (9.11) now becomes

d(p+ a)
G(p) = 9.18
(p) P (atbtoptac (9.18)
This should be compared to what we are actually able to obseamely
b b
Gp) = 2 (9.19)

24 aip+ag
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That is, we are able to obser¥g b;, a; anda,. If (9.18) and (9.19) are compared, it
is seen that based upon these values, we are able to identify andd. Hence the
model is identifiable for the parameters of the matrides3, C and D.

For the noise modelf (p) given by (9.12), there a more possibilities for paramegeriz
tion. One possibility is a direct parameterization of theawmations form, i.e. directly
estimation of the kalman gain

k1
K = {kz} (9.20)

by the calculations in (9.12), this gives the noise model

( )_p2+(a+b+c+k2)p+(k:lb+k:2a+ac)

H 9.21
P PP+ (a+b+c)p+ac ( )

Comparing this model with the model of the kind (9.19) it i®sethat it is possi-
ble to find k4, k, and the variance of the innovatio®s because&r(p) in (9.18) was
identifiable. The total model including the noise model ihiis case identifiable.

Another way to parameterize the noise model is by the matdteand ;. These
matrices are connected I§ andX through (9.13), (9.14) and (9.15) in a fairly com-
plicated manner. Since the dimensionsKfis n x s andX¥ hass(s + 1)/2 ele-
ments, where is the order of the system ards number of outputs from the system,
ns+ s(s+ 1)/2 is the maximum number of parameters which can be identifieffo
and3,. For the considered example we are able to idestfparameters for the noise
model this could be done by estimatihy, which is1 parameter and the diagonal of
3, which is2 parameters and then i, 1o = 0. With this parameterization of the
noise, the model is still identifiable.

Consider now the following slightly modified version of (9)1Lnamely the matrices

A — [‘Ca _bd], B — [0] (9.22)

€
the transfer function corresponding to this model becomes

e(p+a)

Glp) = p?>+ (a+d)p+ (ad — cb)

(9.23)

By comparison with (9.19) is is seen thaandb can not both be identified; but only
the product.
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9.3 A maximum likelihood method for parameter
estimation in continous time stochastic state
space models

9.3.1 The Model

It is assumed that the model of the dynamics is describeddgttithastic differential
equation
dX = AXdt + BUdt + dw(t) (9.24)

whereX ism dimensional, and the: dimensional stochastic process$t) is assumed
to be a process with independent increments.

With the purpose of calculating the likelihood functiom,t) is restricted to be a
Wiener-process with the incremental covariafitgt).

The measured variables are written
Y(t)=CX(t)+ DU (t) + e(t) (9.25)
The terme(t) is the measurement error. It is assumed #tat is normally distributed

white noise with zero mean and variarRe. Furthermore, it is assumed thatt) and
e(t) are mutually independent.

9.3.2 From Continuous to Discrete Time

Since it is assumed that the system is described by the sticchéferential equation
(9.24), itis possible analytically to perform an integoati which under some assump-
tions exactly specifies the system evolution between distiree instants.

The discrete time model corresponding to the continuous timadel (9.24) is obtained
by integrating the differential equation through the saiptervalt, ¢ + 7).

Thus the sampled version of (9.24) can be written as

t+7

t+1
X(t+7) = eA(HT_t)X(t)Jr/ eA(t+T_S)BU(s)ds+/ A=) da(s) (9.26)
¢ ¢

Under the assumption th&k(¢) is constant in the sample interval the sampled version
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can be written as the following discrete time model in statece form

X({t+71)=¢(n)X({)+T(NU(t) + v(t;7) (9.27)

o(r)=e: T(r)= /TeASB ds; wv(t;T)= /HTeA(HT_S) dw(s) (9.28)
0 t

On the assumption that(¢) is a Wiener proces®(¢; 7) becomes normally distributed
white noise with zero mean and covariance

Ru(r) = B [olt:rjolt:)] = [ o(s) Rig(s)"ds (9.29)

If the sampling time is constant (equally spaced obsemajidhe stochastic difference
eqguation can be written

X(t+1) = ¢X(t)+TU(t) +v(t) (9.30)

where the time scale now is transformed such that the sagiphre becomes equal to
one time unit.

The problem of calculating the exponential of a matrix is gantask - see [Madsen
& Melgaard 1991].

9.3.3 Maximum Likelihood Estimates

In the following it is assumed that the observations areinbthat regularly spaced
time intervals, and hence that the time indéelongs to the sef0, 1,2, ..., N}. N is
the number of observations.

We further introduce
Yt)=[Y([),Y(t—1),...,Y(1),Y(0)]" (9.31)

i.e. Y(t) is a matrix containing all the observations up to and inaigdimet. Finally,
let 8 denote a vector of all the unknown parameters ofdhdedded continous time
modelin (9.24) — (9.25) - including the unknown variance and c@raze parameters
in R andR,.
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The likelihood function is the joint probability density all the observations assuming
that the parameters are known, i.e.

LY (0: Y(N)) = p(Y(N)|6)
= p(Y(N)Y(N —1),0)p(Y(N —1)6)

. (Hp O - 1.6 )oY Ole)  ©32)

where successive applications of the rifleAN B) = P(A|B)P(B) is used to express
the likelihood function as a product of conditional deresti

Since bothv(t) ande(t) are normally distributed the conditional density is also-no
mal. The normal distribution is completely characterizgdt® mean and the variance.

Hence, in order to parameterize the conditional distrdtiwe introduce the condi-
tional mean and the conditional variance as

Y(tt—1) = E[Y(®)|Y(t—1),6] and (9.33)
R(t|t—1) = V[Y(®)|Y(t—1),6] (9.34)

respectively. Itis noticed that (9.33) is the one-step jotexh and (9.34) the associated
variance. Furthermore, it is convenient to introduce the-step prediction error (or
innovation)

et)=Y{t)=Y(tt—1) (9.35)

Using (9.32) - (9.35) the conditional likelihood functiocofiditioned onY (0)) be-
comes

= T (2m) 2 det R(tlt — 1)1 exp(-be() R(t]t — 1) 'e(2))

(9.36)
wherem is the dimension of th& vector. Most frequently the logarithm of the con-
ditional likelihood function is considered. It is written

N

log L(O: V(N)) = -} > _ (log det R(t|t — 1) + e(t)” R(t|t — 1) "€(t)) + const
= (9.37)

The conditional meaiY (|t — 1) and the conditional variancB(t|t — 1) can be cal-
culated recursively by using Kalman filter This is described in section 9.7.1.

The maximum-likelihood estimate (ML-estimate) is the 8etvhich maximizes the
likelihood function. Since it is not possible analyticatly optimize the likelihood
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function, a numerical method has to be used. A reasonableothét the quasi-Newton
method.

An estimate of the uncertainty of the parameters is obtalnyethe fact that the ML-
estimator is asymptotically normally distributed with me&hand variance

D=H" (9.38)

where the matrix is given by

2

0
[} = —E [ S 08 L6, y<N>>] (0.39)

An estimate ofD is obtained by equating the observed value with its expectaind
applying

2

Tt ~ (89% log, L(6: y(N))) (0.40)

6=0

The above equation is thus used for estimating the variafitbe parameter estimates.
The variances serves as a basis for calculating t-testvédugest under the hypotesis
that the parameter is equal to zero. The correlation betweeestimates is readily
found based on the variance matrix.

9.4 Maximum aposteriori estimate

This method gives a possibility to include partmlor knowledge about the param-
etersin the estimation. The prior knowledge is expressed by spriwg probability
density and theBayesian approacks used for mixing the prior information with the
information in the data.

Compared to classical estimation, the Bayesian approaas @i conceptually dif-
ferent treatment of the parameter estimation problem. énBayesian approach the
parameter itself is considered as a random variable witptioe probability density

6 ~ p(0) (9.41)

Then based on observations of other random variables, thase®” = [y, Yn_1, Y1, Yol
which is correlated with the parameters, we may infer infation about its value.
Suppose the conditional probability density of the obsiing, givend, (i.e. thelike-

lihood functior) is

p(y"|6), (9.42)
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Then by combining the prior information with the sample mhation, using Bayes’
theorem, it is possible to form the posterior information 69 i.e. the conditional
probability density given the observations

p(OlyY) = % x (y"|0)p(6) (0.43)

It is seen, that theosterior probability densitys proportional to the likelihood func-
tion multiplied by the prior probability density.

From the posterior probability densitiifferent point estimatesf 8 can be determined,
for instance the value where the probability density agté&smmaximum. This is called
themaximum a posteriori estimate (MAR).

Oy = argmax p(y™ |0)p(6) (9.44)
(S

over an admissible parameter et

The maximum likelihood estimator (ML) selects the paramétat maximizes the
likelihood of the data,

a _ N
O = argmaxp(y”|6) (9.45)

If the prior distribution in (9.44) is uniform then the MAPta®ator is equivalent to
an ML estimator that is restricted & = (). So the ML estimator corresponds to
the MAP estimator when the prior information is diffuse onAaformative, with the
constraintV = ).

Example 9.1 (MAP estimates).Assume that data can be described by:
Y. = E(y,ly*",0) + €.(6) (9.46)

where the sequence of innovatiofis.(6)} is a stochastic process with the property
E(ex(0)|y*~!) = 0. If we assume the innovations are mutually independent and
have the probability density functign(e,(0)|0), we obtain the following likelihood
function of the data:

p(y™6) = Hp €, (0 (9.47)

If the innovations are assumed to be Gaussian with zero na@arcovariancd?, (9),
we have

N
p(y™10) o< T (det Ri(6)) /2 exp(—%ek(e)TR,;l(a)ek(e)) (9.48)
k=1
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The maximizing argument of (9.48) with relation fothus yields the ML estimate,

0,.,. Let the prior distribution function foé be given by a normal distribution with
meanu = p, and covarianc& = 3J,. Then

p(6) ox exp(~5 (0 — 11y) 5 (6~ 1) (9.49)

Following (9.43), the conditional pdf fa# given the datay”, that is the posterior pdf
for @, is given by

pOly™) o exp(— 58— ) S50 — ) x
H(detRk(O))_l/Qexp(—%ek(e)TRkl(O)ek(O)) (9.50)

The argument that maximizes (9.50) is the MAP estiméx,g,p. The difference be-
tween ML and MAP is clearly seen from (9.48) and (9.50). Aspher standard de-
viation increasesy, — oo, the prior pdf approaches a uniform and non-informative
distribution, and the MAP estimate becomes equivalent thighML estimate. ¢

The advantage of considering MAP estimators instead of Mimagors is of course
that our prior information about the parameters of the madekorporated in the final
estimate of the parameters. We may then be able to reachrtteslegel of confidence
of the final estimates, from a shorter experiment. noOn-identifiable modelsnay
become identifiable, due to the external information.

The problematic part of the MAP estimation approach, is freegication of the prior
pdf. The prior information can either be generated from daepf past data, e.g. from
ML estimation, in which case the asymptotic distributiortloé estimates is known.
The prior information can also be specified from introspettor theoretical consider-
ations, and in this case the prior information may differifatividual persons, because
they have different beliefs. One should also consider theib#ity of the final esti-
mate from the specification of a wrong prior pdf. Often theoppdf represents both
kinds of prior information, data-based and non data-based.

The Bayesian approach is quite appealing in relatiogréy box identificationwhere
the idea is to utilize the prior information about the systamthe identification. The
MAP estimator is also called the grey box estimator by TdlekL1993).

It can be shown that asymptotically (when the number of daservationsV — oo)
the MAP estimator converge with probability one to the carianal ML estimator,
provided the admissible model set contains the the truenpgteas. That is, the MAP
estimator is asymptotically unbiased and efficient. This tsrect consequence of the
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fact that the likelihood will asymptotically become Gawassdistributed, around the
true parameters, with vanishing covariance matrix. Thes aheans that the influence
from the prior distribution is vanishing with increasingmber of observations in the
likelihood function, see [Tulleken 1993].

9.5 The prediction error method

The prediction error methods described in Section 5.5 isftated in such a way
that the description is valid also for estimation of pararetn stochastic differential
equations using discrete time observations.

Hence, we consider the lossfunction — or the norm

N
Vn(0) = > (z; — Eo(w]B, 1)) (9.51)
1
and thePEM estimatas given as
Oy = arg 916%11\14 Vn(0) (9.52)

That is, the basic PEM estimator minimizes the sum of squaredstep prediction
errors, given by

€(tr,0) = Yy, — Yy (9.53)
ng = g<tk797yk717uk71> (954)

whereg(t;, 8,41, uF~1) is a deterministic function of old data and the parameters.

9.5.1 Filtering the prediction errors

The approach may be even further specialized as descrilied fnllowing. The idea
is to choose some norm that measures the sizeard then find the parameter vector
0 that minimizes this norm.

Let the prediction error sequence be filtered through astai®ar filterL(q),
€f(tr, 0) = L(q)e(ty, 6) (9.55)

forall k € {1,2,---, N}. Then use the following norm,

N
Z tk,O €y f}k, )) (956)
k;:
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wherel(.) is a scalar valued function. The estimé#ke is chosen as the minimizing
value of (9.56), i.e. A
= i .57

Oy = arg Grenlﬁlj V(0) (9.57)
Following Ljung (1987) methods that corresponds to the eagin of (9.57) are called
prediction error methodsThis approach contains as special cases a number of known
methods, like théeast squareandmaximum likelihoodnethods. The different meth-
ods apply by specific choices of the prefil#efq) and the norni(-).

The effect of the filtelL is easy to understand in a frequency domain interpretafion o
the criterion (9.57) L acts like a frequency weighting of the criterion, i.eLifs a low
pass filter then the criterion will only be little affected bigh frequency disturbances.
By another choice of the prefilter it is possible to removevsiiift terms in the data.

It should be noted that the inclusion of the filter is to alloxtra freedom in dealing
with the properties of the prediction errors. The filter candonsidered as a part of
the model, by changing the predictor. If we consider a motitieform

Y, = G(q,0)ux + H(q,0)e; (9.58)

then the effect of prefiltering the prediction errors acaagdo (9.55) is identical to
changing the noise model fro (¢, 6) to

H(q,6) = L™'(9)H(q,0) (9.59)

see [Ljung 1987].

9.6 An indirect prediction error method

The so-calledndirect prediction error method (IPEM¥uggested by Soderstrom, Sto-
ica & Friedlander (1991), is in fact a two-step estimatiorttme. It is applicable to
situations where the parameters of a model of interkg) @re functions of parame-
ters in a larger modell(,) which are relatively easy to estimate. In the first step the
parameters of the modal; is estimated, and in the second step estimated0ére
found using the functional relation between the set of patars:

measured datgﬂ@ parameters i/, — parameters i/,

One typical application of the IPEM method is the situatiomewe M/; corresponds
to the parameters of a stochastic differential equation/@pds the parameters of a
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discrete time counterpart, i.e. the corresponding diffeeeequation. An example of
this application is shown in [Handel 1994].

Another well-known example is wherd, corresponds to the parameters of a high or-
der autoregressive model andi to an ARMA model. This is for instance considered
by [Wahlberg 1987] and [Wahlberg 1989].

Let § denote the parameters correspondingtoanda the parameters corresponding
to M,. The PEM estimates are given by

N

6 = argmeinZelT(t, 0)e(t,0) (9.60)
t=1
N

a = argminZeQT(t, a)é(t, a) (9.61)
t=1

wheree, (¢, 9) is the prediction error

€(t,0) =y(t) -yt |1;6)
in the model structur@/, and similarly fore, (¢, ).

We will impose the following two assumptions on the modelistures)M; and M,
and the data.
Al. The structures are nested
M, C M, (9.62)
so that there exists a smooth map
a(f): S — Sy 5 C RImO G, c Rdima
such that
e(t,a(0)) = €(t,0). (9.63)

Furthermoredim # < dim o« andS; is an open (nonzero measure) seRf™ ¢
such thate, (¢, 0) is a stationary process for a®y € S;. We assume that
Ja(0)/080 has full rank overs;.

A2. Both structures give parameter identifiability. Thisane that there exisiique
“true”, parameter vectora* and@* such that

€:(t,0%) = e,(t, a*) is white noise of zero mean and variance  (9.64)
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Note that (9.64) and assumption Al imply

ot = a(6”). (9.65)

Assumption Al is solely a condition al; and M5, while A2 involves also the prop-
erties the data (“the system”). Assumption A2 may seem gtrdhe requirement that
the quantity in (9.64) is white noise is neither needed faivdéion of the estimator

nor the interpretations. It is needed only for the ML intetation used in the analysis
of asymptotic properties in [Soderstrom et al. 1991].

The algorithm: Assume PEM estimates of a and an estimate of the corresponding
covariance matrixP,, are given. Assume furthermore that the relation between
and@ is given by

a(f) (9.66)

and that the Jacobiah = 0a/(0)/00 has full rank ovelrs;.

Given the initial estimates (gues3)the iterative equations are

J(i) = (0c(8)/08 |,_5,)" (9.67)
Po(i) = (J()P, J"()"! (9.68)
01 = 0,+ Py Ji)P. (& — a(B(i)) (9.69)
A stop criterion is ) A
10i41 —0i]| <0

whered is some small number. Due to the iterative structure therdlgo may be
used for on-line implementations together with a recurBi®.

An example of using the algorithm is given in [Handel 1994].

9.7 Robust norms

From the previous sections it has been shown that for mimgithe variance of the
estimated parameters the optimal choice of the scalar ridion the general PEM
criterion (9.56) is

[(e(0)) = —logp(e(0)) (9.70)

wherep(e,(0)) is the probability density function of the innovations (& criterion).
The problem is that(e,(6)) may not be known for the true innovations. If we assume
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that the density is Gaussian, but the true density has thiaks, this may have a large
influence on the estimation, cf. [Martin & Yohai 1985]. It isrevenient to consider the
innovations as being generated from an outliers model, thtollowing distribution
of the innovations

P(e) = (1 —=9)N(0,0*) +~1G, 0<~vy<l1 (9.71)
whereG is some symmetric outlier generating distribution gnd a small fraction.

In order to evaluate the influence of the outliers on the eggsiwhen using a given
norm/, it is valuable to rewrite the expression for the covariamegrix of the param-
eters 7). Under the assumption th&t< M and that the limiting parameters equals
the true ones@* = 6,, the expression for the covariance of the parameters can be
written,

Py = k(1) (W"(0y))* (9.72)
where the covariance of the parameters is scaled by the scala
k(1) = E[v*(e(60))] / (Ec[v(e(80))])? (9.73)

wherew(e;) = I.(¢;) (derivation is with respect te) and expectation should be taken
with respect to the true distribution of the innovations. n€ider for simplicity the
scalar case of Gaussian ML with the given variacghen (9.70) isli(e;) = 3¢
(neglecting the constant term). For the ideal case wherértleedistribution of the
innovations is Gaussian we hax€) = 1. If on the other hand the true distribution
is given by (9.71) with a > 0 this scalar can become much larger thaof. [Ljung
1987, pp. 397-398]. This means, that even if the fractionutfiers is very small
the variance of the parameters can be much deteriorated udieg the norm (9.70).
Thus, the norm (9.70) is very sensitive to the true distrdyubf the innovations. This
is of course not desirable because the true distributiosuslly unknown. In order
to make the criterion moreobustto the unknown variations of the distribution of
the innovations, it is suggested to modify (9.70) in such & Wt ¢)(z) in (9.73)
behaves like: for small values of;, then saturates, and even tend to zero im€reases
(redescending). One choice of/afunction, is calledHuber’svy—function

_ x || < cn
Vn(x) = { cy sgn(z) x| > cy (9.74)
If one wants protection against extremely heavy-tailedrithstions, a redescending
psi-function can be used. A frequently used type of redediogrfunction isTukey’s
bisquarefunction
r(1—2%/c%)? |x| <cp

vala) = { TO TSRS 2

see [Martin & Yohai 1985] for a discussion of the psi-funasaand robustness.

(9.75)
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Figure 9.1: Huber’s psi-function and Tukey’s bisquare tior

When off-line methods are of greatest interest we have tksipility of repeating the
estimation on the data set. Hence, we are able to detect awadehautliers in the data
set, e.g. in connection with the model validation. Thus fibine methods it may
not be necessary to be protected against very heavy-tagétibdtions, but it is still
useful to modify the estimation criterion according to etduber’s psi-function and
with acy value that is not too small, e.gyz = 3 5. When such a robust norm is used
there will only be a small increase aef/) when outliers are present and also when
the true distribution is Gaussian (no outliers) there isy@abmall loss of optimality
compared to the original norm (9.70). The price of a smallease of the variance for
the nominal case is thus worth paying to have robustnessstganall variations in

the true distribution of the innovations.
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9.7.1 Kalman Filter

For linear models the Kalman filter provides the exact sofufor the filtering prob-
lem discussed previously. The equations for the Kalmarr fite given in a previous
chapter but repeated below. The routine calculates thetoomal meany,,,_, and the
conditional varianceR,, ., to be used for the estimation. The Kalman filter performs
the optimal (minimum variance) linear updating and pradicof the state variables.
Finally, some numerical aspects regarding the implemiemtare discussed.

If the model is time invariant the model can be discretizetbteefiltering. If the
time dependency is weak compared to the dominating eigeesaf the system, this
implementation of the Kalman filter may also be used for timeying systems, by
discretizing the continuous model at each sampling inses#uming thatd, B and
G are constant within the sampling interval.

For the discrete time state space model the equationgftatingthe estimate of the
statex becomes (with a slightly changed notation)

Zre = Tip-1 + Kr(Yyp — Yppp—1) (9.76)
Py = Py — K Ry 1 K}, (9.77)

where K, is given by
Kj =Py 1CT"Ry; (9.78)

The formulas foipredictionbecomes

Tpre = Py + Tug (9.79)
Yy = CZrip + Dug (9.80)
Pioap = Py @7 + A (9.81)
Ry = CPpC"+ S (9.82)

The formulas require some initial values, which descrilesgrior knowledge about
the states of the system in terms of the prior mean and variane= p, and P, =
V. The matrixP; ;. is the variance of the one-step prediction of the statef the
system.

Numerical Aspects It is well known that the Kalman filter in some situations is
numerically unstable. The problems arise when some of thenaes, because of
rounding errors, become non-positive definite. Therefarefal handling of the equa-
tions for the variances (9.77), (9.78), (9.81) and (9.82)esded in order to numeri-
cally stabilize the Kalman filter. Since all variances slido¢ symmetric and positive
definite, it is desirable to use their Cholesky factorizati®ne possibility is to use
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the LD L" -factorization, i.e. the square root free Cholesky decasitjom, whereL
is unit lower matrix andD is diagonal.

An equation for updating a factorized matrix is
A=A+GD,G" (9.83)

where A is known from other considerations to be positive definite] B, is a diag-
onal matrix. Thus, it is necessary to compute a unit lowangular matrixZ and a
diagonal matrixD with d; > 0 such that

A=LDL" (9.84)

Algorithms to solve this problem are outlined in [Madsen & Iygard 1991]. It is
obvious that equation (9.81) and (9.82) easily are brougfiat this form. Equation
(9.77) can be rewritten as

Py, = Pyjp_1— KkRk\kflKg ~
Py, = Py — Pk\kflcTR];‘}g_lcPak—l <
LDL" = LDL" - LDL"C"(L,D.L7)"'C(LDL")" &
LDL" = L(D-GD'G")L” (9.85)

where

G=DL'C"L; " (9.86)
The expressiotD — GD;'G") in (9.85) are in the form (9.83), and can thus be
solved for the factor& DL", and we havd, = LL andD = D.

This implementation of the Kalman filter is able to handlerthdtiple-input, multiple-
output case with a high degree of accuracy and stabilityespdBierman 1977].

9.8 Estimation of a class of non-linear models

9.8.1 A Class of Non-Linear Models

Now let the model be described by the stochastic differeatjaation
dwt = f(:ct, Uy, 0, t)dt + G(@, t)dﬁt (987)

with 3 being a standard Wiener process. The observatignare taken at discrete
time instantsi;,
Yy, = h(Tr, ui, 0,1;) + ey (9.88)

wheree is a Gaussian white noise process independefit ahde,, ~ N (0, S(0,t;)).



9.8. ESTIMATION OF A CLASS OF NON —LINEAR MODELS 199

9.8.2 Extended Kalman Filter

In this case the extended Kalman filter is used as a first opfgoaimative filter. Be-
ing linearized about; the state and covariance propagation equations have astguc
similar to the Kalman filter propagation equations for linegstems. Hence, we are
able to reuse the numerical stable routines implementethéoKalman filter from the
previous section.

The necessary modifications of the equations in the prewectson are the following.
The matrixC is the linearization of the measurement equation,

oh

C(ik“ﬁfl) Uy, 07 tk‘) - % $:i'k’\k—1’ (989)
and A is the linearization of the system equation,
of
A(a 0,t)=—| . 9.90
(wtauta ) ) 6w’$:xt7 ( )

and® is the discrete system matrix calculated as a transformaticd, see the fol-
lowing section. The prediction of the output, Equation 9i80@eplaced by

Urr1)k = R(Zrqajps Urtr, 0, tkt1) (9.91)

The formulas for prediction of mean and covariance of theestactor are normally
given by,

diﬁﬂk/dt = f(:ﬁt‘k, u, 0, t)) , te [tk, f}k+1[ (992)
dPt|k/dt = A(ﬁjﬂk,’u,t,e,t) Pt\k —i—Pt‘kAT(:%ﬂk,ut,H,t)
+G(0,)GT(0,t), € [ty tpsi] (9.93)

whereA is given by (9.90).

In order to make the integration of (9.92) and (9.93) comipanal feasible and nu-
merically stable for stiff systems, the time interVal, ¢, 1[ is sub sampled and the
equations are linearized about the state estimate at tlkea givb sampling time. For
the state propagation the equation becomes

dz,/dt = f(@;) + A@){T — @5}, €[t tjn] (9.94)
= A(x;) @+ {f(x)) — Al®) 5}, € [t 1] (9.95)
where[t;, ;1] is one of the sub intervals of the sampling interi@al ¢, [, assuming
the sampling interval has been dividedinsub intervals. In these derivations only the
state dependency is mentioned for clarity. Equation 9.8%irear ordinary differential
equation which has the exact solution
T = @+ (AT - D(A(Z) " f(&))) (9.96)
= &+ (Pu(2) — I)(A(z))" f(2;)) (9.97)
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wherer, = t;;1 —t; = 7/n,, andr is the sampling time. Efficient algorithms to calcu-
late the matrix exponential in (9.96) is described in thetsextion. Correspondingly
the equation for the state covariance becomes

P =®,(2,)P;®,(;)" + As(z;) (9.98)

which is similar to (9.81). The algorithm to solve (9.92) a8d93) is usez;,, and
Pk‘k as starting values for (9.97) and (9.98) and then perfornterations of (9.97)
and (9.98) simultaneously. This algorithm has the advant#goeing numerically
stable for stiff systems and still computationally effidiesince the fast and stable
routines of the linear Kalman filter can be used.

9.8.3 Discretizing the Model and Estimation

When using the Kalman filter from the previous sections wealdrieediscretize the

model either once for a given set of parameters, for timeriamamodels or at each
sampling instant, or more frequently, for time invariantdats and for the extended
Kalman filter. Hence we need to calculate the following qiigst

®(r)=er: T(r)= /TeASB ds ;

, 0 (9.99)

A(T) :/ ®(5)GGT®(s)" ds
0

wherer is the sampling time, i.e. we need to calculate the expoalerfta matrix and
integrals involving the matrix exponential.

The likelihood function is as previously, i.e. the changes rfion-linear and non-
stationary models is that the model is discretized for egampple and the extended
Kalman filter are used for state filtering and prediction.
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9.9 Case 1: A model for heat dynamics of a build-
ing

The thermal characteristic of buildings is frequently apgmated by a simple network
with resistors and capacitances, see for instance [Han@nersan Hattem, Bloem &
Colombo 1988] or [Madsen 1985].

In this section, such a (simplified) lumped parameter maatetife heat dynamics of a
simple building, called a test cell is presented.

The dominating heat capacity of the test cell is located endhter wall. For such
buildings, the model with two time constants shown in Figlu2is frequently found
adequate.

Hy. p Hi T

_\ /_ AN
/Q\\ ‘—\/\/V
Qn T.

T. Tir \[| (f ::Cm :C?;@T

Figure 9.2: A model with two time constants of the test building and theévedent
electrical network.

The states of the model are given by the temperaijr@f the indoor air and possibly
inner part of the walls with heat capacity, and by the temperaturé,,, of the heat
accumulating medium, with the heat capadcity. H; is the transmittance of the heat
transfer between the room air and the walls, wiilg is the heat transmittance be-
tween the inner part of the walls and the external surfackeoialls. The input to the
system is the heat supply;,, and the outdoor surface temperatufe,By considering
the outdoorsurfacetemperature instead of the outdaar temperature as the input,
the effect of solar radiation is automatically taken into@mt.

In state space form the model is written,
dr; | _ [ -H/C  H/G T ) s
T, | H;/C,, —(H;+ Hp)/Cp, T,

[Hm(/)Cm 1/00"] [gh } dt + [ julf;((% } . (9.100)

An additive noise term is introduced to describe deviatioetsveen the model and the
true system. The term can also be considered as noise orpiltesignals.
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Hence, the model of the heat dynamics is given by the (matoghastic differential
equation
dT = ATdt + BUdt + dw(t) , (9.101)

wherew(t) is assumed to be a Wiener process with incremental covariauatrix

o?. 0 }
Y = 1,4 . 9.102
[ 0 aim ( )

The measured air temperature is naturally encumbered aitle sneasurement errors,
and hence the measurement equation is written

Ty () = [10] [ %; } Felt) (9.103)

wheree(t) is the measurement error, assumed to be normally distdbwith zero
mean and variance;.

The following values of the parameters have been estimateahiearlier experi-
ment on a test cell :H; = 55.29 W/K, H,, = 13.86 W/K, C; = 325.0 Wh/K,
Cr = 387.8 Wh/K, 07, = 0.00167 K?, 07, = 0.00978 K?, ando3 = 0.00019 K.
Corresponding to these parameters, the time constante afydtem are; = 3.03
hours andr, = 54.28 hours.

Using these parameters for the model, we are able to sinthiatgample paths of the
system. By simulating several sample paths from the systehestimating the param-
eters of the model from each sample path one can validatestimation procedure.
By considering several simulated sequences this invegtigeonsiders both the mean
values and the variances of the estimated parameters. é-simiulation study the fol-
lowing input and output signals of the model have been useds measured surface
temperature, from a Danish test building,, the heat supply, is a PRBS (pseudo-
random binary sequence) with the number of stages; 6 and smallest switching
interval7,,,,s = 8 hours (see [Godfrey 1980]), switching between 0 W and 30anf
T, is the indoor room temperature, simulated from the speaifiedel.

In this study the sampling time is fixed 1Q,,,,,, = 20 minutes, and the length of each
experiment is 21 days, which is equal to 1512 observationsipalated series. We
have simulated 50 equal series, but with different reabmatof the noise sequences.

In table 9.1 and Table 9.2 the results are summarized usingS®IMTMelgaard &
Madsen 1993], which is a tool for maximum likelihood estimatof multivariate
stochastic differential equations with a linear or noreéinstate space formulation.

In the tables results are summarized for the parameterg ohtddel and for two phys-
ical characteristics, which can be calculated as functdtise model parameters. The
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Figure 9.3:The signals in the simulations: the outdoor surface temjpeeathe con-
trolled heat power and the indoor air temperature.

UA-value is the overall heat transmittance and ClI is therimdkeheat capacity of the
building. For all parameters, the mean of the estimatedegaare given, which can
be compared to the simulated values. Also the empiricahuag and the mean of the
estimated variances of the parameters are given. A congpaoisthese values will

indicate if the method is able to estimate the right uncetyaof the parameters.

Parameter‘ Tsim ‘ T ‘ s2 ‘ 52 ‘ F-stat. ‘ |t|-stat. ‘
H,[W/K] | 55.290 | 55.279 | 2.1645 | 2.3772 | 0.9105| 0.053
H,, [WIK] 13.860 13.867 0.0360 0.0390 | 0.9244| 0.261
C; [Wh/K] 325.00 325.0 9.5667 10.746 | 0.8902| 0.011
Cr, [Wh/K] 387.78 | 387.33 162.26 159.89 | 1.0148| 0.250
0’%71- [K?] 1.670e-3| 1.650e-3| 2.185e-8 | 2.475e-8| 0.8825| 0.975
Uim [K?] 9.780e-3| 9.554e-3| 8.650e-7 | 1.109e-6| 0.7803| 1.716
o2 [K?] 1.900e-4| 1.912e-4| 7.956e-10| 7.446e-10| 1.0686| 0.308
UA [WIK] 11.082 11.084 0.0112 0.0111 | 1.0114| 0.125
CI [MJIK] 2.2862 2.2846 | 1.4553e-3| 1.3815e-3| 1.0535| 0.304

Table 9.1:Results from estimation af, = 50 series, using 1-step predictions in the
criterion. The mean autocorrelation of residuals$]) = —0.001.

In table 9.1 the results are obtained usingtep predictions in the criterion for maxi-
mum likelihood. When estimating the true model, which is¢hse here, using-step
predictions is the optimal choice [Stoica & Nehorai 1989].
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On the other hand if the true model is not contained in the seteit can be advanta-
geous to filter the residuals before estimating the parasieBne way of doing this is

to use ak-step prediction-horizon in the criterion for sorhe> 1. This kind of filter-

ing works like a low-pass filter and will put more weight on thes frequency part of

the dynamics. In the considered case the physical chaistctgrarameters UA- and
Cl-values represent low frequency dynamics. The columniseofables aret,;,,, the
simulated valuesz, the mean of the estimated values,is the empirical variance of
the estimated parameters, is the mean of the estimated variance of the parameters,
F-stat. is anF statistic given byZ, = s2/s2 and|t|-stat. is at statistic given by

Zy = |T = Zgim|/ (S2/Te)-

In order to verify if the variance of the parameters provitdgdhe estimation tool is
equal to the empirical variance, one wish to test the hysathe

. 2 2
Hy 55 =358

H1 : Si§£8_2.

Under H, we have in this case thatr ~ F(49,00). The critical set for this test is
{2 < F(49,00)a/2 V 2 > F(49,00)1_4/2} ON levela. By choosingy = 0.1 we obtain
the critical set{z < 0.74 vV z > 1.35}. Itis seen from Table 9.1 that we cannot reject
H, for any parameter on the chosen level.

Another test is performed in order to verify that the estedgbarameters are not bi-
ased. The following hypotheses are tested

HO . T = Zgim
H1 . j#xsim-

Under H, the distribution of the test statistici§ ~ t(49). The critical set for this test
is {z > t(49)1_q/2} On levela. Fora = 0.1, the critical set is{z > 2.0}, thus from
Table 9.1 we cannot rejeél, for any of the parameters on the chosen level.

In table 9.2 the results from estimation using-atep prediction-horizon in the cri-
terion are shown. In this ideal case where the true modelnsagwed by the model
set there is no difference in the estimated parameters whialso seen from the ta-
bles, they are still unbiased. A problem, though, when fiitig” the residuals in this
way is that the residuals are no longer white noise. Fromahke$ we have that the
mean autocorrelation of residuals @@) = 0.712 when using the criterion based on
4-step predictions againgtl) = —0.001 for 1-step predictions. When the residuals
are autocorrelated a number of statistical tests for maal&lation are no longer valid.
Another problem in table 9.2 is that the uncertainties ofgthrameters are underesti-
mated when the autocorrelation of residuals is not takenaatount in the calculation
of the uncertainties. Wahlberg ([Wahlberg & Ljung 1986]¥slown, that asymptoti-
cally, itis only the prediction horizon itself, that affedhe weighting in the frequency
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2 ‘ 52 ‘ F-stat. ‘ |t|-stat. ‘
H; [WIK] 55.290 | 55.339 | 2.2259 | 0.6154 | 3.617 | 0.232
H,, [WIK] 13.860 13.863 | 0.0383 | 0.0099 | 3.877 | 0.109
C; [Wh/K] 325.00 324.8 9.486 3.3338 | 2.842 | 0.481

Cm [Wh/K] | 387.78 | 387.20 | 163.74 | 47.685 | 3.4338| 0.3210
oii K2 1.670e-3| 1.616e-3| 4.158e-8| 1.620e-8| 2.5665| 1.880
o1 [K?] 9.780e-3| 9.562e-3| 8.680e-7| 4.156e-7| 2.0884| 1.656
o3 [K?] 1.900e-4| 2.072e-4| 3.700e-9| 4.145e-9| 0.8926| 1.997
UA[WIK] 11.082 | 11.084 | 0.0115 | 0.0028 | 4.1290| 0.107
CI [MJI/K] 2.2862 | 2.2837 | 1.469e-3| 3.954e-4| 3.7159| 0.460

Parameter ‘ Tsim, ‘ T ‘ s

Table 9.2:Results from estimation of, = 50 series, using 4-step predictions in the
criterion. The mean autocorrelation of residuals$]) = 0.712.

domain, and not how it is split up into sampling interval tsneumber of predicted
sampling instants. This means that, asymptotically, weédcobtain the same results
as using a k-step prediction, by using a proper anti-algasiter followed by a new
sampling of the data and then estimate with a one-step pi@dariterion. In this way
one could avoid the autocorrelated residuals.

9.10 Case 2: A non-linear model for the heat dy-
namics of a building

The case considered is related to a CEC research projeceatifidation of thermal
characteristics of building components tested in situ. igufé 9.4 is shown a rough
sketch of a test building used for testing the building congras which is placed as
the south wall of the building. In this case the wall to beddstonsists of a lightweight
insulated sandwich panel, provided with a double glazedlaxn Also in Figure 9.4
is mentioned the main measured quantities, which inclddes 7. : internal air
temperature and surface temperature, respecti¥gly, : the air temperature of the
service room{. ,, T, , : the external surface and air temperature of the test Img)di
respectivelyg;, : the internal heat supply, ar@g., Gar, : global vertical diffuse
and direct solar radiation on south, respectively. Thd ta#ical global radiation is
G, = Gaiyv + Gairp. The solar angle of incidence,,., is calculated from a physical
model based on the ground location and the time of the year.

The procedure is first to perform a calibration experimerihwai thick opaque insu-
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Te,s
@ south wall
T)‘,T,s

window qh § Tw,a

ir.a

internal service
heating room

test cell

Figure 9.4: A cross section of the test building with an installed sou#tll,vwhere a
lightweight component with a double glazed window in thedbeid

lation panel replacing the test component and subsequiekethyify the model of the
test cell from this experiment. Then a second experimenéiopmed with the test
component installed, and by including the information oted from the calibration
experiment it is possible to extract information about &t tomponent separately.
One of the questions to ask about this proceduh®s to incorporate the information
from previous experiments in the estimation on the new datproper way One
possibility, and the usual approach, is to fix the previogstymated parameters in the
total model of the test cell and test component and estirhatesimaining parameters.
Due to the rather high correlation between some of the inputse model, mainly be-
tween the climate series, it is necessary that some of tlzarEders are fixed, in order
for the system to be identifiable. The parameters to fix haea lestimated from the
calibration experiment, with an associated uncertairityd uncertainty is small there
is no problem with this approach, but this is not always theecd herefore a Bayesian
approach is proposed, where the prior information is speetdis a prior distribution
function, and hence accounts for the associated uncertairihe parameters. Since
the parameters from the calibration experiment are ML e they are approxi-
mately normally distributed. Thus the prior distributiendetermined uniquely from
the estimated parameters and their associated covariaatde.nThen MAP estimates
for the model are obtained by maximizing (9.50) as in Exarfple

The model of the test building is mainly build up as an R-C rekyof heat resistors
and heat capacitors by analogy with an electrical netwoltkis 1 basically a linear
model which is a lumped model of the equations for heat diffusThe main structure
of the model is shown in Figure 9.6.

The top branch of the model in Figure 9.6 represents the edktwest wall, floor and
roof test cell. The middle branch is the partition wall beéwehe service room and the
test cell. In the calibration experiment the parameterbedé to branches of the model
are estimated. The south wall is then replaced by a caldsratiall, which is highly
insulated and homogeneous. Thus, the heat flow through #illscan be measured
by a heat-flow meter during the calibration experiment. Edhlibration experiment

1
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Figure 9.5:Some of the data series from the experiment. The unit on thzohéeal
axis is hours. The holes in the series are missing obsem&tioie to different errors
during data logging of the experiment.

there is no solar radiation entering the internal test agflage (the arrow on the top
branch of the model). The parameters of these two branchéeahodel can then
either be fixed, or included as a prior distribution functisinen a MAP estimator is
used for estimation based on the new experiment.

The bottom branch of the network model in Figure 9.6 dessriihe heat transfer
through the test wall. The paramet#r,., is fixed to some prior expected value,
expressing the prior expected conductance between thdemtithe test cell and the
internal surface on the south walf(G ., Gair) iS @ nonlinear function describing
the solar transmittance through the window. The directatawt is known to have a
transmittance which is dependant upon the angle of incelefthe radiation, due to
reflection by the window. A theoretical expression for theedi transmittance with
relation to losses by reflections for different numbers @isglcovers is used as the
basis for estimating the nonlinear relation for a real windaerhich also includes a
frame etc.

F(Gaitw, Gairw) = AdirrGaifo + AdirF (Oine, 0tef ) Gir (9.104)

where A,y and Ay, are constants (to be estimatedy(6;,., c.rr) is the theoreti-
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Figure 9.6: Network model of the test building with the inl&td test component.

cal function for the direct transmittance dependent on tigdeaof incidence and for
a.rr number of glass covers. The expression is plotted in Figufe Bheoretically
the shape of the curve, in this case, should correspond tolelglazing, but due to
unmodelled boundary conditions, (the frame etc.), the slodphe curve is estimated
from the data. The estimated number; ;, may be considered as the effective number
of glass covers, which can take any positive real number.

The nonlinear model is compared to a linear model, which veeslearlier in the
PASSYS project [Wouters 1993]. For the linear model, theresgion for the solar
transmittance is given by

f(Gdz'f,m Gdir,v) = Atot(Gdif,v + Gdir,v) > (9105)

whereA;,; IS some constant.

In addition to the linear R-C network in Figure 9.6 and thelir@ar expression for the
direct transmittance shown in Figure 9.7, the total modehefsystem also contains
a model for the noise. The noise model accounts for the meamnt noise on the
inputs and outputs of the system, and un-modelled dynamfesinputs to the model
are

uT = (Te,s Tsr,a Te,a qn Gdif,v Gdir,v Hinc)T . (9106)

1



9.10. CASE 2: A NON-LINEAR MODEL FOR THE HEAT DYNAMICS OF A
BUILDING 209

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
00— 1 771 1T 1
0 10 20 30 40 50 60 70 80 90

angle of incidence (degrees)

Figure 9.7: Theoretical direct transmittance w.r.t. losses by reflacsi for different
number of glass covers.

The outputs of the model are
yT = (ﬂr,a T‘tr,s)T . (9107)

The whole model can be put in the form of (8.32) and (8.32)¢udllesd in Sectior??,
with an additive noise term on the state vector and an additigasurement noise on
the output equation. We are then able to estimate the pagesnaftthe model, using
e.g. CTLSM, see [Melgaard & Madsen 1993].

Results

From the overall model a number of characteristic physiaghmeters are calculated,
these include:U 4, ., steady state overall thermal transmission coefficienvéen
test room and outdoor surfacésA,, ., the steady state overall thermal transmission
coefficient between test room and service roém,,., steady state overall thermal
transmission coefficient for the test component,,., steady state overall solar trans-
mittance, or total solar heat gain factor of the test compgn&hich is the ratio of
heat entering the test-cell caused by solar radiation ocdhgonent, divided by the
intensity of incident solar radiation on the componeTif;, ., internal test room heat
capacity, i.e. the amount of heat which goes into the testreavelope as a result of
a change from one steady state situation to the same stesidysgtiation except for
the indoor temperature being raised by 1K, ,, similar for the partition to service
room, andC'I,.., similar for the test component.
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Four situations of the estimation have been considered amgppared. Fixed/ML ver-
sus MAP/ML estimates have been compared, and models wititloowt the nonlinear
function for the solar transmittance have been comparee@. rit&in results from the
four situations are shown in Table 9.10 below. Beyond themegéd values of the

linear non-linear
Parameten fixed/ML | MAP/ML | fixed/ML | MAP/ML
UAye 7.826 8.265 7.826 8.294
(W/K] (0.096) | (0.066) | (0.096) | (0.088)
Clye 2.045 1.976 2.043 2.000
[MJ/K] | (0.045) | (0.015) | (0.045) | (0.023)
UAiy s 1.001 2.096 1.001 2.170
(W/K] (0.148) | (0.237) | (0.148) | (0.242)
Cly s 0.274 0.350 0.274 0.355
[MJ/K] | (0.024) | (0.006) | (0.024) | (0.009)
UApsc 6.047 5.885 5.917 5.735
(W/K] (0.044) | (0.055) | (0.049) | (0.094)
Cls. 0.136 0.153 0.116 0.119
[MJ/K] | (0.006) | (0.006) | (0.009) | (0.011)
GApse 0.573 0.594 0.612 0.633
[m?] (0.006) | (0.008) | (0.004) | (0.005)
Oeff - - 3.391 3.401
- - (0.811) | (0.340)
mean p.e.| -0.0076 | 0.0016 | -0.0054 | 0.0004
var p.e. 0.0151 0.0122 0.0131 | 0.0105

Table 9.3:Main results from the estimations.

characteristic parameters and their associated staneardtidn in brackets, is also
listed the mean and variance of the one-step predictiomsgriar the internal surface
temperature7;, ;, for the different cases.

It should be mentioned that in all cases the estimated palysttaracteristics are
reasonable compared to the expected theoretical valuesptefor U A;, ;. in both
fixed/ML cases, in which the values are too low compared tahkeretical values.
The theoretical values, however, only covers one-dimerdibeat loss; i.e. thermal
bridges etc. are not taken into account. Thevalues cannot be compared directly,
because the linear cases consider some mean value of thegetture, whereas in
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the non-linear cases it is an angle dependant function niingbers are specified for
25% diffuse radiation, and 4%&ngle of incidence for the direct radiation).

The difference in the estimated physical parameters fragali to non-linear model is
small, except for thg A value; but the inclusion of the non-linear part has incrdase
the capability of the model for prediction, the variance loé fprediction error has
decreased about 13 % for both the ML and MAP case. The larfferehice is between
the ML and MAP approach. In the pure ML approach, a numbereoptirameters have
been fixed to the expected value estimated from the caltrattperiment, whereas in
the MAP approach, all parameters are estimated with a pisbrilsltion determined
by the calibration experiment. It is seen, that the physitaracteristics which are
mainly determined by the calibration experiment, ilé4,, . and especially/ A;, s,
have changed significantly from their prior expected vatutheir posterior expected
value. This means, that despite the fact that the inputs tefriex climate variables
to the model are rather high correlated, there is still ehaagprmation in the new
experiment to change these physical characteristics.ciglyefor U A;, ,, it was only
possible to obtain vague information from the calibrati@peximent, due to a badly
excited input signal7y, ., for that part of the model. This fact was also confirmed by
visually plotting the inputs for the calibration experinteln the new experiment this
input signal has a better excitation. Still, though, thggsil does not have a very good
excitation, compare Figure 9.5, for large parts of the expentT}, , = T}, 4.

It has been shown that the proposed method and model areisufmethe earlier
approach for modelling this system. This includes the us®lAP estimation as a
means of including the prior information about the systend, #the use of a nonlinear
model for the solar transmission through the window.

A plot of the measured and simulated output from the modesyan indication of the
performance of the model, see Figure 9.8.

Even though the model seems to perform well with respectnmlsited output, it is
still not perfect, which is clearly seen from a cumulativeipgogram of the residuals
(the one-step prediction errors). A plot of the cumulatige@dogram for the residuals
of the two outputs of the model is given in Figure 9.9 below.

From the cumulative periodogram it is seen that none of teelual sequences will
pass a white noise test. This is especially true/fpt. A closer look at the plot reveals
that the curve fof}, , has some well defined steps. These are located at the frgquenc
of daily cycle and the higher harmonics of this frequency.sTdould indicate that

the model of the transmitted solar radiation hitting theinal surface of the test cell
(floor and wall) need further improvements. This may not besgae with the current
measurement setup. Either more temperature sensors aednatethe inside surface

of the test cell (where the sun hits the floor) or it should ladized thatl}, , can not be
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Figure 9.8: Plot of T}, ;, measured (solid) and simulated from the proposed model
(dashed). The unit on the horizontal axis is hours.

modelled by a one-dimensional model of the test cell, wheneht wall has a window.
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9.11 Case 3: Estimation of a non-linear model —
Predator/prey relations

In order to illustrate the non-linear estimation and speally the extended Kalman
filter, an example using a nonlinear model is considered.

The example is a classical type of nonlinear system desgrthie temporal oscillations
of a population of predators and their prey in a localizedggaphic region. The prey
population is denoted by (¢) and the predator population bY,(t). It is assumed
that the growth rate of prey, in the absence of predatorsyigt), while the predator
multiplication rate iscNy(t) No(t). Further, is is assumed that the loss rate of prey
is proportional to the numbers of prey and predators, i.ess kate of prey equals
bN; (t)No(t), while the loss rate of predators equals their deathdatgt).

Putting together these assumptions, the dynamics of tliafme- prey interaction are
described by the deterministic Lotka-Volterra equations

No(t) = eNi(t)No(t) — dNo(t) (9.109)

wherea, b, ¢ andd all are positive constants. The poiWt = d/c, Ny = a/bis

the only nontrivial equilibrium of the Lotka-Volterra sgsh. If the initial condition
(N1(0), No(0)) # (N7, N3) , the trajectory in the phase—planeof the system is a closed
orbit as depicted in Figure 9.10. In the figure, the trajgctoimoving anti-clockwise.
Thus, for any given initial condition, the populations oédator and prey will oscillate

N2
15 20 25 30

10

N1

Figure 9.10:Phase-plane of the deterministic Lotka-Volterra system.
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cyclically. Neither species will die out, nor will they growdefinitely. Furthermore,
except for the improbable initial statéV;, N;), the populations will not remain con-
stant.

The deterministic Lotka-Volterra model is modified in ordegive a more likely pic-
ture of a real world system. It is assumed that the rate of gdaf each population
is influenced by an additive random term representing thecetif other factors not
included in the model, such as other predators in the foooh@ral weather variables.
This results in a stochastic Lotka-Volterra model

ANL(1) = (aNy(t) — bNL(E)No (1)) dt + ordfu(t) | (9.110)

wherep, (t) andfy(t) are mutually independent standard Wiener processes;aat
o9 are positive constants giving the levels of the noise. If weable to observe the
populations, by measuring the system at given time instdnésmeasurements are
assumed to by influenced by a random error, i.e. the measoteageation is

Nim(tr) = Ni(te) +ormer(ts) (9.112)
Nom(tr) = Na(te) + oomea(ts) (9.113)

wheree; (t;;) ande,(t;) are standard Gaussian white noise ang andos ,,, are posi-
tive constants giving the levels of the noise. An exampléefrheasurements of such
a system is simulated, using stochastic simulation, anditheseries of measured
populations are shown in Figure 9.11.

15 20 25

N1, N2

10

0 200 400 600 800 1000
observations

Figure 9.11:Timeseries plot of the populatioriél and N2 for the stochastic Lotka-
Volterra system.
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In this example the following dimensionless variables waresena = 10, b = 1,
¢ =2d=10,0f =03 =03, 0}, = 03, = 0.03, and the sampling time,

T, = 0.005, and initial populations(/N;(0), N2(0)) = (2,5). A phase-plane of the
same realization as in figure 9.11 is shown in Figurelv-stdt qualitative structure

o |
™

N2
15 20 25

10

N1
Figure 9.12:Phase-plane of the stochastic Lotka-Volterra system.

of the trajectory is the same as for the deterministic sysaewh it is still a stable
oscillating system.

50 sequences of stochastic independent realizations eftem was simulated. Each
sequence with the length of 500 observations of the pojulsatiln Table 9.4 the re-
sults from estimation of the parameters of the model fromSbeeries are summa-
rized. For all parameters, the mean of the estimated valgegigen, which can be
compared to the simulated values. Also the empirical vagaand the mean of the
estimated variances of the parameters are given. A congpaoisthese values will
indicate if the tool is able to estimate the right uncertaiot the parameters. The
columns of the table are z,;,,, the simulated values;, the mean of the estimated
values,s? is the empirical variance of the estimated parametéris the mean of the
estimated variance of the parametdrsstat. is anF statistic given byZp = s2/s2
and|t|-stat. is & statistic given bYZ, = |Z — Ty, |/(S2y/T0c)-

In order to verify if the variance of the parameters provitdgdhe estimation tool is
equal to the empirical variance, one wish to test the hysathe

. 2 _ 2
Hy 5, =358

H1 : 82#8_2.

Under H, we have in this case thatr ~ F(49,00). The critical set for this test is
{z € Rlz € R|z < F(49,00)a/2 V 2z > F(49,00)1_4/2} ON levela. By choosing



9.11. CASE 3: ESTIMATION OF A NON -LINEAR MODEL — PREDATOR/PREY

RELATIONS 217
‘ Parameteﬁ Tsim ‘ T ‘ s2 ‘ 52 ‘ F-stat.‘ |t|-stat.‘
a 10.000 | 9.985 | 8.568e-3| 9.589e-3| 0.8936| 1.151
b 1.0000 | 0.9990 | 6.453e-5| 8.267e-5| 0.7805| 0.914

c 2.0000 | 2.0012 | 1.253e-4| 1.095e-4| 1.1441| 0.758
d 10.000 | 10.001 | 4.756e-3| 4.481e-3| 1.0614| 1.446

| Ni(0) | 2.0000 | 2.0066 | 5.426e-3] 5.888e-3] 0.9215| 0.630 |

| No(0) | 5.0000 ] 5.0175 | 7.893e-3| 5.902¢-3] 1.3373| 1.393 |

o 0.3000 | 0.2909 | 2.883e-3| 3.529¢e-3| 0.8169| 1.196
o3 0.3000 | 0.2896 | 9.011e-3| 7.981e-3| 1.1290| 0.773
oim 0.03000| 0.02966| 3.229e-6| 3.855e-6| 0.8377| 1.346
U%,m 0.03000| 0.03047| 4.593e-6| 4.184e-6| 1.0978| 1.534

Table 9.4:Results from estimation of the = 50 series from the stochastic Lotka-
\olterra system.

a = 0.1 we obtain the critical sefz € R|z < 0.74 vV z > 1.35}. It is seen from Table
9.4 that we cannot rejecdi, for any parameter on the chosen level.

Another test is performed in order to verify that the estiedlgtarameters are unbiased.
The following hypotheses are tested

HO . T = Tsim
Hy T # Tgim -
Under H, the distribution of the test statistici§ ~ ¢(49). The critical set for this test

is{z € R|z > t(49)1_4/2} On levela. Fora = 0.1, the critical set iz € R|z > 2.0},
thus from Table 9.4 we cannot reje@t for any of the parameters on the chosen level.
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Chapter 10

Tracking time-varitions in the
system description

10.1 Introduction

Non-stationarity in non-linear or linear systems, may shupas timevariation in the
basic or an approximating system description. In such s, the parameter or
functional estimation may be done recursively. Thus athors for system tracking
can be used e.g.

e when the system is timevarying, or in some other respectristationary,

e when the system is supervised with some kind of event deteatgorithm, e.g.
change-of-mode detection.

e when the system is adaptively controlled, predicted etd.the new e.g. control
input have to be based on the latest parameter estimates,

e when the computer space required for the computations iteliimor when the
available time for computing a new estimate is short.

In algorithms for recursive parameter estimation, the patar estimates are updated
at each sampling instant using the latest measurement.r&eaeursive versions of
on-line methods can be derived, e.g. via minimization ofrecfion of@, the unknown
vector of parameters, as e.g.

Vi(0) =05 U(,(0),i.0), (10.1)

219
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where/ is a function of the prediction error

e(0) = yr — Yyi—1(0), (10.2)

as in the off-line methods that previously have been studidds topic is discussed
in general books on system identification, see e.g. [Ljur@bl@nd [Soderstrom &
Stoica 1988] and in more specialized opii on recursive edion, see e.g. [Ljung &
Soderstrom 1983] or [Young 1984]. Also [Goodwin & Sin 198dntains an extensive
treatment of recursive estimation algorithms, in paracimh connection with adaptive
signal processing.
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10.2 Recursive least squares

The generic recursive estimation algorithm is the Recarkrast Squares (RLS) al-
gorithm which, with proper choice of initial values, is anaek reformulation of the

off-line least squares algorithm. Hence the sequence whats obtained from RLS
is except for the effects of initial conditions of the algbm identical to the estimates
from the off-line algorithm when applied to the same set déda

It is customary to refer to Kalman?], as the very early presentation of the recursive
version of the least squares method. However, the algonthsaround also a little
before that, it may be found also in a paper by Plackett froB018Plackett 1950].

Consider the following model of a linear system with diser&ine
Yit+t o Yia+- -+ oY p =il + -+ Ui + &, (10.3)

where {Y;} is the output signal{e,;} is white noise, uncorrelated with the external
signal{U;}. Introduce the vectors of regressors and of unknown paes)&, and
0 respectively,

X? - (_}/;7 Tty _Y;f—p7 Ut—l, Tty Ut—m) and (104)
0T:(¢17'” 7¢p7w17"' 7ws)- (105)

The model (10.3) may now be written as a linear regression
Y, = X70+¢,. (10.6)

Theon-line least squares estimaierecursive least squares estimatidche parameters
6 is found as the recursively computed solution to

0, = arg mein S:(6), (10.7)

where
t

Si(0) => (V.- X10)” (10.8)

s=1

The off-line solution is easily found to be

0, = R;'h, (10.9)
t

R, = ) X.X! and (10.10)
s=1

t
hy = > X.\Y. (10.11)
s=1
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Both R, andh; may be written recursively by using the previously computaldies
R;_; andh;_;. Theupdatingformulas are

R, = R, +X,X] (10.12)
ht = htfl—i_Xt}/t- (1013)

The expressions (10.9) and (10.12), (10.13) do not showMbletson of the sequence
of parameter estimates, but it is easy to derive an expressiathe new parameter
estlmateﬂt, in terms of the old estlmatét 1, of 6.

~

Ot == R;lht == R; [ht—l + Xt}/;]
— R |[Ri0+ XY

~ R [Rt@,l - X, XT0,, + Xtyt}
= 01+ RUX V- X700

Note that the last part of the expression shows the chandeegidrameter estimates
that is caused by the one-step prediction error obtainedhatitusing the parameter
estimates fromt — 1. The vectorR; ' X, thus may be interpreted as a gain vector.
In case of scalar output the update of the parameter essrttais falls along a line
in parameter space, determined by the gain vector. Constygueis important that
the gain vector during the estimation traverses the whalarpeter space in order to
make it possible to estimate all parameters. This may beprdted as a persistantly
of excitation criterion (cf. citeLLg95) on the external saj, and will be treated in the
upcoming discussion on selective forgetting algorithmhsSection?? as well as in the
subsequent chapter on experiment design, cf. Chapter 12.

In summary we have theLS algorithnfor parameter estimation in dynamic models:
6, =0.1+R'X, Vi~ X[, ] (10.14)
R =R,_,+X,X]. (10.15)

In order to avoid the calculation of the inverseRf in every step, introduce
P, =R/ (10.16)
and use the matrix inversion lemma c?],[supposing the inverses exist.
[A+BCD|'=A"'-A'B[DA'B+C'| ' DA™ (10.17)
with A =R, ;, B= DT = X, andC = 1 to obtain

P X XI'p,
P, =P, - -t L (10.18)
1+ X'P,_ X,
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If the gain matrix

P, X, X/P, X,
1+ X/P,_ 1 X,

K. =R 'X,=P, X, -

or P x
;= el (10.19)
1+ XT'P, 1 X,
is introduced, the updating of the estimateédafan be written
0,=0,,+ K, [Yt ~ X7 @_1] . (10.20)

Hence, summarizing, the Recursive Least Squares algonthybe written as

-~

0, — 0, ,+K, [y; _ Xf@t_l} (10.21)
P, X
K, = ek (10.22)
1+ XTP,_ X,
P, X, X'P,,

1+ X/P_ X,

P, = P, - (10.23)

These difference equations have to be given initial vaﬁbeand P,. The choice of
such initial values is discussed in Secti®h Note that the algorithm is based on the
assumption that the parameter vedas independent of time which e.g. means that
P, decreases towards zero B& (as long as the system is properly excited). This
is quite consistent with producing exactly the same esgraatoff-line least squares
estimation, apart from the effects of the choice of initialues.

The RLS algorithm for parameter estimation in the systen3)1@nay also be given a
Kalman filter interpretation, cf. Section 10.6.

10.2.1 Time-varying parameters

The parameters in the system, equation (10.3) may be dedcaib time varying. If
such time-variations are known, they shall preferably lduihed in the estimation
algorithm, if it e.g. may be assumed that a parameter vaeesdically, the model
should reflect the periodicity, leaving e.g. the amplitufi¢he variations to be esti-
mated. This explicite modelling of the time-variationsioé parameters will be further
treated in Section 10.6. However in the by far most prevatases, the variations are
unknown, and have to be handled in an ad hoc manner. In suek,dhg observed
time variations might be considered as generated by chgrgperating conditions
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for the system, in which case the connotatiorfods a parameter may be doubted.
However it is a commonplace notation in the literature andlitbe used also here.

The estimation of time varying parameters in the RLS conitextccomplished via
extension of the basic algorithm with either of the two doatiimg techniques, linear
or exponential forgetting. The linear forgetting is clgsetlated to modelling of the
parameter variations, and hence further discussed indpebil.6.

10.2.2 Recursive estimation using a forgetting factor

Theforgetting factoror exponential forgettingechnique is formally a simple extension
of the basic RLS algorithm with an ad hoc measure to handle-tiarying parameter
via discounting of old prediction errors in the loss to be imized. Hence in this re-
spect the technique is similar to exponential smoothingtadsen 1998]), but with

a more general description of the underlying system. Thpgit@s of the algorithm
with forgetting factor is however drastically differenhet most important difference
being that the sequence of estimates no longer converggwiatan parameter space,
but instead can be described as a stochastic process. TBDaissgrcan be shown to
be non-Gaussian and the parameter estimation error wileireal have a non-zero
mean, cf. [Arvastson, Olsson & Holst 1995], [Lindoff & Hols®9%] and [Lindoff &
Holst 199%).

In order to derive an algorithm for exponential forgetingeast squares estimation,
let us consider the followingeighted least squares estimator

0, = arg mein S1(6), (10.24)
where .
Si(0) =Y B(t,s)(Y. — X10)”. (10.25)
s=1
Assume that the sequence of weights satisfies
B(t,s) = Nt)B(t —1,s); 1<s<t-—1 (10.26)
Bt t) =1, (10.27)
which means that .
B(t.s) = T o), (10.28)
Jj=s+1

i.e. the weight in the computation of the parameter estiraatenet of the squared
residual at time is computed as the product all the intermediate weightintpfa.
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The solution this weighted least squares problem is then

0, = R, 'h,, (10.29)
where . .
R =) Bt,s)X. X!, ho=> B(ts)X.Y, (10.30)
and thwpdatingequatisb_ris are -
R, = O)R_, + X, X! (10.31)
hy = At)h_1 + X,Y;. (10.32)

As previously the updating equation for the estimate of trameter vectof may be
found by using the updates &; andh;:

b\t = R;lht = R;l [)\(t)ht—l + Xt}/;]
~ R [A(t)Rt,lat,l + Xth]
= R'|[RB, . — X, X[+ XY

~ 0., +R'X, [y; ~ X7 @_1] . (10.33)

Thus, in summary we hawbe RLS method with a forgetting structure
6 =0, 1+ R'X, Vi~ X[, ] (10.34)
If A\(t) = const= X, with 0 < A < 1, then)\ is calledthe forgetting factor The

squared errors in equation (10.25) are then weighted expiatig, and we may intro-
duce theeffective number of observatioas

Th = A= —. 10.36
DI (10.36)

Typical values for\ ranges from 0.95 to 0.999. Oftenis chosen as a result of ex-
perimentation with some reasonable alternatives. Howévwaiay also be possible to
minimize the loss function above also as a function of thgdtimg factor, i.e.

A* = arg m/\in [moin SN(O)] : (10.37)

A further analysis along this track shows that the optiméleaf the forgetting factor
is a well-defined compromize between the rate of variatiothefparameters and the
covariance matrix for the regressor vector, sgdqr further details.
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10.2.3 Convergence properties of RLS with exponential for-
getting

Since the recursive version of the least squares algorithithout forgetting factor,
apart from the effect of the choice of initial values for thiéetence equations in equa-
tion (10.2.2) is a direct reformulation of the off-line viems of the LS algorithm, the
convergence charactristics are the same. However, tralinttion of the forgetting
factor make the an asymptotic analysis more complicate.ase ©f estimation of a
constant parameter, the analysis leads to the convergesulsrbeing expressed in
terms of possibly stationary distributions of the sequerfggarameter estimates. In
case of first order autoregression, the limiting distribattan be exactly computed, cf.
[?]. For higher order systems the analysis is confined to firdtsatond moments in
the limiting distribution, to be discussed below.

Consider thdirst order systemnwith constant parameter driven by Gaussian white noise

Yo = QY1 T € Yo =0 (10.38)
e € N(O, 0'2),

and suppose that the parameter is to be estimated usingirexlgast squares estima-
tion with exponential forgetting. The resulting distrilmrt is non-Gaussian and has
to be computed numerically. It depends on the parameter gstimatedq, and the
forgetting factor\. In figure the time evolution of the density for the estimatt¢he
parameter in the model above is shown. The density is obyimat Gaussian, fur-
thermore its skewness increases with decreasing valuag ébtgetting factor), but
the limiting distribution does not seem to have any massaeitse unit circle.

The estiamates given by the forgetting factor algorithmhaased, and in figure 10.2
the exact asymptotic bias is shown for varying forgettingtda and true parameter
value. Note that the bias is negative, showing that the estichsystem is assumed to
be faster than the true one.

By using a Taylor expansion of the expressions for the patemnestimate, approxima-
tive asymptotic expressions for the biakd)) and variancel((a)) for the parameter
estimates may be computed to give
. 2aA(1 — M) (1 —a?)
Ba) = —a i (10.39)
(1—=X)(1-a?
1+ A '

A comparison between the exact and the approximative esipresfor the bias for two
different values of the-parameter is shown in figure 10.3, indicating that the dqyali
of the approximation improves with growing forgetting faict

V(a) (10.40)
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Figure 10.1: Density function for the estimates of thparameter in the AR(1)-
process in equation 10.38 for varying forgetting fackgrand varying estimation time.

1 09 lambda

a

Figure 10.2: Exact asymptotic bias for the estimate ofdtparameter in the AR(1)-
process in equation 10.38 for varying forgetting factqrand varying true parameter
value.
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a=0.4; "--" = approximative bias, "-" = exact bias

4 1 1 1 1 1 1 1 1 1
0.9 091 092 093 094 095 096 097 098 099 1
forgetting factor

a=0.8; "--" = approximative bias, "-" = exact bias

-0.08 I I I I I I | | |
0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1

forgetting factor

Figure 10.3: Exact and approximative asymptotic bias fer éstimate of the:-
parameter in the AR(1)-process in equation 10.38 for varjamgetting factor), and
varying true parameter value.

The bias and variance of the parameter estimates are alquut¢ainhe for higher order
AR- or ARX-processes, cf. [] and [].

Haer skall vi diskutera de resulat som finns i Scand J of Stat dt fraan Int J of
Adaptive Control and Signal Processing

10.2.4 Variable forgetting

A slightly different procedure leading to a time-varyingdetting factor is based on
the assumption that the ’loss function’ should be kept aorisi.e. the time-varying
forgetting factor,\; should be chosen from

St = AtSt_1+€?
S0 = Si1(B,1)=--- =Sy

It is customary to writeS, = Nyo?, whereN, is interpreted as an equivalent horizon,
during which the parameters may be assumed to be reasor@isiaat. In practice
Ny, and hence is a tuning factor.

The idea was proposed in the paper [Fortesque, KershenbaWiais8e 1981]. The
forgetting structure which satisfies the above is given leystbiution to a second order



10.3. RECURSIVE PSEUDO-LINEAR REGRESSION (RPLR) 229

equation. The interesting solution is

At) ~1— SETXTPE_IX] (10.41)

Note the feedback from the prediction error, which meansithease of large predic-
tion errors, interpreted as bad tracking of the parametdgbservations are given de-
creasing weight, and the last observations determinesattzareter estimates. Hence,
an algorithm with this type of changing forgetting factorsprinciple able to follow
parameter variations with different rates of change. Hexewn case of very fast pa-
rameter changes, detector algorithms should be prefarie®ection??. Furthermore,
in case of varying rate of time-variation of the paramettrs, method leads to chang-
ing forgetting in the entire parameter space, which mighdiéieriorating the perfor-
mance of the algorithm in cases when the parameters are ryatgdnomogeneously,
or in cases when the excitation of the parameter estimationomhomogeneous. Such
cases will be treated below, in connection with selectivgdting.

10.2.5 Selective forgetting

10.3 Recursive pseudo-linear regression (RPLR)

Until now the models considered have been linear in the pateis In the following
methods which allow for non-linearity in the parameters wé formulated. These
methods are all based on the least squares criterion and sohl&aphson solution.
In the classical control theory literature, where the mdtheere first developed, only
linear transfer function models (ARMAX, Box-Jenkins, ¢taere considered. In the
following a more general treatment, which also allows fon+tioear models, will be
given.

Let us first considepseudo-linear modelsvhere the one-step prediction can be writ-
ten
Yii1(0) = X (0)6 (10.42)

This will be called gpseudo-linear regressigoand the formulation makes it possible
to include also e.g. the ARMA model.

At time ¢ the parameter estimate is

gt = arg mein S:(0) (10.43)
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where

t

Si(0) = Y B(ts)e20,) =D Blt,s)(Ys = Yas1(61)

s=1

= D B(ts)(Ys — X1(6,)6,)° (10.44)
= ;‘Et)stfl(ot) + (Y - XtT(et)et)z (10.45)

Let us first assume th&, is quadratic ind.

If S, is quadratic in@ then the minimum is obtained after a single Newton-Raphson
iteration:

~ ~ ~ -1 ~
Ot - 0t71 - [Ht(et,l)} VgSt(Ht,l) (1046)

whereH is the Hessian matrix, which under the assumption is indégeinofo.

H,=\t)H; , +2X, X} (10.47)

and sinceVSt_l(@_l) = 0 it follows that

VS,(0,1) = —2X, [Yt _ X7 @,l] (10.48)

By puttingR; = %Ht we find (again) the RLS algorithm.

Using the recursions without the assumption thats quadratic in@ we obtainthe
recursive pseudo-linear regression

8, =0, +R'X, Vi~ X[, ] (10.49)
R, =At)Ri1 + X, X| (10.50)

In the control theory literature the pseudo-linear regoes§PLR) and the recursive
pseudo-linear regression (RPLR) are related to the seedalstructure model

w(B)  8(B)
/B 5(B)

¥(B)Y; = & (10.51)
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10.3.1 Recursive extended least squares (RELS)

For ARMAX models, i.e. models of the form
d(B)Y; = w(B)u, + 0(B)e, (10.52)

the RPLS procedure is also knownrasursive extended least squa(&ELS). In the
non-recursive version the method is called extended |gastres (ELS).

It can be shown, see [Ljung & Soderstrom 1983] that a sefficcondition for ELS to
converge to the true estimates is that

1 1
Re [ 4 } >— Y, —nm<w<n7 (10.53)
eo(ezw)

It can also be shown that there are stationary and inversipgd¢éems for which the
RPLS do not converge, examples may be found in [Holst 1978]&toica, Holst &
Soderstrom 1982].

Example 10.1 (ARMAX model in pseudo linear form). Let us illustrate how the
ARMAX model is written in the pseudo linear form

Introduce
0= (1, Ppywi, - ws, 01,0, 0)7 (10.54)

Then the one-step predictions can be written as

Y 1(0) = [1 = ¢(B)]Y: + w(B)us + [6(B) — 1]er(6) (10.55)
where the prediction error
€(0) =Y, — Yy_1(0) (10.56)
depends od.
By introducing
Xt(e) = (_Y;f—la ) _}/t—pa U1y "+ " Ut—s, Et—l(e)a to 7€t—q(0))T (1057)

the one-step prediction is written on the pseudo-lineanfor
Yi1(0) = X{(0)8 (10.58)

And the parameters can now be estimated using the RPLR method ¢
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10.4 Recursive prediction error method (RPEM)

The formulation will be kept in a form which allow for recuvsi estimation of non-
linear models. In Section 10.5 results and comments relkate¢de typical control
theory literature on the subject will be provided.

It is assumed that ~
Y=Yy +e (10.59)

where?ﬂt_l is the one-step prediction provided by the (possibly naedr) model.

Again the estimate at timels
6, = arg min S1(0)

where

Su(0:) = Bt s)e Zﬁ (t,5)(Ye = Yija_1(6))? (10.60)

s=1 s=1

The gradient is

VoS:(0,) = —QZﬁ (t, 5)2,(0,)es(6,) (10.61)
where R
Y, (8,) = VoYis_1(0:). (10.62)

Correspondingly the Hessian is

0) =2 fB(t,s)9,(0)9pI(6) —2> " B(t,5)Verh,(0)es()  (10.63)

Close to the true value @ the last term is approximately zero.

Hence

—_

t—

Hy(0) = 2\(1) ) B(t—1,5)9,(0)9,(0) + 2¢,(0)3; ()

s=1

= AOH.(6) +24,(0)97 (0) (10.64)

Again using Newton-Raphson:

—~ —~ ~ -1 —~
6, =0, 1~ [H/(B, 1) VoSi(6i) (10.65)
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If follows that

VoSi(8) = —2A(1) iﬁ(t — 1, 5)1h,(01)€s(0r) — 24h,(01)€r(6;)

s=1

= —2X\(t)VeSi_1(0;) — 215,(6,)e,(8,) (10.66)

Let us assume th&H IS minimizing S;_1, then

VoSi(0,_1) = —215,(0,_1)e(6,_1) (10.67)

Again puttingR, = %Ht we obtainthe RPEM algorithm

€(01-1) = Y: — Yyr1(61) (10.68)
0, =0, 1+ R, 1 (0,1)v,(0,_1)e(60,1) (10.69)
Ri(6:-1) = A(t)R1(8,1) + 9,(8,-1)9 (6,1) (10.70)

In the above equations we have not stated ko) is calculated. For linear models
1,(0) is obtained by a linear filtering of the observed signals.s#iil be illustrated
in the subsection below considering the ARMAX model.

In the control theory literature the RPEM is related to thstiucture model (10.51).

10.4.1 Recursive maximum likelihood (RML)

For ARMAX models, i.e. models of the form
#(B)Y; = w(B)u, + 0(B)e (10.71)

the RPEM procedure is also known in the engineering and althigory literature as
recursive maximum likelihoo@RML).

The following example outlines in detail the RML procedurerthermore itillustrates
how,(0) is calculated.

Example 10.2 (Recursive Maximum Likelihood (RML)). Consider the ARMAX
model (10.71), which alternatively can be written

€t — Hl(B)’U,t -+ HQ(B)Et
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That is
Y1 = Hi(B)u, + [Hy(B) —1] &
= Hi(B)u;+ [1 — Hy'(B)] Ha(B)e
= Hi(B)u;+ [1 — Hy'(B)] [Y: — Hi(B)uy]
Hy'Hy(B)uy+ [1— Hy'(B)] Y, (10.72)
Hence it follows that
Vi1 = %ut + {1 - %} Y, (10.73)
or R
0(B)Yye-1 = w(B)u, + [0(B) — ¢(B)]Y; (10.74)
Now we see that
85/\;#—1 . k
H(B)T% = —B*Y, (10.75)
8}//\;#71 _ pk
By + H(B)ayt'H = B"Y, (10.77)

00y,

SinceY; — }A/ﬂt_l = ¢; we are able to collect the above in
0(B)y,(0) = X(0) (10.78)
where

Xt(0> - (_Kfla Tty _}/;ffzh Ug—1," " 5 Ug—s, €t71(0>7 e 7€t7q(0>>T

10.5 Summary and comments on least squares
recursive methods

Obviously all of the methods considered so far considetaast squares criterion

t t

Si(B:) = €2(0:) =D (Ve — Yy ()2 (10.79)

s=1 s=1
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andthe modeis one of the following:

Y, = X786 (linear model)
Y, = X!(8)6 (pseudo-linear model)
Y; = Xi(0) (non-linear model)

Finally, for all methods the minimization can be consideasdobtained by a single
Newton-Raphson iteration

—~ —~ —~ -1 ~
0 =01~ [H/(B, )] VoSi(61) (10.80)

Let us now illustrate the difference between linear and livoear models:

10.5.1 Linear model

If the model is linear then

VoSi(0) = —2)  X,e(6) (10.81)
H,0) = H =2) X.X! (10.82)

s=1

and the minimum is obtained using only one iteration no matte value of@t_l.
Traditionally,8;_; is put equal to zero, and then= Y, in (10.81).

Notice that by writing the sums recursively we have now otgdithe RLS, RPLR and
RELS algorithm. In the non-recursive version the algorghame called LS, PLR and
ELS, respectively.

10.5.2 Non-linear model

If the model is pseudo-linear or non-linearéthen
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VoSi(0) = 2 Ve, (0)e.(6) (10.83)
= —2) 4,(0)e(0) (10.84)

Hy(0) = 2> ,(0)9l(6) —2> Vb, (6)c.(6) (10.85)

~2) 1 (0)p!(0) (10.86)
where R
P, (0) = V9Y3|s,1(0) = —Ves(0) (10.87)

In general several Newton-Raphson iteration is needed. eMexy close to the true
value of @ it is reasonable to assume thgtis approximately quadratic, and hence
only a single iteration is used in practice.

Notice that by writing the sums recursively the RPEM and tiLRalgorithms are
readily obtained.

10.6 Model based parameter tracking

A different approach to handling of time-varying paramgjé¢ine model based on pa-
rameter tracking, starts with the observation that the RétBration algorithm in equa-
tions (10.21), (10.22) and (10.23) can be given a Kalmaurr fitterpretation.

Assume we are given the system

0, = 0,
Y, = XtTGJret% Vie] = 3.,

Here, 8, is interpreted as the state vector aKd as the output matrix, which in this
representation is time-varying and determined by outpdtexternal signals that are
known at time — 1. Since the Kalman filter computes conditional means an@mnaés

at timet given information at time— 1, the regression vector for the output calculation
is known, and the resulting filter is



10.6. MODEL BASED PARAMETER TRACKING 237

Time Update :

9t|t—1 = 0t—1|t—1

Measurement Update :

0, = /O\t\t—l + Ke

€ = Y, — X;F/éﬂtfl

K, = Pt|t71Xt(X$Pt\tlet + Ee,t)_l

Py = Py — Pt|t—1Xt(XtTPt|t—1Xt + Ee,t)ilept\t—l or
P, = P! +X,3/X]

tlt—

The residual is

€Ert = Yt—XtTat\t
—_= Ee,t(‘X?Pﬂt*lXt + Ee7t)_1€t.

Note that by Writing@‘t or @‘t_l and Py, or Py, as@t and P, respectively, and
assuming scalar output, we recover the equations on page 2B® note that by
comparing these equations above with equation (10.1Q3rlgléhe matrixP; in the
RLS-algorithm for scalar output may be interpreted as a atiz@d covariance matrix
for the parameter estimation errors, where the normatindtictor is the variance of
the measurement noise.

In case of time varying parameters this model based on trgdki extended also to
cover modelling of the parameter variations. These modwisild reflect (partially
known) variations as well as ad hoc assumptions, cf. eg.jydi984] for some exam-
ples of these kind of models. The most straightforward esttenfrom the assumption
about constancy of the parameters, is to assume these trpeafrandom walk, ren-
dering the following state space model:

01 =0 +v; V[V]=%,, (10.88)

Y, =X/0,+e; Ve]|=2X., (10.89)
Using the Kalman filter on predictive form, we obtain the éoling algorithm:
/O\t-‘rl\t = /ét\t—l + K, <Yt - X?b\t\t—1> (10.90)

Py 1 Xy
(XtTPt|t—1Xt + Ee,t)

t:

(10.91)
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Py 1 X X[ Py
(XtTPt\t—lxt + Ee,t) ’

Py = Py + X0 — (10.92)

where starting values can be selected according to our kmimwvledge about the pa-
rameter values, as discussed in Sec#@nThis way of treating the time-variations is
namedinear forgetting

Remark. e The forgetting factor approaches are best suited for itjémgj non-
stationary systems with slowly varying parameters, wherea

e The state space approach can be used for identifying ntinrstay systems with
more rapidly changing parameters.

v

Example 10.3 (Relation between air temperature and solar rdiation). Consider

a model for the relation between the air temperatlirand the net radiation at the
surface of the groun®&®. The model is based on basic physical considerations, and it
shows that explicit modelling of the parameter variatiorighhbe possible and also
proves to be fruitful.

By considering basic physics, the following model is foudeguate (P]):
O(B)(T — pr) = w(B) (R — pr) + € (10.93)
where the order of is 3 and the order ab is 1.
In order to obtain a model which is linear in the parametersemgite the model
O(B)T, = w(B)R; + d + ¢ (10.94)
whered = ¢(1)ur — w(1)ug.
Now we are able to use the RLS procedure, since the model cantben
T,=X!0 +¢ (10.95)
where

Xt = (_E—la _E—Qa _E—i’n Ut—1, Ut—2, 1)T
0 = (gbl) ¢27 ¢37 Wo, W1, d)T
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Model for the air temperature
Annual variation of p,

0.985 -
—— Observed

— — Fourier approx.

0.980
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0.970
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0.;360
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0.950 T | T !
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Day no.

Figure 10.4: Recursive estimation of the parameters inrestea function model for
the outdoor air temperature
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10.7 Tracking time-varying coefficient-functions

10.7.1 Introduction

The conditional parametric ARX-model (CPARX-model) is andmear model for-
mulated as a linear ARX-model in which the parameters arkacefd by smooth, but
otherwise unknown, functions of one or more explanatoryatdes. These functions
are calleccoefficient-functionsf. [?] for an extended discussion. For on-line applica-
tions it is advantageous to allow the estimates of thesdicmeit functions be modified
as data become available. Furthermore, because the sysigrohange slowly over
time, observations should be down-weighted as they becddee lby using some re-
cursive estimation method with forgetting. Hence, the roétto be discussed in this
section is a combination of recursive least squares witbeaptial forgetting, cf. Sec-
tion 10.2.2 and locally weighted polynomial regression Sefction??. Hereadaptive
estimations used to denote, that old observations are down-weighéed) the sense
of adaptive in time

Non-adaptive recursive estimation of a regression fundgi@ related problem, which
has been studied B¥ using kernel methods and I?yusing local polynomial regres-
sion. Since these methods are non-adaptive a key aspedtiemtsin these papers
is how to decrease the bandwidth as new observations becaiabde. This prob-
lem do not arise for adaptive estimation since old obsesuatare down-weighted and
eventually disregarded as part of the algorithm, even thabg combined effect of
choice of fortgetting factor and bandwidth has to be conside

10.7.2 Conditional parametric models and local polynomial
estimates

When using a conditional parametric model to model the nespg, the explanatory
variables are split in two groups. One group of variableenter globally through
coefficients depending on the other group of variallgs.e.

Ys = XSTG(uS) + e, (10.96)

where@(-) is a vector of coefficient-functions to be estimated ani the noise term.
Note thatx, may contain lagged values of the response. The dimensian cdn be
quite large, but the dimension aof, must be low (1 or 2) for practical purpose? |
pp. 83-84].

The function®(+) in (10.96) are estimated at a number of distinct poiiitting points
by approximating the functions using polynomials and fittime resulting linear model
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locally to each of these points. To be more specificuatenote a particular fitting
point. Letd;(-) be the j'th element of(-) and letp,(;)(u) be a column vector of terms
in the corresponding:th-order polynomial evaluated at If for instanceu = [u; us]”
thenpy(u) = [1 u; ug u? uyus ui]”. Furthermore, lek, = [z ;... 2, 7. With

zy = [21,:Pgn) (W) -+ 25,6 P (Ws) - - TP (W) (10.97)
and
bo = [Pur - By Dy, (10.98)

whereg,, ; is a column vector of local coefficientsatcorresponding tay; .pa(;) (uy).
The linear model

ys =z ¢, +es i=1,...,N, (10.99)
is then fitted locally tax using weighted least squares (WLS), i.e.
R N
p(u) = argmin ~wy(u,)(ys — 2! b,)%, (10.100)
b s=1

for which a unique closed-form solution exists provided rietrix with rowsz? cor-
responding to non-zero weights has full rank. The weiglésagasigned as

[lus — ul|
= —_— 10.101
wfug =w (1ol (10.101)
where|| - || denotes the Euclidean norriu) is the bandwidth used for the particular
fitting point, andl¥/(+) is a weighting function taking non-negative arguments.hin t
examples below we have used

W(u) = { él - ZE H 2) (10.102)

i.e. the weights are between 0 and 1. The elemenf§wf are estimated by

~

0;(u) = pjy(n) g;(u); j=1,...p, (10.103)

wherec}bj(u) is the WLS estimate o, ;. The estimates of the coefficient-functions
obtained as outlined above are calledal polynomial estimated-or the special case
where all coefficient-functions are approximated by camistave use the term local
constant estimates.

If A(u) is constant for all values oft it is denoted a fixed bandwidth. K(u) is
chosen so that a certain fractionof the observations fulfil||us; — u|| < A(u) then
« is denoted a nearest neighbour bandwidth. A bandwidth pe@ccording to the
nearest neighbour principle is often used as a tool to vaatiiual bandwidth with
the local density of the data.
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Interpolation is used for approximating the estimates efcbefficient-functions for
other values of the arguments than the fitting points. Thisrpolation should only
have marginal effect on the estimates. Therefore, it caimtr the number and place-
ment of the fitting points. If a nearest neighbour bandwidthsed it is reasonable to
select the fitting points according to the density of the @datdt is done when using
k-d trees P, Section 8.4.2]. However, here the approach is to seleditthgy points
on an equidistant grid and ensure that several fitting p@regswithin the (smallest)
bandwidth so that linear interpolation can be applied gafel

10.7.3 Adaptive estimation

In the previous section it was shown that local polynomitihestion can be viewed as
local constant estimation in a model (10.99) derived fromdhginal model (10.96).
For simplicity the adaptive estimation method is descriasd generalization of ex-
ponential forgetting. However, more general forgettinghods could also be used.

Using exponential forgetting and assuming observatiotimats = 1, ..., t are avail-
able, the adaptive least squares estimate of the parangetetating the explanatory
variablesz, to the responsg, using the linear model, = z! ¢ + ¢, is found as

t
¢, = argminy X (y, — z[ $)’, (10.104)
¢ s=1

where0 < A < 1 is the forgetting factor.The estimate can be seen as a looatant
approximation in the direction of time. This suggests that éstimator may also be
defined locally with respect to some other explanatory Wemu;. If the estimates
are defined locally to a fitting point, the adaptive estimate corresponding to this point
can be expressed as

~

$,(u) = argminy_ N, (u,) (g, — 27, (10.105)
b s=1

wherew, (u;) is a weight on observationdepending on the fitting point andu, as
discussed above.

Remark.In order to illustrate the estimator and its relations to-panametric regres-
sion, consider a special case wheten (10.96) is 1 for alls andd(1) is chosen to be
0. Then it follows from (10.97) that, = 1 for all s, and

2 . Zi:l )‘t_SMU(uS)ys
Pulw) = S A, (uy)

For A = 1thisis a kernel estimator of(-) in y, = ¢(u,)+e,,why (10.106) is called an
adaptive kernel estimator ¢f-) and the estimator (10.105) may be called an adaptive

(10.106)
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local constant estimator of the coefficient-functi@t(s) in the conditional parametric
modely, = z! ¢(u;) + es. v

Recursive formulation

Following the same arguments as above in Section 10.2.2adhptive estimates
(10.105) can be found recursively as

¢, (1) = ¢,y (u) + w, ()R, )z [yt —zl'¢, 1 (u) (10.107)

and
Ru,t = )\Ru,t—l + wu(ut)ZtZ,tT . (10108)

Hnece, the previously discussed numerical proceduresemmgating recursive least
squares estimation with exponential forgetting in lineaydels can be applied, by
replacingz, andy; in these procedures with /w, (u;) andy;+/w, (u;), respectively.

Note thatth&%,l(u) is a predictor ofy; locally with respect tax and for this reason it

is used in (10.107). To predigt a predictor Iikezf&bt,l(ut) is appropriate.

Modified updating formula

Whenu, is far from the particular fitting point it is clear from (10.107) and (10.108)
thatg,(u) ~ ¢, ,(u) andR,; ~ AR,,_1, i.e. old observations are down-weighted
without new information becoming available (which is exaeanalogue to the covari-
ance blowup problem in Section 10.2.5). Hence, this mayltresabruptly changing
estimates iiu is not visited regularly, since the matik is decreasing exponentially in
this case. Thus, it is suggested to modify (10.108) to ernthatepast are observations
are weighted down only when new information becomes avaijale.

Ru,t = )\U<wu<ut>; )\)Ru,tfl + wu<ut)ztzli‘r7 (10109)

whereu(- ; \) is a nowhere increasing function ¢n 1] fulfilling »(0; \) = 1/X and
v(1; ) = 1. Note that this requires that the weights span the intearading from zero
to one, as is done e.g. when using the weighting function uatgn 10.102. Here,
we consider only the linear functiarfw; \) = 1/ — (1/X — 1)w, for which (10.109)
becomes

Rus = (1— (1= Nw,(u)) Ry + wol(u)zez! . (10.110)

It is reasonable to denote

A (8) = 1= (1= A, () (10.111)
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the effective forgetting factofor pointu at timet. Note, however, thaky,, then will
depend o1 as well as on time, and in casewbeing stochastic, the also the effective
forgetting factor is a stochastic variable.

When using (10.109) or (10.110) it is ensured tRat, can not become singular if
the procesgu,} moves away from the fitting point for a longer period. Howevee
process{z;} should be persistently excited as for linear ARX-modelsthis case,
given the weights, the estimates define a global minimumesponding to (10.105).

Nearest neighbour bandwidth

Assume thaty, is a stochastic variable and that the gdf) of u, is known and constant
overt. Based on a nearest neighbour bandwidth the actual bartfdwédft then be

calculated for a number of fitting pointsplaced within the domain of (-) and used

to generate the weights, (u;). The actual bandwidth(u) corresponding to the point
u will be related to the nearest neighbour bandwidty

a:/D f(v)dv, (10.112)

whereD, = {v € R?| ||v — u|| < A(u)} is the neighbourhood is the dimension of
u, and|| - || is the Euclidean norm. In applications the dengity) is often unknown.
However,f(-) can be estimated from data, e.g. by the empirical pdf.

Effective number of observations

In order to select an appropriate value fothe effective number of observations used
for estimation must be considered. In analogy with the cphogeffective number of
observations in the pure exponential forgetting case gefagon 10.36, and consider-
ing A¢;; as a random variable,

1 1

= TN B] (= V) Elww(u)] (10.113)

is a lower bound on the effective number of observationsh@direction of time)
corresponding to a fitting poini, in general (10.113) can be considered an approxi-
mation, cf. [/]. When selectingy and ) it is then natural to require that the number
of observations within the bandwidth, i®z,, is sufficiently large to justify the com-
plexity of the model and the order of the local polynomial @pmations.

As an example consider, ~ N(0,1) and\ = 0.99 where the effective number of
observations within the bandwidths,, is displayed in Figure 10.5. It is seen thay,
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depends strongly on the fitting pomtbut only moderately oma. When investigating
the dependence af7, on A and« it turns out thatar, is almost solely determined
by A. In conclusion, for the example considered, the effectivgétting factor\ (¢)
will be affected by the nearest neighbour bandwidth, so tthateffective number of
observations within the bandwidth will be strongly depemdm \, but only weakly
dependent on the nearest-neighbour bandwidtfhe ratio between the rate at which
the weights on observations goes to zero in the directiomaf &nd the corresponding
rate in the direction ofi; will be determined byy.

350

250

=

1/
|
|
\

Fitting point (u)

Figure 10.5:Effective number of observations within the bandwidtf,(«)) for a =
0.1,...,0.9and X = 0.99.

As mentioned above and as illustrated by figure 10.5 the tafeeaumber of obser-
vations behind each of the local approximations depends@fitting point. This is
contrary to the non-adaptive nearest neighbour metho&ecftion 10.7.2.However, if

A is chosen to be non-constant, but instead is varied with ttiegfipoint asA(u) =

1 —1/(TyEw,(us)]) thens, = Ty. Thus, in that case the effective number of obser-
vations within the bandwidth is constant across fitting poifrurthermoref; can be
interpreted as the memory time constant. However, we dounthtdr persue this idea,
and in the remaining part of the sectionis not varied across fitting points.

The choice of optimal bandwidth selection in non-paramédtmction estimation is a
commonly treated problem, cf. e.@] [for a discussion of the non-adaptive case. In the
current algorithm optimal values of the forgetting factsrveell as of the bandwidth
could be considered, cf?] for a treatment of this topic.

In this section local polynomial approximations in the dtren of time is not consid-
ered. Such a method is proposed for usual ARX-model8.b¥his method can be
combined with the method described here and will result @allgpolynomial approx-
imations where cross-products between time and the condiyy variables;) are
excluded.
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Summary of the method

The algorithm will briefly summarized in this section. It issamed that at each time
stept measurements of the outpytand the two sets of inputs andu; are received.

Prior to the application of the algorithm a number of fittirgimtsu”; i = 1,...,ny,

in which the coefficient-functions are to be estimated haueetselected. Furthermore
the bandwidth associated with each of the fitting poiits i = 1,...,n;, and the
degrees of the approximating polynomidlg); j = 1,...,p have to be selected for
each of thep coefficient-functions. For simplicity the degree of the apgmating
polynomial for a particular coefficient-function will be &g across fitting points. The
forgetting factor) in equation (10.110) has to be selected. Finally, initiihestes of
the coefficient-functions in the model corresponding talamnstant estimates, i.e.
¢,(u®), must be chosen, as will the initial values of the matriBes, . In case of
no other information, it is common practice to initializeetboefficient functions with
zero, and th&®-matrices withel, wheree is a small positive number.

In the following description of the algorithm it will be agsed thatR . , is non-
singular for all fitting points. In practice we would just ptapdating the estimates if
the matrix becomes singular. Under the assumption merdidmealgorithm can be
described as:

For each time stepr Loop over the fitting pointa1; i = 1,... n;, and for each
fitting point:

e Construct the explanatory variables corresponding tol looastant estimates
using (10.97):
z{ = [xupg(l)(ut) x -xp,thT(p)(ut)]-
e Calculate the weight using (10.101) and (10.102):
wy (1) = (1 — (J[ay —u@||/AD)3)3,if |ju, —u®|| < A® and zero otherwise.

e Find the effective forgetting factor using (10.111):
M) = 1= (1= Nwyo (u).
e UpdateR,, , ; using (10.110):

R,o t= )\(ei}f(t)Ru(i),t,l + wu@)(ut)ztzf.
e Updateg, ,(u®) using (10.107):
Bu(u) = 3, (u®) + wo (w)R 0 [y — 7 by (u)].

e Calculate the updated local polynomial estimates of thdficent-functions
using (10. 103)

0;0(u?) = i, (u®) d; (u?); j=1,...p
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The algorithm could also be implemented using the matrigiigdon lemma.

10.7.4 Simulation and application

The simulations below are performed using the non-lineateho
yr = a(t,up—1)ys—1 + b(t, w_1) ¢ + €4, (10.114)

where{z,} is the input processu;} is the process controlling the coefficien{g, }
is the output process, anft;} is a white noise standard Gaussian process. The
coefficient-functions are simulated as

1.5 (u — %2¢)?
t,u) =034+ (0.6 — —1 - N
olt) = 03+ (06 = 521) exp (g

and

(u+1— 2¢)?
b(t,u) =2 — TN
(t,u) eXp< 0 :

wheret = 1,...,N andN = 5000, i.e. a(t,u) ranges from -0.6 to 0.9 an¢, u)
ranges from 1 to 2. The functions are displayed in Figure.18$indicated by the

figure both coefficient-functions are based on a Gaussiasitgie@n which the mean
and variance varies linearly with time.

@ | :
0 - 5
o :
—~ —~ :
> >S5 H
= E & :
I o .4 '
o - :
0 | |
o o . v H v H
] — 0 1000 2000 ; 3000 4000 5000 H
T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2
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Figure 10.6: The time-varying coefficient-functions plotted for egstiaint points in
time as indicated on the plots.

Local linear ¢/(j) = 1 for all j) adaptive estimates of the functiomg andb() are then
found using the proposed procedure with the model

Yr = a(w—1)y—1 + b(ue—1)xs + €4 (10.115)
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In all cases initial estimates of the coefficient-functi@ns set to zero and during the
initialization the estimates are not updated, for the fitfooint considered, until ten
observations have received a weight of 0.5 or larger.

Highly correlated input processes

In the simulation presented in this section a strongly datee {u,} process is used
and also the{x;} process is quite strongly correlated. This allows us tcsitiate
various aspects of the method. For less correlated seegsetfiormance is much im-
proved. The data are generated using (10.114) wheypand {u;} are zero mean
AR(1)-processes with poles in 0.9 and 0.98, respectively. Tharvee for both series
is one and the series are mutually independent. In Figuiéth@.data are displayed.
Based on these data adaptive estimation in (10.115) isnoeefbusing nearest neigh-
bour bandwidths, which are calculated assuming a standandstan distribution for
Ug.

10

-10

T T T T T
0 1000 2000 3000 4000 5000
Time

Figure 10.7: Simulated output (bottom) when (top) andwu, (middle) are AR(1)-
processes.

The results obtained using the modified updating formulal(@l@) are displayed for
fitting pointsu = —2, —1,0, 1, 2in Figures 10.8 and 10.9. For the first 2/3 of the period
the estimates at = —2, i.e.a(—2) andb(—2), only gets updated occasionally. This
is due to the correlation structure i, } as illustrated by the realization displayed in
Figure 10.7.

For both estimates the bias is most pronounced during peinaghich the true coefficient-
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Figure 10.8:Adaptive estimates af«) using local linear approximations and nearest
neighbour bandwidths 0.3 (dashed), 0.5 (dotted), and GHWd}s True values are
indicated by smooth dashed lines.
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Figure 10.9:Adaptive estimates &fu) using local linear approximations and nearest
neighbour bandwidths 0.3 (dashed), 0.5 (dotted), and GHWd)s True values are
indicated by smooth dashed lines.



10.7. TRACKING TIME -VARYING COEFFICIENT -FUNCTIONS 251

function changes quickly for values af near the fitting point considered. This is
further illustrated by the true functions in Figure 10.6 aind, for instance clear that
adaption toa(t, 1) is difficult for ¢ > 3000. Furthermorey = 1 is rarely visited by
{u,} for t > 3000, see Figure 10.7. In general, the low bandwidth= 0.3) seems
to result in large bias, presumably because the effectingeefong factor is increased
on average, cf. Section 10.7.3. Similarly, the high bantlw{d = 0.7) result in large
bias foru = 2 andt > 4000. A nearest neighbour bandwidth of 0.7 corresponds to
an actual bandwidth of approximately 2.5«at= 2 and since most values af are
below one, it is clear that the estimatesiat 2 will be highly influenced by the actual
function values for, near one. From Figure 10.6 it is seen thattfor 4000 the true
values at: = 1 is markedly lower that the true valuesiat 2. Together with the fact
thatu = 2 is not visited by{w, } for ¢ > 4000 this explains the observed biasiat 2,
see Figure 10.10.

o N
(\!_
o
5] S
T s
0
OI- —
2 1 0 1 2 2 1 0 1 2
u u

Figure 10.10:Adaptive estimates for the example considered in Sectioh4latt =
5000 for a = 0.3 (dashed) 0.5 (dotted) 0.7 (solid). True values are indicated by
circles and fitting points ranging from -2 to 2 in steps of Ot@ ased.

Abrupt changes in input signals

One of the main advantages of the modified updating formual(D) over the nor-
mal updating formula (10.108) is that it does not allow fastmmges in the estimates
at fitting points which has not been visited by the procgsg for a longer period.
Actually, it is possible that, using the normal updatingioifa will result in a nearly
singularR,.

To illustrate this aspect 5000 observations are simulaedjuhe model (10.114). The
sequencdz, } is simulated as a standard Gaussi#R(1)-process with a pole in 0.9.



252 CHAPTER 10. TRACKING TIME -VARITIONS IN THE SYSTEM DESCRIPTION

Furthermore{u,} is simulated as an iid process where

N(0,1), t=1,...,1000
u ~ < N(3/2,1/62), t=1001,...,4000
N(—3/2,1/62), t=4001,...,5000

To compare the two methods of updating, i.e. (10.108) and.{1), a fixed\ is used
in (10.110) across the fitting points and the effective ftiigg factors are designed to
be equal. If\ is the forgetting factor corresponding to (10.108) it carvéeed withu
as

Au) = BN (0)] =1 = (1 = A) Elwa(uy)],

whereE[w,(u,)] is calculated assuming that is standard Gaussian, i.e. correspond-
ingtol <t < 1000. A nearest Qeighbour bandwidth of 0.5 akd= 0.99 are used,
which results im\(0) = 0.997 and\(£2) = 0.9978.

The corresponding adaptive estimates obtained for thedigointu = —1 are shown
in Figure 10.11. The figure illustrates that for both methtias updating of the es-
timates stops a$u;} leaves the fitting pointt = —1. Using the normal updating
(10.108) ofR; its value is multiplied by\(—1)3° ~ 0.00015 as{u,} returns to the
vicinity of the fitting point. This results in large fluctuatis of the estimates, starting
att = 4001. As opposed to this, the modified updating (10.110) doeseaat to such
fluctuations aftet = 4000.

0.6

0.0

T T T T T
0 1000 2000 3000 4000 5000

Figure 10.11Realization of{u;} (top) and adaptive estimates ©f—1) (middle) and
b(—1) (bottom), using the normal updating formula (solid) and thedified updating
formula (dotted). True values are indicated by dashed lines
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An application

In [?] this class of models is used in relation to district heasggtems to model the

non-linear dynamic response of network temperature onlguemperature and flow

at the plant. A particular feature of district heating systas, that the response on
supply temperature variations depends on the flow. This wathed by describing the

relation between temperatures by an ARX(30)-model in wihehcoefficients depend

on the flow, hence the dimension of the vectgris 30 and there is just one variable
u, as introduced above in Section 10.7.2.

In this application the modified update of tliRe,-matrix is nessecary, since if, for
instance, we wish to adaptively estimate the stationasgticai between the heat con-
sumption of a town and the ambient air temperature then contains an annual
fluctuation and at some geographical locations the tramsftom, say, warm to cold
periods may be quite fast. In such a situation the normal tipgléormula (10.108)
will, essentially, forget the preceding winter during thersner, allowing for large
changes in the estimate at low temperatures during soma! ipériod of the follow-
ing winter, implying the need for the modifications discukg® order not to obtain
too fluctuating estimates. As in the last simulation casevapiv is possible that the
normal updating formula will result in a nearly singuRay.
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Chapter 11

Prediction

11.1 Basic methodology — Ideas

The basic idea is to use old information about a process anekiernal influences
to compute future values of the process, which might inclemi®puting also future
values of the externals.

The most convenient way of condensing the past is in a model,wae have seen
various types of models previously, linear and nonlineaeseries with discrete or
continuous time. The models have been parametric or nomgdria, however, here
we will concentrate on the parametric case and refer to teequs Chapter 2.14 for
nonparametric predictions.

Start off with a linear ARMAX-process,
Y+ 1Y q..... (11.1)
The prediction idea, if formulated verbally, is to take dasahey are now and use as a
predictor of the process the mean value of the previous resgsato this type of data.
In time series this is formulated as the conditional mean
Y = E(Yi|Z7). (11.2)

7 denotes the information that is available at titen this case it consists of old
measurements of the inputs and outputs. The conditionah nsdenown to give the
optimal predictor for a large number of criteria and digitibns, cf. Astrom 1970] or

255
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[Madsen 199B]. The same basic idea is however used also in connectionnaith
parametric regressions as seen in Chapter 2.14, for neeirsbrks and in prediction
in chaotic systems, cf].

The criterion which is use to designate the 'optimal’ préalids usually the mean
square prediction error, and then the optimal predictorivergby the conditional
mean. However, the conditional mean solves the problemfalsgeneral symmet-
ric, nondecreasing criteria when the distribution is syrrmae@nd nonincreasing, cf.
[Astrom 1970].

If we go back to the ARMAX model above, the optimal predic®given by
..... (11.3)

This representation of the optimal predictor is iterativéhie number of steps, but of
course thek-step predictor could be expressed directly as a filter fildm

(11.4)

The basic system is however often timevarying, which mayreatéd using a esti-
mation technique that allows for parameter variation, ioeuse recursive estimation,
cf. Chapter 10. As was shown there an alternative is to findothesical origin to
the timevariations (if possible) and include it in a (noekn) model. Usually, both
approaches have to be used.

11.1.1 Modeling of the Power Load in Kulladal, Maim 0

This example is more thoroughly treated in [Arvastson & H&B95]. The load on a
district heating network is to be modelled and predicteagighysical knowledge as
well as stochastic modelling. Data are collected from Kiddlaa residential part of
Malmo. It is about 1 % of the total district heating netwonkown and the maximum
heat demand is around 15 MW. The net is shown in figure 11.1glwisitaken from
[Andersson, Frederiksen & Lundell 1993].

11.2 External signals

¢ they are needed
e but which are representative, (validation)
e |ocation
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Figure 11.1: The Kulladal net, the area of the circles cuesls to the heat load in
the different buildings. The three valve chambers wherenteasurement equipment
are located are also shown, the one to the left connects thad&linet with the rest
of the net in Malmo. Figure from Andersson et al, [XXXX].

e also the external signals need to be predicted,
short term — timeseries
long term — other sources (DHI), pictures, indicators faagaw
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11.2.1 Prediction of Electric Power Load in Southern Swe-
den

11.3 Precision of forecasts

11.4 Holidays and gross errors
11.4.1 Robustness

11.5 Interpolation
11.6 Event prediction

11.7 On the control problem



Chapter 12

Design of experiments

12.1 Introduction

Experiment design is concerned with the choice of experimémat yield the best
model of the system. The choice of the best experiments reftre influenced by
the concept of the appropriateness of the model and thisrisaily dictated by the
intended application of the model. This chapter will focusaptimal experiment
design for system modelingth a special attention to parameter estimation, which is
the most common usage of experiment design. The criterigptwnality should be
formulated in terms of the interesting physical charast&s of the system.

The purpose of experiment design is then to ensure that themation (mostly about
the parameters) provided by the experiment is maximized.dgsign of experiments
for system modeling includes choice of teequence of input signalsampling time

andpresampling filters

Any design must take into account the constraints on thevalite experimental condi-
tions. Some typical constraints that might be met in pracii@ amplitude constraints
on inputs, outputs or internal signals; power constraintsignals; limited total ex-
perimental time or limited number of samples. Further mtire available measuring
and/or actuating equipment introduces constraints listlpossible sampling interval,
highest possible accuracy, etc.

A different example of experiment design, which, howeves Inot received much
attention in the literature, is the problem of finding an oyati input sequence fdault
detection In this case a suitable choice of input signal can improeedtatistical
properties of the detection test involved — see e.g. [Saddgtsen & Holst 1996].

259
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This chapter will focus on experiment design for linear esysd. The experiment de-
sign for nonlinear systems offers a sequence of added pnsbie addition to the

ones for linear systems. The reason is that the most apptegools and methods
for optimal experiment design are specified in the frequetmyain, which can not
be generally used for nonlinear systems, even though a geration of the transfer

function is available via the Volterra kernel methods.

There is a substantial literature on optimal experimenigtiesn the books by Fedorov
(1972) and Pazman (1986), among others, the theory and matical treatment of
optimal experiment design in general is considered.

Optimal design for linear dynamic systems are specificallystdered in the books by
Goodwin & Payne (1977) and Zarrop (1979). Design of expenisiéor identification
of transfer functions in the frequency domain has been densd by e.g. Yuan &
Ljung (1985), who discuss the use of prior information.

Prior information about the system and the intended use eithdel are both in-
evitable terms in connection with optimal design of expemmts. Especially for phys-
ical models there are often prior information about the nhadailable. This prior in-
formation should also be used in the design of experimeris. dan be done either in
a classical way using only prior expected values of the patars or in a Bayesian ap-
proach, by incorporating prior distributions of the par&eng for the design of optimal
experiments, see [Melgaard, Sadegh, Madsen & Holst 1938[%adegh, Melgaard,
Madsen & Holst 1994].

12.2 Identifiability

Identifiability is a concept that addresses the problem adtiver the given identifica-

tion procedure will yield a unique value of the parametense @spect of the problem
has to do with the experimental conditions, e.g. whetherdtita set is informative

enough (persistently exciting) to distinguish betweerfedént models for a given es-
timation method. This is considered in Section 12.2.2. Aapaspect has to do with
the model structure, i.e. if different sets of parametelsgiwe equal models, given

that the data is informative. This qualitative aspect ofegkpent design is considered
in Section 12.2.1.
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12.2.1 Structural Identifiability

Structural identifiability has to do with the parameteriaatand structure of the model.
Hence, the questions of structural identifiability can bsveared before the data have
been collected on the system.

The concept provides a necessary condition to recover tkieown characteristics of
the system from measured data. Structural identifiabiitgreviously considered in
Section 9.2.1, but will briefly be mentioned here for comgrhetss.

There is an extensive literature on the subject. The readgconsult the review paper
by Walter & Pronzato (1990) for the current state of art inhbstructural identifiabil-
ity and experiment design. Ljung & Glad (1994) have recergported new algebraic
methods for investigating the identifiability of rather geal non-linear model struc-
tures. Nevertheless, the literature on structural idedtiiity of non-linear models is
sparse.

Let us firstillustrate the problem by considering a simplaregle. More examples are
given in Section 9.2.1.

Example 12.1 (Structural identifiability - simple case).As an example, consider the
very simple static model
Ye = (p1 + p2)us + €& (12.1)

where{u,}, {y;}, and{¢} are input, output, and noise sequences. It is obvious that
no matter how long time the data are gathered, we won't betatdstimate); andps.
We'll only be able to estimatg; + p,. This example also underlines the role of prior
knowledge. If we for example know (from physics or any othmurse) thap; andp,
satisfy the relation

c1p1 + cap2 =0 (12.2)

then the structure will be identifiable. ¢

Definition 12.1 (Structural identifiability). The parametd; is said to bestructurally
globally identifiablef for almost any@™
M(0) = M(0") = 0; = 0.

)

(12.3)

It is calledstructurally locally identifiablef for almost any@™ there exits a neighbor-
hoodv(0™) such that ifd € v(6*), then the implication (12.3) is true. A

The problem of structural identifiability is of importana@ both linear and nonlinear
models, but there are some specific properties which diffarshe two types. In
this context it is relevant to speak of two kinds of nonlinges of the model, one is
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nonlinearin the inputs which means that the output does not satisfy the superposit
principle concerning the inputs:

Y (0, Aur + prug, t) # Ay (0, u1,t) + iy (6, us,t) (12.4)

for some real andy. The other kind of nonlinearity, is when the model is nordine
in the parameterswhich means that the output from the model does not sati&y t
superposition principle concerning the parameters:

YN 01+ 1O, u,t) # Ay (01,u,t) + py,y (02, u,t) (12.5)

Most often phenomenological models are nonlinear in tharpaters.

Remark.It should be remarked that only models that are nonlineanenparameters
can have structurally locally identifiable parameters Whace not at the same time
structurally globally identifiable, see [Walter & PronzAa1@90]. The outputs of models
that are linear in the parameters can be written as

Ym (tv 07 'U,) = ¢(t7 u)TO (126)
and
M(0) = M(0*) < ¢(t,u)'0 = p(t,u)’ 6" (12.7)
This set of linear equations has a unique solution if the roolsl of ¢ are linearly
independent, or else it has an infinite number of solutions. v

Remark.Ljung & Glad (1994) have shown that testing global identifigbis equiva-
lent to the possibility to express the model structure aseali regression

(t) = $()76 . (12.8)

This is a generalization of (12.6) whetg(t) and ¢(¢) are matrices, entirely formed

from past values of(¢), w(t) and their derivatives. [Ljung & Glad 1994] treat this
problem for models that have polynomial nonlinearitiedweéspect to the parameters
and the inputs. v

In the following when the model is only referred to as lineanonlinear this means
with respect to the inputs.

Linear Models

The problem of structural identifiability of linear statease models arises from the
fact that for a given transfer function model correspondgeneral, a continuum of
state space models. It is therefore necessary to put testscon the structure of the
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state space model in order to provide a unique relation ktwee parameters of the
state space model and the transfer function.

In this section the descriptions are kept in continuous &ven though our observa-
tions are in discrete time for any practical applicationss bbvious that the sampling
of the observations (inputs and outputs) may deterioraedéntifiability properties
of the model, but concerning only the structural identifigpit will have no influence.

Nonlinear Models

Testing for structurally identifiability in a nonlinear meldis slightly more compli-
cated. One method consist of linearizing the model aroumdesequilibrium point
and then apply the method for linear models. A second approses a series expan-
sion of the output either in the time domain or in the time amulit domain [Walter &
Pronzato 1990]M (@) = M (0™) then implies that the coefficients of the series should
be equal, which, as in the linear case, yields a set of equeaiid parameterized by
0.

12.2.2 Persistence of Excitations

Persistence of excitations is another necessary condidiastimating the parameters
of a model. Again a very simple example is used to illustragegdroblem.

Example 12.2. Persistent excitationsConsider the simple model
Yr = D1y + Palig—1 + € (12.9)

with the same notation as before. Assume thatthe DC signall,t = ..., —1,0,1, ...
is applied. It is obvious that again we’ll only be able to ewtte the sunp; + p, and
not each of the parameters, even though the model is staligtidentifiable. ¢

Definition 12.2. Persistency of excitation An input signal fulfill the condition of
persistent excitationsf ordern if the (Yule-Walker) matrix of the autocorrelations
from lag0 until lag (n — 1) is positive definite. A

It is very easy to see that this condition is reasonable bgidening a least squares
estimation of the parameters in the model

yt :plul +"'+pnun+€t (1210)
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Both structural identifiability and persistence of exaddas can be analyzed through
studyingFisher’s information matrixvhose features are the main topic of experimental
design.

12.3 Design of optimal experiments

12.3.1 Preliminaries

The basis for experiment design is maximizing a functioniha measure of goodness
of the experiments. The classical experiment design wisicharoughly investigated
in [Fedorov 1972] is based on maximizing a scalar functiofrigher’s information
matrix, which is defined by

Definition 12.3 (Fisher’s Information Matrix). Fisher’s Information Matrix is de-
fined by
00 00

whereY denotes the output, the input,p(-) density functions, and finally denotes
the parameter vector. A

Mp =Eyq {( (12.11)

The main reason for choosing a scalar function of the inféiomamatrix is the well
known Cramer-Rao inequality which, subject to certain fagty conditions, states
that a lower limit ofthe covariance of every unbiased efficient estimatérisfasymp-
totically given by the inverse of the information matiore precisely ([Rao 1973])

V(0) > Mz (12.12)

Example 12.3.As an introduction and motivate the further study, consilersimple
model (12.9) again. The model can be written in regression &s

Y = ¢tTO + €&

where¢! = (u;,u;—1) andd” = (py, p;). DefiningY to be the data vector and the
matrix ® with the:'th row to be ¢,, the least squares estimate of the param@tisr
given by the so called normal equation :

0= (d"®) 'd"Y (12.13)
See [Madsen 19%h.

It is left as an exercise to show that the Fishers informatiatrix is proportional to
TP = > ¢,¢] . Let’s solve the experiment design problem for the modelq)L2
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If &7 ® is singular, it is obvious that the parameters can not benastid (verify that
the DC input makes the information matrix singular). As aecion for designing the
optimal inputs, we can maximize the determinant of the imfation matrix. Notice

that
Z ¢ ¢T _ |: Zt u? Zt UgUt—1 :|
; et Zt UtUp—1 Zt u?—l

If the experiment time is sufficiently large and the inputs eestricted to the class of
ergodic signals, the information matrix is proportional to

[ Yuu(1) Yuu(0) ] (12.14)

Assume further that the input power is restricted to be notentlbanC'. It is easily
verified that any input signal with powér and~,,,(1) = 0 maximizes the determinant
of the information matrix and is therefore optimal. An exdengf such optimal input
is white noise with varianc€'. Another input with the same optimality feature is
the signalu, = cos(5t), t = ..., —1,0,1,... (verify that!). The latter signal has the
pleasant property that it is periodic. The question is wethis holds more generally,
i.e. whether it is possible to find optimal sequences thaparedic. The answer is

(surprisingly) yes. ¢

In the following, we consider optimality criteria and thentlamental theorems in more
detail.

12.3.2 Optimality Criteria

As mentioned above the quantitative study of the experindestgn implies that a

measure of the information achieved from an experiment exled. It is common

practice, cf. [Goodwin & Payne 1977], to select a perforneameasure related to the
expected accuracy of the parameter estimates to be obtairgeeheral the covariance
of the parameters. When the estimator is asymptoticallgiefft, the rationale for

using the Fisher information matrix as a suitable charaaton of the asymptotic

parameter uncertainty is obtained.

It should be remarked that an experiment satisfyilegM (6) # 0 is called in-
formative, this ensures local identifiability for the moglrameters. Designing an
experiment by minimizing a suitable criterion

J(§) = o(Mr(0,8)) (12.15)

can thus be seen as maximizing a measure of identifiabilitgres is a scalar function
andg is the design.
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Figure 12.1: D-optimal design minimizes the volume of thefaence ellipsoid.

Local Design

A number of different standard measures of information heentstudied. For a re-
view of the properties of the different measures of infoiprasee [Pazman 1986] and
[Walter & Pronzato 1990]. A large number of these standardsuees are particular
cases of the general.-class of the optimality criteria. The criterion belongitagthis
class is defined by a function of the form

| e (VMR VTEVEif det Mg # 0
O(Mr) = { 00 if det Mp =0 (12.16)

wherek > 0 andV is a nonsingulan x n matrix. The local optimal design refers to
the case where the criterion is minimized for a given valuthefparameter@*, say.
This value is often chosen as the expected n#as E,[0] calculated from the prior
distribution of the parametefg8).

D-optimality

The most studied criterion is tH&-optimalitycriterion, which is defined by
¢(Mp(€)) = —logdet M (€) . (12.17)

The criterion is obtained foV = I andk — 0in (12.16). Thus this design minimizes
the generalized variance of the parameter estimates. Tieei@n has a geometrical
interpretation: The asymptotic confidence regions for tlaimum likelihood esti-
mate of@ are ellipsoids, and a D-optimal experiment thus minimizesuolume of
these ellipsoids — see Figure 12.3.2. An important propery-optimal experiments
is their independence of the scaling of parameters, duestgebmetrical property of
the determinant.
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Figure 12.2: C-optimal design minimizes the relative pxri of the single parame-
ters, without paying attention to the correlation struetur

L-optimality

Criteria that are linear in the inverse Fisher informaticainx (= dispersion matrix of
the best linear estimator) are obtained from (12.16) byrggtt = 1. The particular
choicesV = I andV = diag(d;',i = 1,---,n) respectively, correspond t&-
and C-optimality A-optimal experiments minimize the sum of variances9of C-
optimal experiments are related to the relative precisidhe@estimates, actually they
summarizel /t?, wheret; is thet-statistic of theith parameter. This criterion is also
independent of the parameter scale. Fa@andC-optimalitycriteria does not take the
correlation between the parameters into account. Fromgar@ac point of view such
criteria should be seen with suspicion because they candedelsign of experiments
in which the parameters are unidentifiable, et M r = 0 (see [Goodwin & Payne

1977)).

E-optimality

TheE-optimalitycriterion is obtained from (12.16) by settidg = I andk — oo, this
corresponds to minimizing the maximum eigenvalud#f.',

gb(MF(g)) = )‘max(MF(E)_l) (1218)

Geometrically this can be understood as minimizing the maxn diameter of the
asymptotic confidence ellipsoids for the parameters, lscthe semi-axes of the el-
lipsoids are directed as the eigenvectordff.' with lengths proportional to the eigen-
values of the matrix. In other words, an E-optimal designsaamimproving the most
uncertain region of the parameter space and making the eowfdregion as spheri-
cal as possible. By usinyy = diag(#; *,i = 1,---,n), the criterion is independent

1
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Figure 12.3: E-optimal design minimizes the maximum eigéunw of the inverted
information matrix, thus making the confidence region ofppaeameters as spherical
as possible.

of the scaling of parameters. The geometrical interpi@tas still valid, but for the
normalizednverted information matrix.

Physical Measures

Other criteria for optimality than the standard ones carpeeisied. Specifically when
dealing with physical models nonstandard criteria may biatefest, since the phys-
ical parameters of greatest interest might not be directtgreng into the system de-
scription but rather through some transformation of thesameters. Assume that the
parameters of interest are described by the functiondioelg (8), where@ is the
parameters of the model. It is important to take this tramsédion into account in the
design of experiments. The asymptotic covariancg ¢f calculated by using Gauss’

formula
of ~ 1, 0F

Any of the standard measures of information can now be afiieM . In [Melgaard,
Madsen & Holst 1992] a physical model of the thermal chargties of a building is
considered. The classical measures of information all feakde same optimal design
of input signal, a certain PRBS sequence. It turned out, kewé¢hat the main inter-
est is not focussed on the individual parameters of the mbdélon the overall heat
transmittance and internal heat capacity of the buildifgese physical characteristics
are given as a function of the model parameters. An optimsigdeconsidering this
application specific measure of information leads to antirgignal, which is a step.
This design turns out to be much different from the originadidn, (more weight on
low frequencies), but it reflects the demands of the builgihgsicists.

Mg, = (12.19)

1
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12.3.3 Bayesian Design

In general the designs of the previous sections are depengden the unknown pa-
rameter values. Any design will and shall be dependent uperptior information
available about the system to be identified. From a stagigpicint of view it is obvi-
ous, that one way of incorporating this prior informatioriasuse a Bayesian proce-
dure. In this approach the prior knowledge of the parameterexpressed via their
the prior distribution function, which expresses the @aditiformation on the system
available prior to an experiment.

In the Bayesian approach a loss functibf®, 6) is defined, which describes the con-
sequences of obtainin@ when@ is the true parameter vector. This function is then
used as a basis for obtaining the optimal experiment des$tgior to the experiment
the expected performance is

Ji = Eoy|L(6,0)). (12.20)

This criterion may be optimized directly with respect to tiwable experimental
conditions. By making suitable assumptions and using atett Taylor expansior;
can be simplified to:

Ji = Eoy[L(6,0)] (12.21)
= E¢Eye[L(6,0)] (12.22)
oL .
00250 -0) (12.23)
06

= Ey[L(6,0) + 5 n{(0"L/00") M ;)]

where M - is given by (12.11) and it is assumed titats an efficient unbiased es-
timator. Optimizing this criterion is thus equivalent totiopizing a criterion of the
form Eg[tr{W M '}, whereW = 8%/692 is a weight matrix, see [Goodwin &
Payne 1977]. Generalizing this criterion yields

Jo = Ey(¢(Mr(6,£))) (12.24)

where expectation is taken over the prior distributiorfpfand ¢ is suitable scalar
function. In generad can be of the form considered in the previous sections falloc
designs. As pointed out by [Walter & Pronzato 1990] theresaneeral average opti-
mality criteria (12.24) corresponding to one local desig§ip.{5). This is due to the
fact that integration imota commutative operator with nonlinear functions, e.g. linve
sion and logarithm. This implies that considering the mazaton of ¢ = det M



270 CHAPTER 12. DESIGN OF EXPERIMENTS

leads to a different design than considering the minimimatif = (det M z)~!in
the criterion (12.24). For a local design these functiossilten the same design.

The following simple example provides an example of settipga reasonable loss
function L.

Example 12.4 (Example of a loss function)Consider the very simple systeyn =

Ou, + €, 0 # 0, where{¢; } is a sequence of i.i.d. random variables. Assume that the
modeling goal is to design a controller to keep the outputi@secas possible to the
reference signaj,.; = 1. The minimum power ofy; — v..s) is clearly obtained by
choosingu; = 1/6. However, the true paramet@ris not known and it is assumed
that it must be estimated during an open loop identificatxpeament prior to the
application of the controller.

It is desirable to derive an optimization criterion for dgsng the best identification
input. The extra output error introduced by using the urddeefficient estimaté in
the control computation is given W — 6)/6 which contributes to the power of the
error signal(y; — yres) by [(0 — 0)/0]2. Thus, it is reasonable to defidg, §) =

(0 — 60)%, andEy E{L(0,0)|0} = Es{var(d)} where vaff) denotes the variance of the
estimated. This variance is asymptotically given by the lower boundhef Cramér-
Rao inequality, i.e. the inverse of the information matrik this simple case the
information matrix is independent éf which leads to optimization af/.*. ¢

12.4 Fundamental concepts and tools

Thus, we have related a problem formulation based on dectbieoretic consider-
ations to one concerning maximization of the mean (with @espo ¢) of a scalar

function of the information matrix. Throughout the rest bétchapter, we consider
optimization problems of the formy{¢(M)}, where¢(-) is a scalar function of its
matrix valued argument. The optimization criterion is eegzed in a Bayesian form
which takes into account the fact that the prior informaadoutd is partial.

However, assume for the moment, and for the rest of this@ectinat the Bayesian
criterion is approximated by replacirtgby its prior meang,, resulting in the non-
Bayesian criteriorp(M)|y,. We will return back to the Bayesian criterion later on, in
Section 12.9.

Definition 12.4 (p-function). Consider the mapping
o M—R.
If (-) is non-increasing, i.e.
M, — M, nonnegative definite> ¢(M;) < ¢(M,),
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it is called a¢-function. A

Definition 12.5 (p-optimality). Consider a»-function defined oveM. Then an input
measure™ is calledg-optimal if

P(M(E7)) < p(M(E)), VEeX

whereX’ is the set of all admissible input measures ang) is the average informa-
tion matrix corresponding to the measyreSee [Silvey 1980]. A

Example 12.5.¢(M) = —logdet(M) is an example of @-function. This choice of
¢(+) is calledD-optimality in the literature (see e.g. [Fedorov 1972]). ¢

Example 12.6. Another interesting choice is the,-optimality. Partition the param-
eter vector a¥ = (6, ,0, )" whered, is the parameter of interest. Denote the corre-
sponding information matrix by/ and partition

Mll M12
M=
{a )

where M;; corresponds to the parameter of interéstnd My, corresponds td.
Using the matrix inversion formula, the lower bound on thgnagtotic covariance of
0, is given by(M;, — My, M, ML), which leads to the-function corresponding
to D,-optimality

¢(M) = —log det(M; — MMy, M.

¢

Many interesting practical design criteria satisfy thediton of Definition 12.4 and
they are als@onvexon M.

Example 12.7. Consider theD-optimality criterion again. The fact that [Fedorov
1972]

det(BM; + (1 — B)My) > [det(M;))°[det( M), 0 < g < 1,
implies thato(-) is convex onM. ¢

From now on, we assume that theunction is convex. Hence, solving for optimal
input is equivalent to finding a point in the convex gett that minimizes the convex
functiono(-).

Theorem 12.6.¢-optimal designs exist comprising not more than
p(p + 1)/2 + 1 sinusoidal components. Furthermore, if thdunction is strictly de-
creasing (i.e., nonnegative definite non-zéifp — M, yields¢(M;) < ¢(M3)), the
upper bound on the number of sinusoidal components thateutir optimality is
p(p+1)/2.

PROOF See [Goodwin & Payne 1977] and [Silvey 1980].
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The theorem implies that optimal design measures can bensaotpng line spectra
withl <p(p+1)/2+1orl <p(p+1)/2.

12.4.1 Algorithms for Constructing Optimal Design

One way of constructing optimal designs is by direct optatian. Theorem 12.6
implies that it is sufficient to write each candidate poinf\ithas

Np
Z OéiM(wi),
i=1

whereNg = p(p + 1)/2 + 1 and search over 2V dimensional space to find theés
andw’s that minimizeg subject to

Z%‘Zl, Vi:a; > 0.

If ¢(-) is strictly decreasing theNg = p(p + 1) /2.
The other algorithm which is more conceptual is inspired®ijvpy 1980], and based
on the following theorem. We start by defining the Frécheivdéve

Definition 12.7. The Fréchet derivative of @function at)M; in the direction of); is

Fy(My, My) = lim 2 (6 (1 — 7)M; + M) — 6(M)].

=0t 7y

A

Theorem 12.8.Assume that &-function is convex and differentiable &f(¢*). Then

£ € Xis g-optimal iff Fiy (M (£*), M(w)) > 0 forall w € [0, 7/AT].

PROOF Necessity: The fact that(-) attains its minimum ad/ (£*) implies
HM((1 =) +78)) — o (M(£7)) 20,
forall v € [0, 1] and all§ € X. But, note that
(1 =)M (&) + M (&) = M((1 = )& +7E).

Take ¢ to be any single frequency design, ie. M(¢) = M(w),
w € [0,7/AT]. Then, the necessity follows from the definition of thechet deriva-
tive. Sufficiency: Each/ (&) € M is written as
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wherel < p(p + 1)/2 + 1. Sinceg(-) is differentiable atV/ (£*)
Fy(M(€7), M(§)) = D auFy(M(E"), M (wy))

where this last equality follows from the fact that th&€hnet derivative is linear in the
second argument, see e.g. [Rockafellar 1970]. TRgf (£*), M (w;)) > 0 for all w;
implies that

Fo (M(£7), M(€)) = 0.

However, convexity af(-) implies that for any\/;, M, € M

[((1 — )My + v M) — ¢(My)]
is a non-decreasing function of see [Whittle 1971]. Hence, setting= 1 yields
Fy (M(€7), M(§)) < ¢(M(E)) — o(M(£7)),

and the sufficiency follows.

Remark.The above theorem can be used to devise simple numericaithlge for
optimization. Considep(M) = —logdet(M). For a square non-singular matrix,
we haved log det M/OM = M~" (see e.g. [Goodwin & Payne 1977]), then

2=

FM(E). 31} = lim S {~logdet[(1 - 5)M(E") + 5310}

= —trace([M(&")] " [M(w) — M(¢)])
= p—trace[M(£") M (w))).
Theorem 12.8 then implies th&t is optimal iff
v(€*,w) = trace[M (&) 'M(w)]) <p, Vw € [0,7/AT].

The functionv(£*,w) is called response dispersion, see [Goodwin & Payne 1977].
The algorithm then simply consists of starting with an alitneasure and updating
according to

Eerr = (1= Be)ér + Biéy,

whereg; is a single frequency measure with the frequency of supgo#t arg max v (&g, w).
Since¢ 1 = & for 5, = 0 and
. 0 o
Bilft; a—ﬁk{— log det M (&41)} = p — v(&kswi) <0

for any non-optimak,, this update leads to a decrease in the value of the criterion
for sufficiently smallg,. [Gaffke & Mathar 1992] show that if 5} is chosen such
thatd " 5, — oo andf, — 0 ask — oo, the algorithm converges to the optimum.

k

Notice that the generic technique can be similarly appleedlitdifferentiable convex
¢ functions. v
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12.5 Design of optimal inputs

We will now evaluate the information matrix in order to detéme optimal designs of
input signals. Consider for simplicity a scalar discreteeimodel of the form:

yr = G1(q)us + Go(q)e (12.25)

where{w;} and{y;} are the input and output sequences, respectively{asjdis a
sequence of Gaussian random variables with variarfceG, and G, are transfer
functions in the shift-operator. In the following an exmies for M is derived for
the model (12.25). Defing as the residual sequence, then:

e = Gy (Q)lyr — Gi(q)ue] - (12.26)

By using this expression in the definition of Fishers infotima matrix (12.11), we
obtain

(12.27)

MF:EY|9{ 8et (’9et } N 0o, 0o

— 80 80 202(80)(80) ’

[Goodwin & Payne 1977] (page 131). Differentiating expresq12.26) and using
superposition yields:
(%t 6€t 6%,5

%0 - (%) + (%) ; (12.28)
where
8@ _1 8G1(q)
% = O @ (g (12.29)
8€t . 1 8G2(q)
55 = '@ (12.30)

After substituting these expressions in (12.27) and agsginmo feedback in the system
({u} is independent ofe, }), we get:

1SN 96 Oe
Mp==)Y (=2)(55)" + M., (12.31)

where). does not depend upon the choice of input signal.

Now make the following simplifying assumptions :

1. The experiment time (i.€V) is large.

2. The input{«,} is restricted to the class admitting a spectral representatith
spectral distribution functio®(w), w € [—m, 7).
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3. The allowable input power is constrained.

Since N is large it is more convenient to work with the average infation matrix,
which gives the following:

My = lim —My = & / (Wp(w) + IL) dé(w) | (12.32)
0

N—oo T

where(w) is defined by

) 3dF(w)forw=0,w=m
dew) = {dF(w) for w €0, ]

and
i) = Re [HEUE NG, e) x5 Py | zay
and
W) = o [ Gy )6 e 2
+ %ﬂ(g—g)(g—gf . (12.34)

It should be remarked that bofii - (w) and M, (w) are dependent upon the parameters
6. This means that if a local design is used then ddly(w) need to be considered. On
the other hand if a Bayesian design like (12.24) is used tlo#m &/ (w) and M, (w)
must be evaluated.

The power restriction of the input signal can be formulated a

1 ™
P, = —/O dé(w)=1. (12.35)

™

We are now ready to give the following theorem, which statesit is always possible
to find an optimal input comprising a finite number of sinusoid

Theorem 12.9.For any power constrained desigh(w) with corresponding: x n
average information matrix/-(¢;), there always exists a power constrained design
& (w) which is piecewise constant with at mesgt: + 1)/2 + 1 discontinuities and
Mp(&) = Mp(&). For the design criterion/ = — log det My, optimal designs exist
comprising not more than(n + 1)/2 sinusoids.



276 CHAPTER 12. DESIGN OF EXPERIMENTS

Proof. Only an outline of the proof is given. It can be shown that #eos all average
information matrices corresponding to input power comséa designs is the convex
hull of the set of all average information matrices corregpog to single frequency
designs. Hence, from Caratheodory’s theorem (see [Fedd@d2]) the result for the
first part of the theorem follows. For a convex function of thisrmation matrix the
optimal design is a boundary point of the convex hull, themefone less sinusoidal
component is needed. For the complete proofs see [Fedoit®; Bbodwin & Payne
1977]. [ |

12.5.1 Bayesian Approach

We now turn to the Bayesian approach, considering the gerestacriterion (12.24).
Assume that the prior knowledge of the system is given in $avfra prior distribution
of the parameters. Hence we are able to evaluate the expectdithe considered
criterion with respect to the prior distribution of the paweters cf. (12.24), instead of
simply evaluating the criterion at some fixed values of thepeeters. In general the
resulting design will be different for the two approachdstlre example following. In
the Bayesian case it is possible to prove a theorem simildaetorem 12.9.

Theorem 12.10UsingJ = Eq¢{— log det M} as criterion, optimal designs exist com-
prising not more tham(n + 1)/2 sinusoidal components.

Proof. The criterion may be written as

J = / —log det M (£(w), 6)) p(0) do | (12.36)
Qg

where()y C R" is assumed to be a closed and bounded interval of the panasnaeie
p(0) is the prior probability density of the parameters. The mealne theorem states,
that for all{(w) there exists & € Qy such that

J = K(—logdet M(&£(w), 8%) p(6%)) (12.37)

for some constank” which is independent of(w) and@”. It is seen that (12.37) has
the form of the criterion considered in the previous theardrhe difference is that
now @* depends upofi(w). But since (12.32) is still valid, we conclude that the set of
all average information matrices is the convex hull of alrage information matrices
corresponding to single frequency designs, and the prdloffe immediately. [ |

Since in (12.37P* depends upot(w) this is a more complicated optimization prob-
lem than the previously considered. In a practical appboatthough, it is not nec-
essary to actually fin@*, one would use the result of the theorem and apply it to the
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criterion (12.36) directly. From the proof it is readily sethat in the general case
(12.24) itis also possible to find an optimal design compgsi finite number of sinu-
soids, as long ag is a continuous convex function of the information matrix.

The criteria discussed so far have all been based on ML etstimaf the parameters.
If instead a MAP estimator is used to estimate the unknowarpaters the criteria for
optimality must be changed accordingly. The following tleen establishes a relation
between the posterior covariance of the parameters an@rsighformation matrix
when a MAP estimator is used.

Theorem 12.11Assume that the prior knowledge about the model parametesn
bodied in a Gaussian distribution with covariance matky,.. Also assume that a
MAP estimator is used to estimate the unknown parameteedbas sampled obser-
vations for a model brought into the regression form

Y, = 3059 + €

where{e;} is a sequence of Gaussian random variables with known cawes, un-
correlated with{¢, }. Then the posterior covariance mati,,; is given by

>l =1 i M=+ NM; (12.38)

post pre pre

M is Fishers information matrix)V » the average information matrix, anl the
length of experiment.

Proof. See [Sadegh et al. 1994]. [ |

In the following, the concept of information is related todiey’s measure of average
information. In this way, we are able to formulate desigretia also based on MAP
estimators. First some definitions are needed.

Definition 12.12. The entropy of a random variahlé having probability density func-
tion p(X) is defined as
H, = —Ex[logp(X)] . (12.39)

A

Definition 12.13. Lindley’s measure of the average amount of information [oled
by an experiment with datay and parametersis defined as

J(&) = Hy — Ey[Hy)y) . (12.40)
A

Now the relation between Fishers information matrix andlley’s measure of average
information can be established via the following theoremd&)h et al. 1994].
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Theorem 12.14 With the same assumptions as in Theorem 12.11, maximiziayg Li
ley’s measure of the average amount of informatié(g,), is equivalent to solving the
optimization problem

mingJ

J = —Eylogdet{% | + Mp}] (12.41)

Proof. The estimation is regarded as a means by which further irdtbam about the
system parameters is provided. Since MAP is the mode of teeepor distribution,
the maximum amount of information with respect to Lindlayisasure is obtained by
MAP. Since the prior distribution of the parameters and tistridution of observa-
tions givery is Gaussian, the posterior distribution of the parameseatsio Gaussian.
Denote the posterior mean and covarianc@andx,,,;. From (12.38) we have

E;:olst = E;:rle + MF
From Definition 12.13
J(€) = —Ep{logp(0)} + E, L, {logp(0ly)} (12.42)
n
= —Ey{logp(0)} +E, Eg‘y{—g log(27)}
1 1 _ _
—E, Eg, {5 log detY ot + 5(9 —-0)'s, . (6 - 0)} (12.43)

As all the other terms obviously are constants, we only fasuthe last two terms

1
EyE9|y{§ log det Epgst}

1
= E@Ey‘g{é log det 2,05t } (12.44)
1
= Eg{é log det 2,55 } (12.45)
1 _
= —Eg{5 logdet 3., } (12.46)

The other term can be written as

1 ~ _
EyE@\y{§(0 - H)szolst(e - 0)}

= BBy tr 5,40 - 0)(6 — 6)7) (12.47)
= B, LB (0 - 8)(6 - 0)"]) (12.48)
_ Ey{g} _ g (12.49)

wheren is the number of parameters. Now using (12.38) establisteetheorem. B
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An approximation of the mean value in (12.41) is obtained dtyirsg the parameters
equal to their prior mean values. This approximation, whiohresponds to a local
design, simplifies the computations considerably. Thugdémg on the estimation
method, ML or MAP, and the choice of local or average critetioe following criteria
would be of interest:

J1 = —[log det(Mp)]p—g0} (12.50)
Jo = —[log det(NMp + 3,.)lo—r (0} (12.51)
Js = — Ey[log det(Mp)] (12.52)
Jy = — Egllog det(NMp + 3, )] (12.53)

These criteria demonstrate different levels of includiagigl prior information about
parameter values. Optimization with respecftoesults in designs which are strongly
dependent upon the prior information. The dependence rsreaee pronounced ifk.

It may therefore be wise to perform a sensitivity analyses, determine the sensitivity
of the design to changes in the parameters, when using thiésgac An alternative
is to choose an average criterion likg and J,. Table 12.1 summaries the relation
between the choice of estimators and the optimizationraritge expressed in both a
local and average form. Applications with these criteria f@mund in e.g. [Melgaard

ML | MAP
Local design Ji Jo
Bayesian/average J; Jy

Table 12.1: Summary of the optimality criteria

et al. 1993, Sadegh et al. 1994].

12.6 Sampling time and presampling filters

When estimating the parameters in a continuous time modei fampled data, the
parameters will in general depend on the input to the sydtesrsampling instants and
the presampling filter. The aims of designing optimal sangplnhstants and presam-
pling filters is to avoid loss of information from the data daesampling. Consider the
following scalar continuous time system

y(s) = Gs)uls) +n(s), s=jw, (12.54)

whereu andy are the input and output, respectively, andenotes colored measure-
ment noise having spectral densityw) for all w € | — oo, 0o.
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Assume that the input signal spectrum is band limitefHo,, w,|. The case of uni-
form sampling interval is considered. Suppose that theutuspsampled faster than
the Nyquist rate fowy, i.e.

ws > 2wy (12.55)

wherew, = 2r f, and f; is the sampling frequency. Such a sampler does not distort
the part of the output spectrum arising from the input. The plthe output spectrum
arising from the noise will, however, be distorted due tasihg. The aliased noise
spectrum is a superposition of different parts of the oagspectrum

Ys(w +Z (W~ rws) + P(w — rwy)) (12.56)

forw € | — ws/2,w,/2[. From expression (12.56) it is seen tha{w) — ¥ (w) is
positive definite. It follows that the experiment with saexbldata cannot be better
than the corresponding experiment with continuous obsens see [Goodwin &
Payne 1977]. However by inclusion of a suitable presamdiltey, equality can be
achieved.

Assume the presampling filter has the transfer funciomith the ideal property
|F(jw)| =0, forw<-—ws/20rw > w,/2, (12.57)

and invertible otherwise. By including the presamplingefilthe filtered and sampled
noise spectruny s, (w) is

Vys(w) = ¥p(w) + Z Yp(w +rws) + s (w — rwy)) (12.58)

r=1

andy(w) is the filtered noise spectrum given by

Up(w) = F' (jw)d(w)F(—jw) . (12.59)

For a presampling filter satisfying (12.57);,(w) reduces ta);(w). This shows that
the specified ideal presampling filtér eliminates the information loss due to sam-

pling.

The approach discussed so far for optimal design of samphmg and presampling
filter has considered the average information matrix pet time. This is useful for

design of experiments with a fixed experimeimie, but without constraints on the
number of samples. This leads to separate design of optipat followed by choice

of sampling time and presampling filter according to (12.&%) (12.57). However,
if the total number of samples is constrained, then it is nagmeropriate to consider
the average information matrix peample If the input spectrum is band limited to
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[—wn, wp,] and the sampling time and presampling filter is chosen aguptd (12.55)
and (12.57) as before, then the average information magrisgmple is given by

Ny = Mp/fs (12.60)

wherelM is the average information matrix per unit time afids the sampling rate.
Optimizing a criterion based on this expression leads tora gptimal design of input
and sampling time for experiments with constrained numbsamples. Such a design
will in general lead to a compressed optimal input spectrutihh alower sampling rate
and hence increased experiment time compared with thencanits observation case
[Goodwin & Payne 1977].

12.7 Use of different criteria

In the following a simple example is given on the use of somehefdifferent criteria
for optimal design of input signal. The optimal design of géing time is not cov-
ered by this example, a fixed sampling time is used. Considiestaorder stochastic
differential equation with discrete observations:

dz(t) = —ax(t)dt+ bu(t)dt + dw(t) , (12.61)
Y = Tk te2k, (12.62)

wherew(t) is a Wiener process with[dw(t)] = 0, V[dw(t)?] = rdt, andeyy, is a
Gaussian white noise process Whtes ;] = 2. dw(t) ande,  are assumed to be
independent; subscrigtis shorthand fot,. We are interested in the set of parameters
6 = [a,b]T, and to find an optimal input signal for the system. Since tipaiis are
assumed to be constant within a sampling interval, the sparding discrete time
model is written:

Tpp1 = oy, + Pug +eqy (12.63)

wherea, 3 andV|e; ;| depends on the sampling timeby the following expressions:

a

T b
a=¢e¢ 7, (= / e ¥bds=—-(1—e"),
0
T r

Vierg) = /0 e “re “ds = %(1 — e 2Ty

The discrete time model is brought into the innovations form

i’kJrl = Oé.f?k -+ Buk + KEk s (1264)
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where
Vi) = P4y, (12.66)
K = aP(P+4ry)™ !, (12.67)
andP is the positive semidefinite solution of the stationary Rieuation,
P=0a*P+4r — (aP)*(P+ry) . (12.68)
The innovations form of the model (12.64) and (12.65) maydveitten as:
-1 1 K — -1
R R e U S0 (12.69)
1 —aqg! 1—ag™!

Since equation (12.69) is of the form (12.25) we are now réadlyrmulate the average
Fishers information matrix for the problem. Consideringoavpr constrained input in
the frequency domain we use equations (12.32), (12.33)Eh34).

By considering the criteriomin, .J; = ming(— log det M), Theorem 12.9 states that
it suffices to look for designs comprising no more than 3 samsfor this example,

3
Mp(€) = My (wy) | (12.70)
k=1

wherey, > 0 and> i = 1. Mp(w,) can be separated intt/;(w;,) and M, ac-
cording to (12.33) and (12.34). It should be remarked, thema local design is con-
sidered, onlyMr(w;) need to be calculated, but when a Bayesian design is used the
total M (w;) must be calculated. For the calculation of the matrices imeékample

the computer algebra language, MAPLE, was used. Hence timaipation problem

is formulated and some general available software for sglapnlinearly constrained
minimization can be applied.

It turns out, that a single sinusoid is sufficient for optiityain the considered case.
A plot of this optimal input frequency for different value$ @ is shown below for
b=10,r=1,r=0.1andr = 1.

Now we would like to compare this traditional local designesperiments with the
Bayesian approach for a given prior probability densitylef parameters. Hence we
consider the criteriomin, .J, = ming Ey(— log det Mfp). Itis assumed that parameter
a is uniformly distributed in the interval.5, 1.1] and the other parameters are fixed to
the same values as above. The optimal design in this case is

wi = 04575,  Jo(w3) = 1.1951 . (12.71)

This should be compared to the previous design using theceegb@alue of the pa-
rametersE[a| = 0.8, which has the optimal design, according/fo

wi=0.6606, Ji(w)=0.6107, (12.72)
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Ml?
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—0.4
—0.6
~0.8
~1.0 4
~1.24
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Figure 12.4:Convex hull of single frequency designs for the example antbars of
constantdet M (increasing to the right).

hence, here the two approaches give a different design. vidrage information when
a Bayesian design is used is smaller than the informatian free local design, when
the used@[a] is true.

Instead of optimizing the average performance with resfette prior distribution
one might be interested in a design which optimize the warssible design. A plot
of the performance of single frequency designs for diffevafues ofu is given below.

Consider the minimax criterion

mgin J3 = mgin(rgg@x —log det Mp) (12.73)
o
0.8
0.6
0.4
0.2

T T T T T 1
0.2 04 0.6 0.8 1.0 1.2 1.4«

Figure 12.5: Optimal design of input frequency for different values of:.

1
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0.3 0.4
frequency

91
a 1.2 14 o 0.1 0.2

Figure 12.6: The performance of single frequency designslifeerent values ofu.
The frequency axis has the scdle= 27w.

Minimizing this criterion for the example with € [0.5, 1.1] and the other parameters
as above gives the optimal design

wi=0.8128,  Jy(w) = 1.3741 , (12.74)

which is seen to differ from the previous designs. The vafub®criterion expresses
the worst possible performance from this design dependinyetrue value of.

12.8 Experiment Design and Physical Models

As mentioned previously physical significance and partigrpnformation are among
the key features of gray-box models. Physical significaridée model is typically
equivalent to nonlinearity of the model parameterizatidéven, if attention is re-
stricted to linear systems, the parameterization shoulalbeved to be nonlinear. In
the present section, we briefly discuss the design of optaxeriments for models
with physical significance. All the assumptions of the poerd sections are also valid
here. In the next section, we study the impact of the otheéufeaf gray-box models,
namely, the availability of partial prior information.

Suppose that a physical paramétgis related to¥ throught = F(6,). Then if I is
differentiable, a simple application of the chain rule arefibition ?? yield that

OF(0,) OF(6,)

M =
p ( aep aep )7

)" M (

where M, is the average information matrix corresponding to paranettiond,.
Once the single frequency average information matrideés ) for the parameteriza-
tion # are computed, it is possible to readily compute the singlgquiency average
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information matrices for the reparameterized model usnegabove formula. How-
ever, it is not readily clear how a solution for the parameggion ¢ translates to a
solution for the parameterizatigh, and in general, the only way to find the optimal
inputs for the reparameterized model is to solve a new opétian problem.

The other point is that models in continuous-time are moter@sting in a gray-box
setting since the physical knowledge is normally expressedifferential equations.
Fortunately, only minor modifications are needed for usimg developed theory to
continuous-time design problems. Assume that a linearimoodis-time model is
given by
y(t) = G1(0)ult) + G2(d)e(t)

wheree(t) is continuous-time white noise. Her®is the differentiation operatou(t)
andy(t) are input and output signals, respectively, &dand G, are transfer func-

tions. All the discussions concerning experimental desigrdiscrete-time models
remain valid if the following modifications are made [Goodwi Payne 1977]:

e replacec™ T by jw,

¢ the integral limits are obtained by lettiny7" — 0.

The convexity of the information matrix and the rest of thedty remain intact.

Example 12.8 (Design for Estimation of the Heat Dynamics of &uilding). In
this example, we investigate the design of optimal expeamnisiéor identification of a
physical model that describes the heat transfer dynamiasaflding, see [Madsen &
Holst 1995] for a further discussion of this problem. The rlad

[dTm } _ [ renl } {Tm } ar
dj_; Rici _(RaC'L + Rici) E
- (12.75)
0 0 e ‘ duw, (¢
Tl e || @ dt*[ dw-(gf))]
R.C;  C C; QS ¢

where the following physical parameters are to be considere

e R; —resistance between the room air and the large heat accimguiaedium,
e R, —resistance between inner walls and the ambient air,

e (; — capacity of the small heat accumulating medium (the indmoand the
inner part of the walls, see [Madsen & Holst 1995]),
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e (,, — capacity of the large heat accumulating medium.

The indoor air temperature is measured, and both processnaasurement noise
terms are considered. The remaining entities in the mo@ef§) are

e T; — temperature of the small heat accumulating medium (indoctempera-
ture),

e T,, —temperature of the large heat accumulating medium,
o A, — effective window area,

e p,—part of the solar radiation which reaches the large heatagtating medium
in the building,

e T, —ambient air temperature,
e (), —heat supplied by heater (controlled input),
e (), — heat supplied by solar radiation,

e w,(t),w;(t) — elements of a vector Wiener process introduced in ordeeto d
scribe the disturbances and errors in the system model.

For the input design we only consider the influence on the &satpres in the building
caused by the heatéyp,,, i.e. the effects of solar radiatio€),,, and ambient air temper-
ature,T,, are neglected. Since only the indoor temperatiifeis measured the state-
space model can be transformed into a single-input singtpub transfer function
model where the input i9,. We define the parameter vectdt;, R,, C;, Cpn, K1, Ko, A) T
wherek, K, and\ are Kalman gains in the state estimator and the covarianibe of
innovation process respectively (see [Madsen & Holst 1P98}e assume that the
prior mean of the parameter is given by 1, 1,4,0.2,0.5,0.01) .

The D-optimal input,u,(t) comprises sinusoidal components with frequencies

w1 = 0.088 , Wy = 1407,
and corresponding power shares
o) = 0.5 s Qg = 0.5.

This design is composed of a low frequency and a high frequeamponent corre-
sponding to the large and small capacities of the heat adatimgimedia. Using the
D, -optimality criterion with the interesting parameter kgihe small capacitandg,,
the optimal inputu,; (¢) comprises sinusoids with

W11 = 0.143 s Wo1 = 2644,
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and corresponding power shares
i =0.052 ,  ay = 0.948.

Notice the considerable shift towards high frequencies.

The design withC,,, as the interesting parameter is the signalt) with frequencies
wia = 0.085 |  wyy = 0.755,

and corresponding power shares
app = 0.812 | a9 = 0.188.

Notice the considerable shift towards low frequencies.

We then apply these input signals and estimate the parasri€i@itimes (cross-sections)

for each input. The results are gathered in Table 12.2 wiheraumbers are obtained
by averaging over the relevant values for the 100 crossesect Whilew,(t) is the
D-optimal signal for estimating all the parameters (miniesizhe determinant of the
covariance matrix of the estimate), the otligroptimal inputs provide most informa-

tion about the interesting parameters andC,,, respectively. The estimation for each

cross-section is based on 5000 samples where the samphiagst\7" = 0.05.

uo(t) Up1 (1) Up2(t)
log det(+) -33.13 -32.92 -32.85
log aé -6.17 -7.42 -4.98
log o2, -0.11 0.80 -0.86

m

Table 12.2: Comparison betwednoptimal andD;-optimal designs. In the table,
det(-) denotes the determinant of the covariance of the esti@gab% the variance of

the estimate’;, ando? the variance of the estimate,,.
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12.9 Solution for Bayesian Criteria

As discussed earlier, the optimization criterion for ingasign is in general a function
of the unknown parameter value. In this section, we consiimization of the
Bayesian criteria, i.e. criteria of the form

Ep{o(M)} (12.76)

which take care of the fact that the prior knowledge abouptrameter value is partial.

In this connection, it is of interest to study if the theontloé previous sections can be
fully or partially employed. Especially, it is of interest investigate whether or not:

¢ the Bayesian criteria admit the use of standard experirhdasign algorithms,

e the upper bound on the number of sinusoidal components tiffatesfor opti-
mality (Theorem 12.6) still exists.

Attention will be restricted to discrete-time systems. HEx¢ension for continuous-
time systems may be accomplished in the same way as in S4&i8n Focus on the
first question.

Theorem 12.15Fix the input frequency set
Q=A{wili=1,...,[,w; € [0,7/AT]}.

Define

fla) = Eg{op(M(£))}
where ¢(-) is convex andv = (ay,...,;)" gives the power share of the power re-
stricted input measuré € X on 2. An input measuré* characterized byy* min-
imizes the Bayesian criterion in equation (12.76) amongo#tler power restricted
input measures whose frequencies are containédifrand only if

Jim A1 = B)a+ ) 2 0

wherea? is a unit vector withl in the entryi.

Proof. The key observation is that wheft-) is a convex function of\/ then f(-) is
a convex function ofv. To see why, take any two power shareanda’ and denote
their corresponding measures$gnd¢’. Then forany) < 5 < 1

F(L=B)a+ pa’) = Ep{o((1—B)M(E) + BM(E))}
< (1= B)E{e(M(S))} + BE{S(M(E))}
= (1 =p)f(a)+Bf(a).
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As a result of input power restriction

l
§ Q; = ]-7 Ay, ..., > 07
i=1

the set of all feasible’s denoted byA is a convex setA is in fact the convex hull of
the pointsa”, i = 1, ..., 1. The rest of the proof follows in a way similar to the proof
of Theorem 12.8 after replacinyt by A and¢: M — Rby f: A — R. [ |

Remark.Here, we use Theorem 12.15 to derive an algorithm for coatstigioptimal
input measure for the criteriably{ — log det(M)}. In fact, we wish to find the optimal
power weighto* on agivenset of frequencie$). This set can for example be a fine
grid on the frequency axis. Similar to Remark 12.4.1

Jim 71 9)a’ + 5a®) =
8 ~
Jim = Ep{~logdet{(1 = M) + 531 ()]} =

p — Eqf{trace[M(£*) " M (w)])}

wheref* denotes the input measure characterizedhyThen,£* is optimum if and
only if
vp(€",wi) = tracd Ep{[M(£") ™' M (wi)]}) < p.

Thus, start with an initial power share éhand update exactly as in Remark 12.4.1
noting thatv;, = arg max vp(&,w). The proof of convergence is analogous to the case
we

described in Remark 12.4.1, see [Gaffke & Mathar 1992]. Agla& generic technique
can be applied to optimization of the criteria of equatio®.{5) for all differentiable
convexo functions. v

Remark.In Theorem 12.15 and Remark 12.9, the frequency({sé& fixed. They
state a necessary and sufficient condition for the optimalpaveights orf2 and an
algorithmic search to find these weights. However, Theor2r@ and Remark 12.4.1
required no fixed2. What was fixed was actually the convex get where theg-
function was defined and that was exactly the convexitybivhich led to the theorem
on the upper bound on the number of sinusoidal componentnf€m 12.6). When
solving for Bayesian criteria, this convex set is no longezdisince each point on the
boundary ofM is a function of the parameter and the parameter is not fixgtbager.
Hence, the answer to the second question, in general nanliegression cases, is
unfortunately negative. The reason is that no fixed convéohinformation matrices
corresponding to single frequency design measures exisivekkr, the numerical
search algorithms in many cases yield measures which edsenbmprise finitely
many sinusoidal components, see the examples below. v
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Example 12.9. Assume that the following system is given

-1

b
4 1ut+€t

yt:w

where the unknown parameterdis= (a,b)" and the covariance of the noise sequence
is known.

Assume that the prior information abauis embedded in a Gaussian distribution with
meanm, = 0.8 and variancer? = (0.08)?. Fix b = 1 and use the algorithm given in
Remark 12.9 to find thé&-optimal power weights on a fine grid on theaxis denoted
by Q2. The sef() is obtained by dividing [2.95,3.19] into 20 intervals of edjiength.
This procedure yields the desigh essentially comprising frequencies

wp =3, wy=23.01, ws=3.14,
and power shares
a; =0.1079, ay,=0.7377, a3 =0.1544,
respectively.

To confirm that this design is indeed optimak (£*,w) is plotted as a function of
w € QinFigure 12.7. Sincep(¢*, w) < p, Theorem 12.15 suggests tligats optimal.

If alsoa is fixed in the design computation @at= 0.8, the design measure consists of
a single frequency component = 3.01.

¢

Example 12.10.Now consider a second order continuous-time model Witfs) =
1/[(s + a)(s + b)] andGy(s) = 1. The unknown parameter &= (a,b)" and the
noise is wide band white with known covariance. Fix 2 and assume that the prior
information about: is embedded in a Gaussian distribution with mean= 1 and
variances? = (0.4%. Similar to the previous example, we find theoptimal measure
&* with
wip =0, wy =043,

and

a; = 0.0218,  ay = 0.9782.

The frequency grid? is obtained by dividing [0,1.5] to intervals of length 0.1dsh01
adapted to the area around 0.5.

A plot of vp(£*, w) as a function ofv € Q) is given in Figure 12.8 which confirms that
£* is indeed optimalf{z (£*, w) < p).
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186 1 1 1 1
29 2.95 3 3.05 31 3.15

Figure 12.7wp(¢*, w) as a function ofy € ) in Example 5.2.

22

0.8 1 1
0 05 1 15

Figure 12.8w5(£*, w) as a function ofy € 2 in Example 5.3.
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Fixing a = 1 yields a single frequency design measure with= 0.49.

12.9.1 Conclusion

The design of optimal input signals for identification of ytaox models has been
studied. Physical significance and partial prior inforroatare identified as the key
features of gray-box models. Considering them as part oekperimental design
procedure necessitates extensions of the design theoigh afe studied. Probability
distributions are used as means for expressing partial jpfiarmation.

The connection between design for a model with some inptgeyparameterization
and a physical model is conceptually as simple as computi@gnformation matrix
for the reparameterized model.

When a Bayesian criterion is considered as a means of takeng/hole prior distri-
bution of the parameter into account, the convex theory péarmental design which
leads to the theorem on finite number of support points foddsgn measure can not
be applied directly. The design problem is then solved ovanite grid of frequen-
cies. The constructive, simple experimental design algms for the non-Bayesian
criterion can be generalized to this class of problems.

Examples are included throughout the text to illustratectihecepts.
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