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Introduction

Motivation

Annual

@ Models on different aggregation
levels

@ Models on each level may not
agree

Half Year 1 Half Year 2

@ Reconciliation ensure consistent
forecasts

@ Reconciliation often improve
forecast accuracy on all levels

Ql Q2 Q3 Q4
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Introduction

Mathematical formulation

The reconcilied forcast, 4, is found as the solutuon to the optimization

problem

minimize (§— )" =719 — §)
subject to the cohenrency constraints § = SPyg.
In a Gaussian setting the model can be formulated as

§g=57+e €~N(0,3)

with an equivalent solution. Note that the dimension of 4 is different

the two settings.
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Introduction

Reconciliation

The reconciled forecast is calculated
by

:g — (STz—ls)—lst—ly

where:
@ ¥: reconciled forecast
@ S: the summation matrix
@ X: a variance-covariance matrix
@ §: the base forecast

Regression setting

g=Sy+e €~ N(0,X)
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Introduction

Choosing the correct variance

The “only” unknown part is the variance-covariance matrix X, the optimal

choice is (Wickramasuriya et al. 2019)
¥ =Vy -1l
Hence a natural choice is to use the observed counturpart, i.e.

T

1 . .

72 W= 90w —9)"
t=1

=

In realistic settings this matrix is usually high dimensional and
ill-conditioned, and hence other versions are usually used.
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Introduction

In sample properties

With 33 as above, then:
For any column (and row) selection, I C {1,2,...,n}, of ¥ (and S) then
T _ o \T .
Si(Y-Y) (Y-Y)si<(vsi-¥:) (vs;-¥;), O

and hence for the in-sample variance of the residuals are reduced on any
level.
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Introduction

Choosing the correct variance

Different options for X:
e =1
Variance scaling (proportional to volume of level)

o
@ Use observed variance-covariance of base forecast error
@ Ignore cross level correlation

o

Use shrinkage on the observed variance-covariance (usually preferred).
le.

S, =22+ (1 - N diagd

Furter the optimal A is = , with 7;; elements of the

Ditg Z?M‘ [ri;]
Tij
correlation matrix.
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Introduction

Choosing the correct variance — simple examples

Some very simple examples are

Ystruec =diag(4,2,2,1,1,1,1)
X var =diag(cy, 0%, 0%, 022, 022, 022, 022)

. 2 2 2 2 2 2 2
S hvar =diag(oa, 051, 05, 001 000> 0050 04)

These all ignore cross covariance, and as we will see these might be
important to obtain optimal reconciliation.
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Introduction

Choosing the correct variance — block structures

Also block diagonal structures have been suggested

o4 0 0
2:acov = 0 2]H 0
0 0 X

which might further include some parametrized structures in the block
diagonals. Here cross level covariance are ignores.

In conclusion the shrinkage estimator is usually preferred (Nystrup et al
2019).
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Estimation of the precition matrix — dimensionally
reduction

First observe that, while, it is usually not reasonable to assume that the
variance—covariance matrix is sparse. It is often reasonable to assume that
the precision matrix (X71) is (e.g. AR(p) models).

Using this observation formulate the precision as
2—1 — A—l/QeA—l/Q

where A is a diagonal matrix with diagonal elements equal the marginal
variances.
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Introduction

Estimation of the precition matrix — dimensionally
reduction

Dimensionality reduction can be obtained by e.g.
@ GLASSQ, i.e. maximize the penalized log-likelihood:
log |©] —tr(RO®) — A, O]
@ )\ is a regularization parameter and larger A lead to simpler inverse
correlation matrices.

Another option is spectral scaling (Nystrup et al 2021), where © is chosen
as

©=wWAw?! 1 5°1)™!

where W is the first n. eigen vectors of the correlation matrix, and A is
related to the eigenvalues. oI is a regularization/shrinkage.
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Introduction

Example
Example: Assume that half year levels generated by

Yi =011 + p2Yio + e,

AR(1) models half-year levels and annual levels, i.e. the models

AR ATAREA

H H H H
Yy =Py + €

Full setup
A ~A
Yatyo2t Yat42)2t 1
— H . £ — ~H . S = |1
Yoryo2t = |Yortap2e| 5 Yaet22t = |Yorr1)2e| s =
H ~H 0
Yaty22t Yat+2)2t

and e.g. 3 = Var[yy, 9 — §os42] can be calculated explicitly.
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Introduction

Choosing the correct variance-covariance

Annual level Half-year 1 Half-year 2
- , P -~ -
N\

o

< ]

|
g _
b=} 4
D o
o

S

|

a — Include cross corr
= = Exclude cross corr.

o Perfect

< 4

! T T T T T T T T T T T T T T T

-0.4 0.0 -0.4 0.0 -0.4 0.0
P
¢1 - 075 (from Mgller et al. (2023))
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Outline

© Heat load forecasting
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Heat load forecasting

Data

@ District heating from an
area of greater
Copenhagen

@ Clear annual and diurnal
variation

@ State of the art
commercial hourly
forecast (1-24 hours
ahead)

@ 2016 used for
initialization
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Hierarchical forecasting 02427, 2025

=1
2

it

17 /50



A case study

1 hour level used for evaluation

All other levels modeled in the study
@ 2,3,4,6,8, 12, and 24 hours forecast:

o Recursive Least Square

Forecast of ambient temperature

]
e Diurnal variation
o Auto-regressive parts

3 (60 by 60) estimated using the full variance covariance with

shrinkage, and recursive updating.
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Work flow of modeling

5. Compute forecast error when
observations become available

~12h
Y,
1. Generate kit
L]
» 4. Generate

'
'

'

'

'

! base forecast [ ]
' Input variables -
' [}
'

'

' )
' T reconciled forecasts —

' y >

' k|t > k|t

'

'

!
.
. 2. Update the
:
H

—~ covariance matrix 3. Shrinkage —
-
'
- '
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'
'

i vy 0

From Bergsteinsson et al. (2021).
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Some results (RRMSE)

2017-2019

Base Expanding Rolling  Exponential

RMSE  Window Window Smoothing
Daily 0.5960 -23.75 -22.49 -23.93
Twelve-hourly 0.3516 -24.08 -22.83 -24.2
Eight-hourly ~ 0.3538 -43.51 -42.72 -43.69
Six-hourly 0.2876 -44.64 -43.75 -44.76
Four-hourly 0.1765 -36.06 -35.19 -36.37
Three-hourly  0.1334 -33.03 -32.05 -33.26
Two-hourly 0.0834 -30.09 -29.07 -30.36
Hourly 0.0383 -14.75 -13.46 -15.07

Adapted from Bergsteinsson et al. (2021).
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Outline

© Likelihood inference
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Motivation / Aim

The starting point
g _ (STz—ls)—lst—lg
Comments and aim
@ Observation appear only through the variance-covariance matrix X
@ The estimation of 3 include a large number of parameters

@ Formulate a parameterized model for obtaining 3

@ Reduce dimension of the parameter space by well-known likelihood
techniques
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Likelihood inference

Modeling of variance-covariance matrix

3 (some challenges): - i i.—
@ High-dimensional e
@ High correlations e

Some suggestions A b SHERE 7
@ Parametric models i W

for the correlation R H

@ Use statistical
methods for :
reduction

T
I -004
TT TTTTTTITIITITITT

111 1 4 1 s 1 s 9 1 & 1 1 2

Graphics: Mgller et al. (2023)
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Likelihood inference

A parametric model

Starting from the bottom level define (Mgller et al., 2023)

€1 = Uy ; ulNN(()’El)?

€ = Sa1ui + u ; ug ~ N(0,X%,),

€3 = S31u1 + S32us + u3 ; uz ~ N(0,33),
K—1

Ex = ZSKjuj—i—uK ; ’U,KNN(O,ZK),
=1

where Cov[u;, u;] =0, (i # j). And

2;1 = SuST

i)

with S;; is an upper triangular matrix.
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Likelihood inference

Full-Full Full-1 Null
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Estimation

Likelihood

T-1

5 log =71,

T-1
1(B,0; V) —TTrz—lv +

where V' is the observed variance-covariance matrix, X! is parameterized

through the model and estimation is done
@ Sequentially starting from the bottom level
o Using:
o a robust EM-like algorithm (solving normal equations) and
o the Newton method (using the Hessian of the likelihood)

diagonal elements of S;; is estimated in the log-domain.
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Likelihood inference

Shrinkage

A simple modification of the likelihood by introducing weights in the
following way:

[s(3;V,w) = l(3;w,V + weblockdiagV + wsdiagV),
where >, w; = 1.

Mgller et al (DTU) Hierarchical forecasting 02427, 2025 27 /50



Likelihood inference

Statistical tests

As the method is based on likelihood estimation we have access to

@ Wald test for individual parameters or sets of parameters

@ Likelihood ratio test for individual parameters or specific hypothesis
In the work we explore

@ Wald test for testing if parameters should be zero or equal and
confirm using LRT

o Effect of different initial structures
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The algorithm, Bottom level

@ Estimation.

@ Initialise a variance—covariance structure for the bottom level
@ lterate between «;; and «; a fixed number of times

© Use the result from 2 as initial value for the Newton method.
@ Report the parameter estimates, likelihood, and Hessian.

@ Model reduction.

@ Choose in which order to test parameters for removal

@ Calculate the test statistics for the increasing set of parameters until
significant and confirm by LRT.

@ Calculate the test statistics for all relevant pairwise comparison and
individual parameters that can be set to zero

@ Reduce model, and confirm by likelihood-ratio test.

@ Report parameters and structure of S;; and S;;.
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The algorithm, Top levels

@ lterate through higher aggregation levels with the lower levels fixed in
the same way as the bottom level, now including estimation of 3

@ Report the final result.
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Case study

o Electricity load in
Sweden 2016-2020

@ 2016-2019 used for
estimating mean value
structure

@ Linear model including
annual and diurnal
variation

@ Double seasonal AR
models of the residuals
(daily and and weekly)

@ Temporal reconciliation
of residuals
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Likelihood inference

Some results

SE SE1 SE2 SE3 SE4

df RRMSE df RRMSE df RRMSE df RRMSE df RRMSE
Obs-test 1830 -12.4 1830 -8.5 1830 -9.8 1830 -15.9 1830 -15.3
Obs-train 1830 0.1 1830 4.1 1830 2.1 1830 -2.3 1830 -5.2
Full-Fully 402 -4.8 306 -1.7 413 -4.1 413 -5.6 464 -5.5
Full-Full2 402 -5.3 306 0.8 413 -3.1 413 -5.8 464 -6.6
Full-21 219 -3.8 180 -3.2 237 -4.0 240 -3.9 264 -4.0
Full-2o 219 -3.8 180 -2.2 237 -3.8 240 -4.9 264 -3.7
Null-Nully 83 -4.3 7 -2.7 81 -4.1 85 -4.8 85 -4.6
Null-Nullo 83 -3.7 77 -0.7 81 -3.1 85 -4.0 85 -4.1
Shrink 0.015 -5.3 0.016 -13 0.035 -4.0 0.015 -7.4 0.016 -7.0
Auto-cov. 69 -2.2 49 -2.9 49 -35 71 -1.6 71 -2.2
Model-AR1 60 -2.4 60 -3.0 60 -3.2 60 -1.9 60 =22
Diag 60 -3.1 60 -2.4 60 -2.6 60 -2.9 60 -2.6
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Outline

@ The general linear model
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The general linear model

A general linear model formulation

Consider the general linear model

y=XpB+e¢ e~N(0,Ir®3%,).
T
where yT = [yf.yT |- o]
Question: Can we find a formulation of X such that 8 and

pP=(STx"1g)" 15Tt

are quivalent?
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The general linear model

Theorem (Equivalence with hierarchical reconciliation)

The model,

Yy = X-,tﬂ + €t; €t ~ N(Oa 27’)3

with X .; = I ® §,, and linear constraints vec™}(B)1'S = I, is equivalent

to the hierarchical reconciliation, formally
P =wvec ' (B)7,

where P is the usual hierarchical reconciliation with

2, =4(YST - Y)T(Y ST —Y). The constraint problem can further be

formulated as

Y~ Gpoty = [Im @ (ﬁ%t - 'gbot,tsg)]/@T +e; €~ N(0,%,).

Mgller et al (DTU) Hierarchical forecasting
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The general linear model

Comments

Here

ytop,t

g pu—
ybot,t

_ | Stop
. [Im]

The full model can be writte as
y=XB+e€ e~NOIr®%,)
and the MLE of 8 is independent of 3., and

. 1 T

> SR S— ;
PREML = ; ere; ,

where e; =y, — Xtﬁ
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The general linear model

More comments

Notice that
(n+1)

@ Estimation of the n x n (55— parameters) variance covariance
matrix is replaced by estimation of m(n — m) mean value parameters.

@ The result is independent of the forecast variance X,., which may be
parameterized by some model (e.g. AR(1) structures)
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Shrinkage

Usually a skrinkage estimator for X is used, in order to improve the
condition number of 3.
@ In the regression setting an ill conditioned covarince matrix will show
up as multicollinarity.
e Strong multicollinarity is usually handled by regularizations (e.g.
Ridge regression) or equivalent by introducing parameter priors.

@ Specific choices of priors (depending on the shrinkage) lead to
equivalence between the regression setting and the usual (called
MinT) approach.
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The general linear model

Theorem

The weight matrix P(\) is equivalent to the linear regression model
Yo~y = In® (Yo~ V55718 + & €~ N(0,3,),

with prior distribution By ~ N(Bo 7, %, ® Xpgp), and

-1
Bor =vec [(2;@ +Sr3f BS?) Sref B}

1-A

o8 :W(zzf + 512 pST)
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The general linear model

Residual variance—covariance

To obtain complete equivalence priors for the residual variance 3, is also
needed (related to the Inverse Wishart distribution).

Using the regression formulation (including priors), we arrive at two
variance estimators, one with a REML corretion term and one without

27" shrink :P(A)ﬁhPT(A)

)

. B T .
3 sSREML T —m)1 = )\)P()\)ESP (\).
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The general linear model

Forecast variance

In general the forecast varaince can be written as

A

VIYern — Gon) = VIX . i4nB + €r4n] = X~,t+hV[5]XTt+h +3,.
with
V[Buop) =% @ (X[ X1, + o) ' X X 1(X . X1, + o)1)

The parameters (weights) unceartinty and the parameters correlation can
be assessed from the using the above, this may be used for testing and
further unceartainty may propagate through to predictions variances.
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The general linear model

Simulation study

We simulate the data-generating process at the bottom level (y, € R*)
using a multivariate AR(1) process

Yy, =Ay,_ 1 +e; €~N(0,%) andiid, (2)

with A;; = 0.7, A;j = —0.25 (i # j), and (2.);; = pl" 7|, here we present
simulation studies using p = 0 and p = 0.75.

Univariate AR(1) models for all levels in the hierarchy (all combinations of
summations of 1, 2, 3, or 4 variables).
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The general linear model

Simulation results

Relative log—score

N
o -
[
<
d —
[
©
? - ﬁr,shrlnk gr,par
= ZrsREML
I I I I I I I I
20 50 100 200 20 50 100 200
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Case study

o Electricity load in
Sweden 2016-2020

@ Linear model including
annual and diurnal
variation

@ Double seasonal AR
models of the residuals
(daily and and weekly)

@ Temporal reconciliation
of residuals
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The general linear model

Case: variance—covariance

Standard deviation/RMSE Estimated correlation (traing) Correlation matrix (test)
N “ “ +1.00
° © © +0.90
o © © 3 +0.80
o ~ ~ -
— +0.70
g >
w0 | - = +0.60
o o ] ~ 7
= 7 = +0.50
3 0 w0 +0.40
] © ] +0.30
o | 4 -
° — RMSE test ] o ] 020
—— Zrshrink . 1 ~ TTTTT +0.10
o Zr SREML < ] T b T
=} N 11T - TTTTTTT +0.00
T T T T TTTTTTTTTTTTTTITTTT TTTTTTTTTTTITTITTTTT
5 10 15 20 13579 12 15 18 21 24 1 4 7 10 13 16 19 22

Hour of day

ms
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The general linear model

Case: parameters

Pr

se(Pr)

i

|Prl/se(Pr)

24 20 16 12 8 5 2 24 20 16 12 8 5 2 24 20 16 12 8 5 2

24h 12h 8h 6h 4h-1 4h-3 3h-1
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Outline

© Conclusion
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Conclusion

Conclusion / Future

The are many articles on the devellopment of better estimators comming
out, and all is not finalized as of yet. Some points are

@ Reconciliation ensure coherent forecasts on all levels
@ Reconciliation very often improve forecast skills

@ The covariance matrix is often ill-conditioned and hence shrinkage
should be applied (in the regression setting this is multicollinarity)

My peronal interest for future devellopment is

e Parametrized (time varying) residual variance covariance matrices
@ Include auto—correlation between time steps

@ Devellop test strategies to reduce model complexity
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Conclusion
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