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Maximum likelihood estimation
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Maximum likelihood estimation
» Linear stochastic state space model

Xe = A X1+ Bougy + ey, (1)
Y, = Ci X, + eay, (2)

{e1+} and {e2.} are mutually uncorrelated normal dis-
tributed white noise sequences with variance 3, ; and
Yot

» Assume that dim Y = m and that the model is global
identifiable.

» The potentially time-varying matrices A;, B;, Cy, ¥4,
and ¥, , depend on the parameters

» A missing observation at time ¢ can be handled by

22715 = 00 (3)
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ML estimates of state space models

6 are the unknown parameters, Yy = (Y, -+, Yp) are the
available observations in the time series of length vV
(N < N).

The conditional likelihood function (conditioned on Yp) is

L(0;Yn) = f (Inl0) (4)
= (YN |In=1,0) [ (Yn—1|Vn—2,0) - -~f(Y1!Yo,9()-)
5
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ML estimation for state space models

» Since the model is linear and all the random variables
are Gaussian, Y;.|); is Gaussian too

» This conditional Gaussian density is characterized by
the conditional mean and the conditional variance

» One-step prediction error and its covariance

Yirie = Yer1 — Yagape, (6)
Ry = Var [Y/;Hrl\t} = Var [Yt+1\yt] Eﬁ”t
Ct t+1\tC +22t (7)

» The conditional mean and covariance are simply calcu-
lated by an ordinary Kalman Filter
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ML estimates
» Conditional density function

f (Yea|32) = [(27)™ det Ryy] 75
1 ~
exp{ 2Yt+1th+11Yt+llt] (8)

» Conditional likelihood function

N
L(0;Yv) = [ I(27)™ det R~

i=1

1~ -

exp{ 2Yz|z 1R'_1Yi|i1}, (9)

> Starting values: Xy, = 0 and Sgn = ol where o is
‘large’. Alternatively, estimate the starting values using
the ML approach
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ML estimates of state space models

» Alternative: Maximize the log-likelihood

N

1
log L (0; V) = —3 Z[log det RﬁrY‘Z Ry Y1) +const.

=1
(10)
» Maximum likelihood estimate of §

0 = arg {mgmxlogL (6; y/\/)} . (11)

» In general, a numerical optimization method must be
used
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Uncertainty of ML estimates

» Approximate covariance of the parameter estimates
Var [é] ~_—H! (12)

» Approximate Fisher information matrix

_ 9?log L (6; V)
U}y = 96,00,

=0
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Maximum likelihood estimation
(stationary)
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ML estimates under stationary conditions

Likelihood under stationary conditions

,’:]2

- -
L(0;Yn) = ™ det ]2 exp {—iyﬁlzlym_l

t=1 .
(14)

= [2m)™ detZ}N/Qexp [——Z tlt— 12 13~/t|t—1
t=1 J
(15)

Stationarity implies that the matrices A, B, C, ¥; and X,
are constant. Consequently, missing observations are not
allowed
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Y. known

Maximum likelihood estimation is equivalent to minimizing
e .
-5 Z e Wi (16)

ffmu =Y — YHW is the one-step prediction error

Sample covariance of the predictions errors

N
1 .
= > YV (17)
t=1

Rewrite S;
S1(0) = trX'D(6) (18)
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>, unknown
» Maximum likelihood estimation is equivalent to mini-
mizing

1 i
5(0,%) = 5Nlogdet £+ Z S Ve (19)

» Differentiate wrt. &

oS N
= 52 - —E Zyﬂt IY;\t 1 (20)

Solution (ML estimator)

N
1 - -
=+ 2 YYo= D) (21)
t=1
» For any given value of 4, (21) minimizes (19). The
problem can then be reduced by the constraint ¥ =
D(0).
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Y. unknown
Substitute this constraint into the above cost function

1
Se(0) = 5 log det D(0) Z DO (22)

1
S.(0) = §logdetD + tr

(Z Vi1 Yo ) @%)

1 N
=35 log det D(0) + 5trIm (24)
Nm

1
= 3 log det D(6) + 5

Since the last term is constant, the ML estimate is found by
minimizing the cost function

S5(0) = log det D(0) (26)
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Doubly stochastic processes
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Estimation of some doubly stochastic models

» Consider the non-linear process:

Y, = &Y+« (27)
O, —p = ¢(®t71 - M) + G (28)
where {¢,} and {¢;} are mutually uncorrelated Gaus-

sian white noise processes with variances o? and o7,
respectively.

» This model is some times referred to as an AR(1)-AR(1)
model, since both the model for Y; and the embedded
model for the parameter variation is an AR(1) model.

> The parameters of the non-linear model are (¢, 1, 07, o7).
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Estimation of some doubly stochastic models
Can be reparametrized as a state space model (more or
less)

Rewrite model for parameter variation
Dy =P + (1 —9) + G

Introduce 6 = p(1 — ¢)

(?:) - ((g 1)(§tt_f)+(é>g (29)
no= 00 () e (30)

Note: The new parameter is introduced as a state variable,
and there is a unique relation between the new parameters
(¢, 0,02, 0%) and the parameters of the model (27)
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A generalization
The principle can be generalized

Consider, e.g., an AR(1)-AR(2) model

Y, = &Y 1+¢ (31)
O —p = 01(Pror — ) +Po(Peor — ) + G (32)

It can be written as the following linear state space model

D, 0 P2 1 O 1
o, | = |1 00| @, |+|o0]@3
Oy 0 0 1 O¢1 0

D,
Y, = (Y-1,0,0) ( o 4 ) + € (34)
0t

where § = (1 — ¢1 — o).
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Linear parameter-varying (LPV) systems

General form

T = vy + Byug + vy, v ~ N(0,R,),

Y = Chy + e,

€t ~~ N(O, Re)

Examples of dependencies (Y;—1 = [yi—1, yi—2, - -

Ct = Ct(}/tfl)u
Cy ~ F(Yi1)

(deterministic function)
(probability distribution)

1)

(85a)
(35b)

(36a)
(36b)
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Measurement equation: Conditional
distribution
Conditional mean
Yplt—1 = Ely:|Yi—1] = E[Cyzy + €,]Yio1] = Ci(Yi1)Elxy| Y]
= Cy(Yi—1)Typ—1 (37)
Conditional covariance
Pt‘t . = Cov{y|Yi1] = Cov(Cray + €,]Yi1)
= Ct(Y;efl)COV(SCt|K&4)CI‘,T(YL1) + Cov(e|Yi1)
= Ct(Y;tfl>Pt|t—1Cgﬂ(thl> + R (38)
Conditional cross-covariance
Pﬁf L = Cov(ye, 24| Yi—1) = Cov(Ciay + er, 7¢|Yi—1)
= Cy(Yi—1)Cov(zy, 24| Yio1) + Cov(er, 24| Y1)
= Cy(Yi—1) P (39)
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Projection theorem
Joint distribution

Tyjp—1 Py Py CF

Y1 ~N

-t <|:Ctxtt 1} |:CtPt|t 1 CiPpuaCF + R
(40a)

Ci = Ci(Yi1) (40b)

Projection theorem

Elxlys, Yic] = Elay|Yioa] + Ki(ye — Co(Yio1) Zge—1),
= Ty—1 + Ki(ye — Ce(Yio1)Tye—1),  (41a)
COV(xt’?/t, Y;tfl) = COV(%\Y}A) - KtCt(YLl)Pt\t—b (41 )
= Pj—1 — KiCy(Yio1) Py (41c)
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State equation: Conditional distribution

State equation: Conditional mean

Ty = Elreq|Ye]) = E[Ayy + Boug + 0]V
= A(Y)E[x:|Yi] + Bi(Y:)E[2|Y?]
= At(n)iﬂt + Bt(Yt)ut (42)

State equation: Conditional covariance

Pt+1\t = COV(QZH_:[DQ) = COV(At.It + Btut + UtD/t)
— A,(¥;)Cov (] Y1) AT (¥;) + Cov(uy]Y)
= At(Yt)Pt\tA:EF(Y%) + R, (43)
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Kalman filter for a class of LPV systems

Measurement update / data update / filtering step

Ty = Top—1 + Ke(ye — Co(Yi1) Zepp—1),
Pt|t - Pt\t—l - KtOtO/;t—l)Pt\t—l

Time update / prediction step

Topape = A (Vo) Ty + Be(Ya)uy,
Py = A(Y2) P Al (V) + R,

(44a)
(44b)

(45a)
(45b)
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Extended Kalman filter
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The non-linear, time-varying, discrete time
state space model

Nonlinear discrete-time system

Xip1 = f(t, X4, Up) + (46)
Y: = ht, Xy, Up) + e (47)

{e:} and {v,} are sequences of independent random
variables

E[vw!] = Ry,
Elee’] = Ry
Efve’] = 0
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The Extended Kalman Filter
Extended Kalman filter (EKF): Estimate of X, given
Yo, Yi,.... Y,

Xt+1\t = f(t, Xt\t—la Ut) + Kt[Yt - h(t7 Xt|t—1)] (48)
Kalman gain

-1
K, = FtPt|t71HtT (Htpth‘letT‘l'RZ,t)

Covariance
Py = Ftpt|t71FtT + Ry — Ky (Htpt\tletT + Rz,t) K
Jacobians of f and &

9,

o= SR,
oh

H, = aX<Xt|t 1, Ur)
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Extended Kalman filter for parameter
estimation
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Extended Kalman Filter for parameter
estimation

Main idea: Include the unknown parameters in the state
vector and then use a state estimation method to estimate
both the state and the parameters

Important: The resulting state space model is in general a
non-linear state space model, and the extended Kalman
filter is then often used

Linear state space model

Xt+1 = A(Q)Xt + B(Q)Ut + U
Y;g = C(@)Xt + €t

the parameter vector 0 is unknown
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Extended Kalman Filter for parameter

estimation
By including (¢ = 6,) in a new state vector

(X
2= (%)
this leads to the following non-linear state space model
Zipr = f(ZmUt) + ( %t )
Y, = h(Z)+e

where
F(Zow) = <A(9)Xt ;;B(Q)ut)
Mz,) = CO)X,

EKF state estimation will simultaneously estimate the
original state vector and the parameter vector 0
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Generalized state space models
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Generalized State Space Models

» Sequence of state variables
{X;t > 1}

» Sequence of observations
{Viit>1}

» Only the one-dimensional case is considered here
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Parameter-driven models
The model evolves independently of the past history of the
observation process
Let the history of {X;} and {Y;} be denoted by X~V and

y(t—l):
XY = (X1, X, o,..)
VD = (Y, Y, )

Assumption: Y; given (X,, X~ Y1) s independent of
(x =1 Y=y with conditional probability density:

p(yelze) == p (g | 2, XD, Y07) (obs. eq.)
And similarly

p(Tepr]ay) = p (xt+1|xt, X, y“—”) (state eq.)

32/41



Joint density of observation and state variables

p(yl,...,yn,xl,...,xn)
= p (Ynlzn, XD, YD) p (2, XD, YD)
= p (yalra) p (2| XD, YO) p (YD, 2 00)

=[1rwlz) (Hp ($j|33j1)> p(21)

j=1

where p (z1) denotes the probability density of the initial
state.

33/41



» {X,} is a first order Markov process.
» |t is also clearly seen that

n

p<y17 ce ayn|x17 < 7$n> = Hp(y]‘x])
j=1

» that is, the dependence structure of {Y;} is inherited
from that of {X,}.
» The sequence {X;} is often referred to as the hidden

or latent process. In conclusion we have a Hidden
Markov Process.
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Filtering and prediction

We want to determine p (z,|Y®) and p (z,1|Y®)
Bayes’ theorem

P (Yelze) p ($t|y(t71))

p ($t|y(t)> = p (1| YED)

and
p (xt+1|y(t)) = /p (:Et|y(t)) p ($t+1|$t) dxt

In the case of a discrete state space, a summation is used
instead of the integral
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Prediction of future observations

p (yt+1|y(t)) = /p(yt+1|$t+1)p ($t+1|y(t)) dziy

In

p(yla"‘ay’ruxlw"axn) H y]|$] (Hp CC‘7|x] 1) )
7=1

the left side is the a posteriori distribution, and the right
side is a multiplication of the likelihood and the prior.
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A non-Gaussian example

» In general, the recursions can be very difficult to compute

» Consider a very simple example, with the state equation

X1 = aXy )
» The observation density is assumed to be
my) e T
p(yt’xt):(t)y'j yt:071)27"-
t.

where 7 €]0, 1] is constant.
» (*) implies that (¢ is Dirac’s delta)
p(zi41|ze) = 6(ze41 — azy)
» Assume further that X is gamma-distributed:

/\axa—lef)\xl
pl(l'l) = g(:vl;oz,)\) = IF(—O() (1'1 > C)
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» This could be a simple model for the evolution of the number,
X;, of individuals at time t infected with a rare disease in
which X, is treated as a continuous variable.

» The observation Y; represents the number of infected indi-
viduals observed in a random sample consisting of a small
fraction = of the population a time, .

» Now

p(xily1) =p (nlz) p ( 1) /p (Y1)

(=) ()

C(yl a+y1 1 —(m+A)x1 (1.1 > 0)
g(x1; a1 , A1 ) ( again gamma distributed)
a+y1 7r+>\

» The prediction density becomes
p(22|YWV) = g(x2; a1, A1 /a)
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Iterating the recursions, we find that
p ($t|y(t)) = g(s; o, Ar)
and
p (21| VY) = g(xi11; ap, M/ a)
where

=01+ =a+y1+...+ Y
(1—-a™)

)\t = )\t_l/a+7T = )\al_t+7m
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Observation-driven models
Assumption: (again) Y; given (X,, X1 pyt-1)is
independent of (XY Y1),
The model is specified by

p(yelze) = p (g X, YY) (obs. eqn.)
p(xe1| YY) = depends on all obs. (state egn.)

The advantage of the observation-driven state equation is
that Bayes’ Theorem can be used directly without the use
of the updating formula.

Note: The observation equation is the same for both types
of models but the state vector of a parameter-driven model
evolves independent of past observation, while the state
vector of an observation-driven model depends on past
observations.
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Example — observation-driven model

An AR(1) process with i.i.d noise can be expressed as an
observation-driven model.
Suppose

Yi=0Y, 0+ 2,

{Z,} is i.i.d with mean 0 and probability density f(z). Then
with

Xy =Y
we have

p (lze) = f(ye — )
p (l‘t+1|y(t)) = 0(Tey1 — Y1)
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