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State space models
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e System model; A full description of the dynamical system (i.e.
including the parameters):

Xy = f(Xi—1) + g(ug—1) + e

@ Observations; Noisy measurements of some parts (states) of the
system:
Yie = h(X:) + ey
@ Goal; reconstruct and predict the state of the system
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The linear stochastic state space model

System equation: X; = AX; 1+ Bu;_1+ ey
Observation equation: Y, = CX;+ ey

dim(X;) = m is called the
X' State vector order of the system

Y : Observation vector

°
. e {e1:} and {ez} mutually
@ wu: Input vector independent white noise

@ e;: System noise o Viei] =34, Vies) = X9
@ ey: Observation noise e A B, C, X, and X5 are

known matrices

@ The state vector contains all information available for future
evaluation; the process is a Markov process.

Important: The formulation makes it possible to handle
time-varying systems as well.
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The Kalman filter

Initialization:
Xy = B[X1] = po
o= VIX1]l=Vo
=i = CE 07 + 2
For: t =1,2,3,...
-1
Ky =3 1CT (E?ﬁ; 1)
Reconstruction: tht - Xt‘t_l 1K, (Yt _ C)?t\t—l)
fﬁ = flxt*1 - Kf2t|t 1KtT
Xt+1|t = Ait\t + Buy
Prediction: W= AT AT 3
m =, = O, 0T + 22 l
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Multi-step predictions

@ Not part of the Kalman filter as stated above

@ Can be calculated recursively for a given t starting with k = 1 for which j\fHk” and
3 k)¢ are calculated in the Kalman prediction step.

Xitkrie = AX g + Bugss
T
Efik+1\t = AzﬁkhA +3

@ The future input must be known/assumed.
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The Foundation of the Kalman filter

@ Theorem 2.6 (Linear projection)

@ The theorem is concerned with the random vectors X and Y for which the means,
variances and covariances are used

@ The state is called X ; and the observation is called Y; and we could write down the
theorem for these

@ We have additional information; ,'))fil = (YlT ..... YtT 1)

@ We include this information by considering the random vectors X ;|);—1 and
Y :|Vi—1 instead

E[(X¢|Yt-1) [ (Y| V1)l = E[Xt|Y ¢, Vi-1] =
E[X¢|Yi—1] 4+ Cov[X ¢, Y| Vi)V HY e Ve1)(Ye — E[Y | Vi—1])

VIIX | Vi—1) | (Y| Vi—1)] = V[Xe| Y, V1] =
VIX | Vio1] — Cov[X e, Y| Vi1l VY 1| Veo1]Cov T [X ¢, Y| Vi1]
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The Foundation of the Kalman filter Il

E[X¢|Y¢ Vi-1] =

E[X¢|YVi—1]+ Cov[X+, Y| Vi—1] Vﬁl[YtD)tfl]( Y:— E[Y|Vi-1])
VIXi|Y, V1] =
VIX | Vi—1] — Cov[ Xy, Y| Va1l VY 1| Vi1]Cov T [ Xy, Vi Vio1]

Using definitions from previous slide the update equations are:
X, =X sv (s V' (v,-¥
it = Xgjp1 + tlt—1 tlt—1 t L=l
nv -1 »o T
tlt—1 tlt—1

Ki=33_, (=0.,)

TT _ SIT _ Ny
tt = “tt—1 zt\t—l

K is called the Kalman gain, because it determines how much the 1-step prediction error
influence the update of the state estimate
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The Foundation of the Kalman filter Il

The 1-step predictions are obtained directly from the state space model:

X1 = AXy + Buy
Yt+1|t = CXt+1\t

Which results in the prediction errors:

Xipp1)p = X1 — Xypqpp = AX g + 1041

Y=Y — Y = CXypqpe + €241
And therefore:

ff—l\t - AZWAT +3

vy

EtJrl\t c t+1\tC + X2
Ty T

2z+1\t t+1\tc
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