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Why Recursive and/or Adaptive estimation

A recursive estimator is defined as

θn+1 = θn + f (θn,Yn+1|Y1:n)

Useful for
R Large data sets - computational considerations
R Streaming data
A Knowledge that the system is changing, but little knowledge

of how
A As a final tweaking of the model
I Note that the stability of the system may be negatively

impacted when using adaptive methods, cf. the Lyapunov
theory on Random Coefficient AR models during the first
lecture.
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Different types

I Forgetting type estimators
I Converging estimators

Ex: Zi ∈ N (µ, 1). Estimate the mean (µ) as

µ̂N =
1
N

∑
Zi

or as
µ̂N = ZN?

Different properties and applications!
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Kanna river revisited

Rain (left) and flow (right)

Statistical Identification of Storage Models with Application to Stochastic Hydrology 

was introduced in Ozaki (1981b) for Japanese rainfall data 
(see also Ozaki, 1981c), where frequencies 0 1 ,  0 2 ,  and 0 3  
correspond to a yearly periodicity and its higher harmonics 
with six months and four months Periodicity, respectively. 
The model was introduced based on the following observa- 
tions; i.e., 

1. Histograms of the amount of rainfall of most daily rain- 
fall are similar to Gamma distributions. 

2. Histograms of waiting time, i.e., an interval between one 
rainy day to the succeeding rainy day, are distributed like 
exponential distributions. 

3. Periodograms of the sequence of dates when it rains 
show large peaks at the frequency of yearly period and its 
higher harmonics such as six months and four months period. 

We apply the model (23) to the rainfall data (see Figure 5 )  
whch are observed at the Kanna River, Japan, from January 1 ,  

0 
0 

1956, to December 31, 1956. The obtained maximum likeli- 
hood estimates are &0.5547, ,8=13.1561, 2=0.4766, $ I=  
-0.2624, %2=-0.1214, ^b3=0.1169, 81'1.1853, G2Z1.1034 
and $3=-0.7155. The intensity function p(t) with the esti- 
mated parameters is shown in Figure 6 where seasonality is 
clearly seen; the two peaks of the function correspond to the 
two rainy seasons of late June and September in Japan. 

Using,.the estimated rainfall model we can simulate rainfall 
data which are expected to have statistical properties (1,2, and 
3) specified above. This is easily checked by numerical ex- 
periment (see Ozaki, 1981a). Simulated rainfall data obtained 
from the model (23) using the estimated parameters are shown 
in Figure 6, where seasonality of the rainfall may be seen. 
There are some other works on modeling of rainfall time series 
(see references of Stern and Coe, 1984). We note, however, 
that the models are used only for simulation and not for 

0.00 61 .OO 122.00 183.00 244.00 305.00 366.00 

(day) 

0 
0 

I 
0 1  I I I I I I I I I 1 I 1 
0.00 61 .OO 122.00 183.00 244.00 305.00 366.00 

(day) 
(5b) 

Figure 5. Kanna Rainfall and Riverflow Data, from January 1, 1956, to December 31, 1956. 
(5a) Kanna rainfall data; (5b) Kanna riverflow data. 
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An autoregression model would need time varying parameters
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Naive approaches - Windowed estimation

I Use sliding window {yt−u:t} to estimate parameters

θ̂t = argmax
t∑

n=t−u
log p(yn|yt−u, . . . yn−1)

I Followed by

θ̂t+1 = argmax
t+1∑

n=t−u+1
log p(yn|yt−u+1, . . . yn−1)

Properties?
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Recursive LS

I Linear models can be written as

Y = Zθ + e

I Estimate is given by

θ̂ = (ZT Z )−1(ZT Y )

This can be written in recursive form!
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Recursive LS for AR(p) processes

I Optimize

θ̂t = argmin
t∑

s=p
(Ys − XT

s θ)2

I where
XT

t = [−Yt−1, . . . ,−Yt−p]

and
θT = [θ1, . . . , θp]

I This can be written as

θ̂t = (ZT Z )−1(ZT Y ) = R−1
t ht

Rt = ZT Z =
∑

XsXT
s

ht = ZT Y =
∑

XsYs (1)
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Recursive LS
I We can write Rt = Rt−1 + XtXT

t
I and ht = ht−1 + XtYt

Considering a recursive estimator, where only recent information
influence the estimate, we write

θ̂t = R−1
t ht

= R−1
t (ht−1 + XtYt)

= R−1
t (Rt−1θ̂t−1 + XtYt)

= R−1
t (Rt−1θ̂t−1 + XtYt±XtXT

t θ̂t−1)

= R−1
t

(
(Rt−1 + XtXT

t )θ̂t−1 + XtYt − XtXT
t θ̂t−1

)
= R−1

t

(
Rt θ̂t−1 + Xt(Yt − XT

t θ̂t−1)
)

= θ̂t−1 + R−1
t Xt(Yt − XT

t θ̂t−1)

(2)
This is the standard Recursive LS (RLS)Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation
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Recursive LS

I We have that Rt = Rt−1 + XtXT
t

I but are interested in R−1
t

The matrix inversion lemma

[A + BCD]−1 = A−1 − A−1B(DA−1B + C−1)−1DA−1

gives A = Rt−1, B = Xt , C = I and D = XT
t

R−1
t = R−1

t−1 − R−1
t−1Xt(XT

t R−1
t−1Xt + I)−1XT

t R−1
t−1 (3)

The RLS algorithm is then given by two simple matrix expressions!
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Adaptive Recursive LS

Known parameter variations should be included in the model, slow
unknown variations can be dealt with using adaptive estimation.

Optimize

θ̂t = argmin
t∑

s=p
β(t, s)(Ys − XT

s θ)2

where

β(t, s) = λ(t)β(t − 1, s)
β(t, t) = 1 (4)

Hence is β(t, s) =
∏t

j=s+1 λ(j).
Again, recursive equations can be found!
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Adaptive Recursive LS

The solution is given by

θ̂t = R̃−1
t h̃t

where
I R̃t = λ(t)R̃t−1 + XtXT

t
I h̃t = λ(t)h̃t−1 + XtYt

And the rest is identical to the standard RLS.
I Interpretation of λ in terms of effective variance.
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Recursive Pseudo-Linear Regression

I Extend
Y = Xθ + e

I To
Y = X (θ)θ + e

Includes e.g. ARMA and non-linear models!
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(Adaptive) RPLR - Think ARMA models!

Let
θ̂t = argminSt(θ)

where

St(θ) =
t∑
s

β(t, s)(Ys − XT
s (θ)θ)2

I St(θ) = λ(t)St−1(θ) + (Yt − XT
t (θ)θ)2

I Taylor expand around θ̂t−1

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation
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(Adaptive) RPLR

I Taylor expansion

St(θ) ≈ St(θ̂t−1) +∇St(θ̂t−1)(θ − θ̂t−1)

+
1
2(θ − θ̂t−1)

T Ht(θ̂t−1)(θ − θ̂t−1), (5)

where Ht is the Hessian.
I ∇St(θ̂t−1) ≈ −2Xt(θ̂t−1)

(
Yt − XT

t (θ̂t−1)θ̂t−1
)

I Rt =
1
2Ht = λ(t)Rt−1 + Xt(θ̂t−1)XT

t (θ̂t−1)

I This gives the estimators as

θ̂t = θ̂t−1 + R−1
t Xt(θ̂t−1)

(
Yt − XT

t (θ̂t−1)θ̂t−1
)

I Implications in terms of robustness?
Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation
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(Adaptive) RPEM

Let
θ̂t = argminSt(θ)

where

St(θ) =
t∑
s

β(t, s)(Ys − Ŷs|s−1(θ))
2

I Approximate by a 2nd order polynomial
I Optimize using Newton-Raphson
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(Adaptive) RPEM

I Taylor expansion

St(θ) ≈ St(θ̂t−1) +∇St(θ̂t−1)(θ − θ̂t−1)

+
1
2(θ − θ̂t−1)

T Ht(θ̂t−1)(θ − θ̂t−1), (6)

where Ht is the Hessian.
I Solution is given by

θ̂t = θ̂t−1 − Ht(θ̂t−1)∇St(θ̂t−1)
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(Adaptive) RPEM

Note that
I St(θ) = λ(t)St−1(θ) + (Yt − Ŷt|t−1(θ))

2

I ∇St(θ) = λ(t)∇St−1(θ) + 2
(

Yt − Ŷt|t−1(θ)
)
∇Ŷt|t−1(θ)

I ∇St(θ̂t−1) ≈ 2
(

Yt − Ŷt|t−1(θ)
)
∇Ŷt|t−1(θ̂t−1)

I The Hessian is given by

Ht(θ) =2
∑

β(t, s)∇Ŷs|s−1(θ)∇Ŷ T
s|s−1(θ)

−2
∑

β(t, s)∇∇Ŷs|s−1(θ)
(

Ys − Ŷs|s−1(θ)
)

(7)

I Ht(θ̂t−1) ≈ λ(t)Ht−1 + 2∇Ŷt|t−1(θ̂t−1)∇Ŷ T
t|t−1(θ̂t−1)

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation
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(Adaptive) RPEM

This gives
I Rt =

1
2Ht

I θ̂t = θ̂t−1 + R−1
t ∇Ŷt|t−1(θ̂t−1)

(
Yt − Ŷt|t−1(θ̂t−1)

)
I Rt = λ(t)Rt−1 +∇Ŷt|t−1(θ̂t−1)∇Ŷ T

t|t−1(θ̂t−1)

Use matrix inversion lemma to obtain an efficient recursion.
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Recursive ML

It is possible to construct optimal recursive estimators for
non-Gaussian models via likelihood theory
I θ̂t = argmax

∑t
n=1 log p(yn|y1:n−1, θ) = argmax `t(θ)

Taylor expand and maximize

∇`t(θ̂t) ≈ ∇`t(θ̂t−1) +∇∇`t(θ̂t−1)(θ̂t − θ̂t−1) (8)
= ∇`t−1(θ̂t−1) +∇ log p(yn|y1:n−1, θ̂t−1) (9)
+∇∇`t(θ̂t−1)(θ̂t − θ̂t−1) = 0. (10)

Simplification gives

θ̂t = θ̂t−1 +
1
t ÎF (θ̂t−1)

−1∇ log p(yn|y1:n−1, θ̂t−1)

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation
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Sketch of proof

`t(θ) ≈ `t(θ̂t)+∇`t(·)T (θ−θ̂t−1)+
1
2(θt−θ̂t−1)

T∇∇`t(·)(θt−θ̂t−1)
with ∇`t(·) = ∇`t(·)
I Compute gradient wrt θ leading to

∇`t(θ) ≈ 0 +∇`t(·) +∇∇`t(·)(θ̂t − θ̂t−1) , 0

I Recalling properties of the Fisher Information and large
sample approximation leads to

∇`t(θ̂t−1)− t ÎF (θ̂t−1)(θ̂t − θ̂t−1) = 0

I Using that ∇`t(θ̂t−1) ≈ ∇ log p(yn|y1:n−1, θ̂t−1) yields the
result
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Approximative ML, computational simplification

What if ∇ log p(yn|y1:n−1, θ̂t−1) is expensive to compute?
I A stochastic process is mixing if its values at widely-separated

times are asymptotically independent
I Examples of this is Markov chains, but the concept is more

general.
I Approximate ∇ log p(yn|y1:n−1, θ̂t−1) by the fixed-lag (L)

estimate ∇ log p(yn|yn−L:n−1, θ̂t−1) as the error vanishes as
L → ∞.

I This has been used for fixed-lag EM-algorithms, or when
approximating an MA processes with a AR(p) model, p being
large.

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation



Intro Naive RLS RPLR RPEM RML SA Filter

Approximative ML, computational simplification

What if ∇ log p(yn|y1:n−1, θ̂t−1) is expensive to compute?
I A stochastic process is mixing if its values at widely-separated

times are asymptotically independent
I Examples of this is Markov chains, but the concept is more

general.
I Approximate ∇ log p(yn|y1:n−1, θ̂t−1) by the fixed-lag (L)

estimate ∇ log p(yn|yn−L:n−1, θ̂t−1) as the error vanishes as
L → ∞.

I This has been used for fixed-lag EM-algorithms, or when
approximating an MA processes with a AR(p) model, p being
large.

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation



Intro Naive RLS RPLR RPEM RML SA Filter

Robbins-Monro stochastic approximation

I This is a special case of the Robbins-Monro stochastic
approximation algorithm

I Problem: x? = argminG(x)
I Introduce xn+1 = xn + a

(1+n+A)α g(xn) with α ∈ (1/2, 1]
I where x is a parameter, a some positive def. matrix, and g(x)

is a noisy gradient of G ,

g(x) = ∇G(x) + ε.

I It then holds that

xn
a.s.→ x? (11)

Nα/2(xn − x?)
d→ N(0,Σ) (12)

Interpretations. Weak convergence, implications for Σ.
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SP/FD stochastic approximation

I The gradient can be approximated by finite difference at the
cost of slower convergence, O(n−1/2) → O(n−1/3).

I but clever methods (SPSA) are still fairly fast
I Idea: Many steps are taken, and the gradient is being

averaged over the iterations.
I SPSA only evaluates a single central finite difference

(randomly selected) per iteration and averages again over the
iterations.

Result: Computational gain is asymp. equal to the dimension of x
(which can be huge for deep nets).
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Two scale Stochastic Approximation

Also known as Averaged Stochastic Gradient method.
I Very simple idea, the SA iterates converge slowly towards x?.
I Optimal rate of convergence is difficult to obtain in practice

(depends of the Hessian of the unknown function).
I Solution: Average over the sequence.
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Two scale Stochastic Approximation

I Algorithm (note that an = an−α for α ∈ (1/2, 1)):

zn+1 = zn + ang(zn) (13)

xn+1 = xn +
1
n (zn+1 − xn) (14)

I Surprising result: Optimal rate of convergence,
N1/2(xn − x?)

d→ N(0, Σ̃) !
I Matlab code: StochApproxMain.m
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Stochastic approximation in Machine Learning

Training often done using gradient or stochastic gradient methods.
I Gradient methods are expensive, but asymptotically faster
I Stochastic gradient provides rapid initial convergence.

Use block update as a compromise. Choose random subset
In ⊂ {1, . . . ,N} of size B and use

xn+1 = xn +
a

(1 + n + A)α
1
B

∑
k∈In

gk(xk)

with α ∈ (1/2, 1]) and gk being the kth term in the log likelihood
function. This is still a noisy gradient, but the blocks increase the
computational demand by B and reduce the variance by 1/B.
Note: Random reshuffling/permutation is more efficient than
random sampling.
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SAGA and SVRG

SAGA and SVRG provides variance reduction, leading to faster
convergence! SVRG theory is easier.
I Idea based on control variates in Monte Carlo.
I Substantial variance reduction when two stoch variables X

and Y are correlated. Often Y = g(X )− E [g(X )]

I Define Z = X + Y where E [Y ] = 0 and corr(X ,Y ) = ρ

I Then var [Z ] = (1 − ρ2)var [X ]!
I Again, use random blocks or indices In, and define X = gIn(xn)

and Y = (gIn(x̃n)− µ̃) with µ̃ = g(x̃n) being the full gradient.
I This causes ρ2 → 1 as n increases (as step size of sequence

decreases), leading to substantial variance reduction!
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SVRG algorithm

Initialize x̃0
I For k = 1, ... (run epochs)

I Set x̃ = x̃k−1
I Compute µ̃ = 1

N
∑N

i=1 gi(x̃) (the average gradient)
I Set x0 = x̃ . For l = 1 : m

I Sample il from {1, . . . ,N}
I Set xl = xl−1 − η (gil (xl−1)− gil (x̃) + µ̃)

Set x̃k = xm

Very fast convergence, as fast as gradient methods on convex
problem, and almost as fast on strongly convex problems, while
still inheriting all nice properties of the stochastic gradient method.

Erik Lindström - erikl@maths.lth.se Recursive and adaptive estimation



Intro Naive RLS RPLR RPEM RML SA Filter

Filtering

I Recursive estimation using non-linear filters
I Augment

xn+1 = f (xn) + en+1 (15)
yn+1 = h(xn+1) + wn+1 (16)

I to (
xn+1
θn+1

)
=

(
f (xn)
θn

)
+

(
ex

n+1
eθn+1

)
(17)

yn+1 = h(xn+1, θn+1) + wn+1 (18)

Estimation is then "trivial", using EKF, UKF (better) or SMC
methods

I Matlab code: FilteringStateEstimation.m
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Consistent estimates in the filtering setup

I Estimate is often biased.
I Idea. Let Var [eθ] → 0
I Formalized in the ’iterated filtering framework’
I Can show consistency θn+1

a.s.→ θ0
I Matlab code: MainFilter.m
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