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SDEs Ideas Tech. Properties Itd

General

Generalize classic ODE

dX

e, X
dt :u'(7 t)

to stochastic ODE

dX
E = ,U(t,Xt) + U(ta Xt)vt7

where v; is a formal time derivative of a continuous time random
walk.

Such object cannot be defined!!!

This is an applied course. We try to preserve the relevant
properties.
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SDEs Ideas Tech. Properties Itd

Derivative of a standard Brownian motion

A standard Brownian motion is a stochastic process satisfying

1. W(0)=0 as.
2. W(t) is continuous w.p.1.
3. W(t) — W(s) is indep. of W(u)— W(0) fort >s>u>0
4. W(t) - W(s) ~ N(0, t —s)
4
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SDEs Ideas Tech. Properties Itd

Other types of continuous time random walks

» Poission process N(t) or compensated Poisson process

N(t) — At. It can be defined as Y(t) = Zyitl) 1. (Note the
convention S°°_, 12 0)

» Compound Poisson process Y (t) = Zgitl) &, where &, are iid
r.v.s

» Levy processes, L(u,0,v), generalizing Brownian motion and
infinite activity compound Poisson processes.
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Derivative of a Brownian motion

» Try to use the formal definition of a derivative

W(t+ h) — W(t)

dw
- ) M)

()= 30 =

> Note that w eN(0,5).
» Thus, the derivative process would have zero mean and
infinite variance!

> We have to define Stochastic Differential Equations carefully
to obtain a meaningful mathematical object.
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Interpretation of 1 and o

We are interested in properties when modelling using SDEs
> p=limp_o EE[Xern — Xe| Xel.
> oo = limp_o £ Var[Xern — Xe| Xe)-
> Thus & = p(t, X;) + " noise”,
» where E[noise] = 0 regardless of o(-). Almost true...

These choices conditions have far-reaching consequences!
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Problems (P) and solutions (S)

» P: The time derivative of a BM cannot be defined, Av;

» S: Thus, we define stoch. integral equations instead

/ dX, = / 1, X)du + / o0, X)W, (2

» P: The Brownian Motion has unbounded variation - teh
Riemann integral does not converge.

» S: But the BM has bounded quadratic variation. Thus, define
the stoch. integral as limit in L2(dP x dt).
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Length of Brownian motion

Heuristic argument - consider a partition of time
t=uw<wuy<...<uy=T,withd=T/N.

> We now have N elements, each of length /2 + (6W)2 = ...
=0,(V6)asd =0

> Total length is NO,(V3) = TOH(VN)
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Integrals

Define a partition intime t =g <y <...<uy =T and let
N — oo

» [ u(u,Xy)du is a standard Riemann integral.

> [ p(u, Xy)du = limy_oo Yo p(7, X7)(Unt1 — un), where
up <7 < Upgy.

> [o(u,X,)dW, is a Itd integral.
> [o(u, qu = limy_oo D 0(tny Xu, ) (Wepy — Wa,).
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Properties of stochastic integrals
The filtration F; is the sigma algebra "
the Brownian motion W,,, u <'t.

information" generated by

> I\/Iartingale property of stochastic integrals
E [Jy o(Wa)AW,|F] = [§ o(W,)aW, +o.

> lto isometry E [(fo (W, )dW> } fo [02(W,)] du
Proof of Martingale property
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Exercise

» To do: Calculate [ W,dW,.

> To do: Calculate E[ [, W,dW,|F,].
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Finding analytical solutions to SDEs

3 well known cases
» ABM dX; = udt + odW,; Solution: X; = Xg + ut + oW,
» GBM dX; = puXidt + o XedW; Solution:
Xe = Xoexp (( — %z)t + O‘Wt>

» Ornstein-Uhlenbeck dX; = k(0 — X;) dt + cdW; Gaussian
process, AR(1)

Exercise: Solve the ABM using the definitions.
Exercise: Compute the first two conditional moments for the O-U
process.
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Chain rule for SDEs

v

Analytical solutions to ODEs are solved by transforming, and
thereafter integrating the system.

The same holds for SDEs.

Let dX; = u(t, X¢)dt + o(t, X¢)dW,
Introduce Y: = F(t, X;). What about dY;?
It can be shown that for F € C12

vvyyypy

1
dY; = <Ft+MFx+2U2FXX> dt + o FdW; (3)
= (F¢ + AF)dt + o F dW. (4)

Look at handouts for more theoretical background.
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Monte Carlo methods

We can easily simulate from an SDE.
dXt = H(t, Xt)dt + O'(t, Xt)th (5)

Convergence is defined as

> Weak convergence of O(h?) is defined for 0 < h < hq for
some small hg

[Elg(X7)] - Elg(X})]| < Db’ (6)
> Strong convergence of O(h®) is defined as

E [sup ‘XT - x#H < che (7)
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Popular schemes

» The Euler-Maruyama scheme is given by
Xesh = Xe + p(t, Xe)h + o (t, Xe)S W] (8)

where (SWth = Wt—‘,—h — Wt-
> Weak convergence O(h), strong convergence O(v/h)
» The Milstein scheme is given by

Xewh = Xe 4+ p(t, Xe)h + o (t, X, ) s W)+ (9)

%J(t,xt)o',(taxt) ((5 Wy - h)

» Weak convergence O(h), strong convergence O(h). Note -
difficult to generalize to higher dimensions!
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Fokker-Planck - Likelihood estimation

The transition density p(x¢|xs) is derived from the Fokker-Planck
equation

gtp(xt|XS) = A" p(xtxs) (10)

where A* is the adjoint operator for the lto generator A.

Thus, the transition density is found by solving a PDE with initial
condition p(xs) = d(x — xs).
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Monte Carlo - Likelihood estimation

A simple method is to use kernel density estimation A more refined
version is the Pedersen estimator

p(xt|x0) = /p(xt,xslxo)dxs (11)
= [ pllxplxdoyi, (12)
= E[p(x|xs)|Fo] (13)

This is easy to compute using Monte Carlo methods and is not
biased, contrary to kernel density estimation.
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Evolution of mobile phones

The phone on the left is the Motorola DanTac 8000X, the first
"mobile" phone (weight about 2 kg) and costing about 4 000 USD
when launched in 1984.
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Dynamical model of phone market

Carry capacity
dC = pCdt + o CdWS (14)

Simulation using four competing brands (subject to carry capacity)
Each brand is modeled using standard growth model, with
parameters capturing the growth and adaptivity properties of
specific companies.
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Evolution

Growth over time, 20 different realizations

257
LM Ericsson
Nokia
Motorola/Apple
207 Siemens/Android
15
10
5
o
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Covid-19 cases in Sweden as of October 19th, 2020
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The standard model is the S-I-R models

Three components, Susceptibles, Infected and Recoved.
ds; ~ A5
dle | = [ B3 =yl | dt (15)
th ")/It

with 8 = 0.4 and v = 0.1.
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Stochastic version of that model

ds; — B3k Se 0 0\ [/dws
dl, | = ﬁ% -l |dt+o0| 0 [ O thI (16)
dR; A 0 0 R: thR

with o = 0.01.
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Feel free to play with the Matlab scripts, including flattening the
curve interventions (8 = 0.4 left, 5 = 0.2 when /; > 1000 right).

Erik Lindstrom - erik.lindstrom@matstat.lu.se

SDEs and filtering



SDEs Ideas Tech. Properties It

How would you model Covid-197

Same plot as before, except in log-scale - the number of cases is
increasing steadily

Visar statistik frin -
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Filtering

» Assume that we have a latent (hidden) process X, in discrete
or continuous time.

> X is assumed to be Markov, with known initial distribution.
» Observations Y are generated from X

P and perturbated by noise.

xo ~ p(xo)
Xnt1 ~ P(Xn+1|xn)

Yn+1 = h(tn+17 Xn+1, "7n+1)
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Dependence structure

Consider the model

Xp+1 = aXp + €nt1 (17)
Yn+1 = Xnt+1 + Tnt1 (18)

Exercise: Show that the correlation structure for {y} is that of
an ARMA(1,1) model.
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Likelihood function

The log-likelihood is given by

6(0) = log po(y1,-- -, yn) (19)
N N

= logpy(yalys .- ¥n-1) = > _logpo(yalyr:n-1) (20
n=1 n=1

This can be expanded as

pO(Yn‘YI .. ayn—l) = /pH(Yna Xn‘ylzn—l)dxn (2]-)

/ povalxn) PoCalyin 1) (22)
—

Known
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Filter equations

Recursive formulas can be derived for the predictive density
Po (Xn|y1:n—1) is given by

Po (Xn’}/l:n—l) = /p9 (X,,’Xn_l) Po (Xn—l‘yl:n—l) dxp—1. (23)
—_——

Known

and for the filter density

p9(yn‘xn)p9(xn‘}/1:n—1)
Xn|Y1:n) = , 24
pe( |y1 ) fpG(yn’Xn)PH(an’l:n—l)an ( )
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Filtering Filters

Filter algorithms

Exact algorithms
» HMM filter "Trivial", all integrals are sums
» Kalman filter Linear, Gaussian transformations.
Approximate filters
> (Iterated) Extended Kalman filter
Unscented Kalman filter

>

» Gaussian sum filters

» Ensemble Kalman filter
»

Seq. Monte Carlo filters
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Kalman filter

Main reference for derivations of this type: The Matrix cookbook

Xn+1 = Axn, + en, en ~ N(07 Q) (25)
Yn = Cxp + €5, € ~ N(0,R) (26)

Initial conditions
> p(x0) = ¢(x0; mo, Po)

Predictive density, p(Xa|y1:n—1) = &(Xn; Majn—1, Ppjn—1)
> Mpjp—1 = Amn—1|n—1
> 'Dn\nfl = A'Dn71|nflAT +Q
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Kalman filter

Likelihood term p(yns|y1:n-1) = ¢(Yn;}7n|n—la Qn)
> yn\n—l = Cmn\n—l
> Qp= CPyy i CT+R

Filter density
> Kn=Py,m1CTQ!
> My = Mpin_1+ Kn (Yo — Jnn—1)
> Poin=(1—KC) Pnps
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Approx. Gaussian Filters

Treat all distributions as Gaussians, p(x|-) = ¢(x, -, -)
> Approximate Kalman filters (think QML)
Easy to implement

>
» Nearly optimal (projections in Hilbert space)
» Historical reasons

»

EKF is the simplest option (?), lterated EKF is often more
accurate with UKF often being even better. Thus, you should
know the EKF, be familiar with the IEKF and use the UKF
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Sequential Monte Carlo Filters

Treat all distributions as countable sums of Dirac measures
pixl) = ¥ 52 8(x — )

> Use when the drift is highly non-linear

» Non-Gaussian innovations

» Performance is critical, and computational resources are
abundant.

> E.g. Stochastic volatility

Proofs in handouts.
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» Computing moments
El6Calnn = [ dbplulnnda  (20)
~ [mpstalnaldx,  (28)
=" <L blny) (29)
;

wi

» Moreover, prediction is easy as

wij
ps(Xn+1ly1:n) Z Zi}l& — Xnt1) (30)

with
Xn+1,j ™~ p(Xn+1|XnJ) (31)
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Bootstrap filter

Initial conditions

» Sample xgj ~ p(xo)

Prediction

» Sample X, ~ p(Xn|Xn—1)
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Bootstrap filter

Likelihood computation

» Assume pJ(Xn+1|YI:n) = Zj ﬁ(s(x - Xn+1,j)
» Then

p()/n—&—l‘}/l:n) :/p(Yn+1‘Xn+1)pJ(Xn+1|y1:n)an (32)

o
= ZJ: Zii)lp(ynﬂlxnﬂ,j) (33)

Empirical Filter density
>

P(}/n+1 \Xn+1)PJ(Xn+1 |}’1:n)
P(}fn+1 |y1:n)

o
) JZ Ziiulp(yn+1|xn+1,j)5(x — 1)) (35)

PJ(Xn+1|y1:n+1) = (34)

> Important: Resample the weights.
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Filtering Filters

Parameter estimation

Still an open question
» Direct maximization is difficult for a variety of reasons
> EM
> |terated filtering
» PMMH
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Boat navigation

One possible project on this course was navigation in a lake, based
on only a sonar and a chart. This film is by a former student on
this course, Jonas Hallgren

https://www.youtube.com/watch?v=bNDcXDilSHA
Information: Red star = origin, Red triangle = true pos. of the

boat, Blue star = particle, Green star-ring = current guess of
location.
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https://www.youtube.com/watch?v=bNDcXDilSHA

Feedback

Send feedback, questions and information about typos to
erik.lindstrom@matstat.lu.se.
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