Forecast Reconciliation with Uncertainty Quantification

Jan Kloppenborg Mgller®*, Peter Nystrup?, Poul G. Hjorth?®, Henrik Madsen?

“Department of Applied Mathematics and Computer Science, Technical University of Denmark, Denmark

Abstract

We propose a new method for estimating the weight matrix used for forecast reconciliation as pa-
rameters in a general linear model. This enables quantification of the weight matrix uncertainty;,
which is important because it propagates to the variance of the reconciled forecast. More specif-
ically, we show that forecast reconciliation can be formulated as an orthogonal projection from
the space of base-forecast errors into a coherent linear subspace. We use variance decomposition
to derive the central estimator for the forecast-error covariance matrix and prove that distance-
reducing properties apply to the reconciled forecasts at all levels of the hierarchy as well as to the
forecast-error covariance. We show how shrinkage can be introduced by imposing specific priors
on the weight matrix and the forecast-error covariance matrix. The method is illustrated in a sim-
ulation study that shows consistent improvements in the log-score. Finally, standard errors for the
weight matrix and the variance-separation formula are illustrated using a case study of forecasting
electricity load in Sweden.

Keywords: Forecast reconciliation, general linear model, orthogonal projection, restricted

maximum likelihood, maximum a posteriori estimation, shrinkage estimation

1. Introduction

Forecast reconciliation is an effective way to ensure coherency across hierarchies defined by linear
constraints. Forecasts for a hierarchy are coherent when they fulfil its constraints. Classical ex-

amples include that aggregated sales forecasts for individual stores must align with regional and
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national sales forecasts (structural reconciliation, see, e.g., Athanasopoulos et al., 2009) and quar-
terly forecasts must align with biannual and annual forecasts (temporal reconciliation, see, e.g.,
Athanasopoulos et al., 2017). In addition to ensuring coherency, reconciliation often improves

forecast accuracy on all levels of a hierarchy.

Pritularga et al. (2021) argued that the effect of uncertainty in forecast reconciliation has been
overlooked. By decomposing the variance of the reconciled forecasts into different sources, they
showed that uncertainties propagate from the variance—covariance matrix estimation to the recon-
ciliation weights, thereby increasing the uncertainty of the reconciled forecasts. Multiple studies
have found that more complete approximations of the variance—covariance matrix improve the
accuracy of the reconciled forecasts at the cost of increased variance (Nystrup et al., 2021; Pana-
giotelis et al., 2021; Pritularga et al., 2021; Mgller et al., 2024). To the best of our knowledge, we
are the first to quantify the uncertainty of the estimated forecast reconciliation weights and apply

this to obtain better estimates of the forecast-error covariance.

Since its introduction by Hyndman et al. (2011), several articles have improved the theoretical
understanding of forecast reconciliation. Wickramasuriya et al. (2019) showed the relation be-
tween generalized least squares and the minimum trace (minT) solution and derived the variance
of the reconciled forecast errors. Panagiotelis et al. (2021) presented a geometric interpretation of
forecast reconciliation and proved that the minT solution is optimal in the sense that it minimises
the expected loss. Di Fonzo and Girolimetto (2024) extended the work by Hollyman et al. (2021)

on the connection between forecast combination and reconciliation to include linear constraints.

Wickramasuriya et al. (2019) provided theoretical justification for using the variance—covariance
matrix of the base forecast errors as an estimate of the unknown and unidentifiable variance—
covariance matrix for the coherency errors. However, the dimension of this matrix is in general
large and it is often ill-conditioned. Therefore, shrinkage or simplification (Athanasopoulos et al.,
2017) is usually applied. Nystrup et al. (2021) used eigenvalue decomposition and Mgller et al.
(2024) proposed a parameterised likelihood approach to reduce the dimension of the problem.
Eckert et al. (2021) used Bayesian methods to find the posterior distribution of the reconciled
forecasts and bias shrinkage to shrink some weights towards zero. By now, the minT approach,
including optimal shrinkage (Ledoit and Wolf, 2003), is established as the standard for forecast

reconciliation.



This article introduces a number of new results and insights on the statistical properties of fore-
cast reconciliation: 1) we show how the reconciliation weights can be estimated as parameters in
a general linear model (LM) independently of the forecast variance; 2) the LM formulation im-
plies an orthogonal projection that is shown to generalise to all levels of the hierarchy through
the coherency constraints; 3) from the orthogonal projection and the resulting analysis-of-variance
(ANOVA) type separation of variation, we derive a central estimator for the forecast error variance—
covariance matrix; 4) we prove that distance-reducing properties apply to the reconciled forecasts
at all levels of the hierarchy as well as to the forecast-error covariance; 5) we formulate forecast
reconciliation with shrinkage using maximum a posteriori (MAP) estimation, which highlights the
choice of priors; and 6) the LM formulation allows us to estimate the parameter (weight matrix)
variance—covariance matrix and obtain a better estimate of the forecast-error variance—covariance.
The introduced formulations as well as the analysis of the statistical properties of forecast recon-
ciliation pave the way for future work on statistical testing and modelling of the parameters in the

reconciliation weight matrix.

The outline of this article is as follows. In Section 2, we formulate the general framework, show
its equivalence with forecast reconciliation, and derive a number of in-sample results related to
orthogonal projection. We show how shrinkage can be formulated as a MAP estimation problem
and derive the mean-value parameters and forecast variances in Section 3. Results on parameter
and forecast variance are presented in Section 4 along with some test statistics. Section 5 analyses
improvements in forecast distributions in a simulation study. Section 6 illustrates the variance
separation and standard errors for the high-dimensional weight matrix in a case study on electricity

load forecasting in Sweden. Finally, Section 7 concludes.

A full list of symbols used in this article is given in Appendix A. As many results in this work involve
Kronecker products and vectorisation, we have listed the most important relations in Appendix B.

Multivariate distributions and their usage in objective functions are briefly presented in B.2.

2. Forecast reconciliation as a linear model

Hyndman et al. (2011) proposed to formulate the forecast reconciliation problem as

9, = S§, + e € ~N(0,%), (1)



where ¢, € R" is the base forecast on all levels at time ¢, S € R"*"™ is a summation matrix ensuring
coherency, 4, € R™ is the reconciled forecast, €/ € R" is the reconciliation error, ;, € R"*" is the
variance—covariance of the reconciliation error, n is the dimension of the hierarchy, and m is the

dimension of the bottom level of the hierarchy.

As a simple example, consider forecasts of quarterly, biannual, and annual observations g, =

[UA,t> UH1t> UHat> UQy b5 -+ s ,g)Q4,t]T. In this case, m = 4, n = 7, and the summation matrix is
11 1 1)
1 1 0 O S
S — — |7 2)
00 1 1 I,
I,
We refer to Siop as the top-level summation matrix.
If 33;, were known, the formulation (1) would lead to estimated reconciled forecasts
g, = (ST2,'8)7'STE, g, = Py, 3)

The variance—covariance matrix X; is unknown in real applications and it is unidentifiable (Wick-
ramasuriya et al., 2019). Usually, some version of the observed base-forecast-error variance—

covariance matrix is used a proxy.

As pointed out by Panagiotelis et al. (2021), the matrix SP is a projection matrix from the n-
dimensional base forecast (g, € R™) into a coherent m-dimensional linear subspace. In the follow-
ing, we will view the weight matrix, P, as parameters in a general LM. It follows directly from the
construction of P that there is a set of linear constraints built into the estimation (Wickramasuriya

et al., 2019)
PS = {Ptop Pbot} 7 = I, 4)

where Py, € R™*(n=m) and Py, € R™*™ are the weight matrices for the top and bottom level,
respectively. Equation (4) gives m? linear constraints, and with P € R™*" we have a total of
nm — m? = m(n — m) free parameters to be estimated. Below, we will show how this can be
formulated as a linear regression problem with linear constraints, thereby allowing estimation of
the parameters and reconciled variance at the bottom level using maximum likelihood (ML) or

restricted maximum likelihood (REML) estimation.
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2.1. Maximum likelihood and restricted maximum likelihood

The main contribution of this article is to show that the forecast reconciliation problem can be

written as a LM of the bottom-level base-forecast errors
Y —Upor = XB+€ €~N(0,X), (5)

where y € R™7 is the collection of all bottom-level observations, §,, € R™ is the collection of all
bottom-level base forecasts, T' is the number of observations in the training set, € is the residuals
from the LM, and the variance—covariance matrix & € R™7*™T and design matrix X € R"7*? are

chosen in appropriate ways.

Specifically, we show in Theorem 2.2 (in Section 2.2) that the reconciliation problem can be for-

mulated as the LM

Yy — 'gbot,t = [Im ® ('g;l(—)p,t - gl—la—ot,tsl)p) /Btop +e; €~ N(0X,), 6)

for a specific time point ¢, with ¢, € R™, Gyor; € R™, Grop; € R, By € R ¢ € R™,
and ¥, € R™*™, Section 2.2 provides some general results needed to prove the result given in
(6). In Section 2.3, we show that if 3;, were chosen as the observed base-forecast-error variance—

covariance, then the ML estimate for Brop 18 equivalent to the weight matrix P in (3).

Note that (1) is a model for the coherency error, while (6) focuses on the bottom-level forecast
errors and, as such, the observed values are included on the left-hand side of (5). Unlike the
variance—covariance of the reconciliation error X, the variance—covariance of the regression error
3., can be identified from the observed data (provided that sufficient data is available). The for-
mulation as a LM allows us to prove a number of in-sample distance-reducing properties in Section
2.4. Later, in Section 3, we will show how shrinkage can be introduced by imposing specific priors

on B and ¥, using MAP estimation.

2.2. Results for a class of general linear models

First, we consider a class of LMs that is more general than the specific models needed to show the
results related to forecast reconciliation. We begin by considering one particular time of prediction
and formulate the following linear regression model

Y = X.7tﬁ + € €~ N(O, 27«) and lld, (7)
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where X.; € R™*? is the rows of the design matrix X € R"Z*? corresponding to the observations
y,, and ¢ € R™ is a sequence of iid. normal random vectors with mean zero and variance—

covariance matrix X,.

Reconciled forecasts for other levels are constructed by aggregating the forecasts for the bottom

level (g, = X.,tB), ie.,

Frary = ST, = SX .18, ®

where gg,; ; € R" is the collection of reconciled forecasts on all top and bottom levels. This implies

that the forecasts are coherent for all choices of X ;.

With y as defined in (5) and

X=1 , )

the full model for all bottom-level observations, assuming independence between the 7" (m-dimensional)

observations, is
y=XpB+e e~NOIr®%,). (10)

We consider design matrices of the following special form

wIt 0
0 =z, . :
Xe=| , (11)
10 ... 0 :n;m ]

with x;; € RP/, meaning that, in general, we allow x;; # x;;. This will allow us to remove
columns of the design matrix as part of a test strategy. We will sometimes need the design matrix

X;,. corresponding to a specific bottom-level observation

-
Z; T

.
€.
X, =L (12)




The general solution to the model defined by (9) is well-know, and the ML or generalized least

square (GLS) estimate for the mean-value parameter estimates B in model (10) is
« .1 A1
B=(X"Iro2 X)X TIre2, )y (13)

Further, withe; =y, — X -,tB, the ML estimate of 3, for a given 3, is
1
3 T
E,ﬂ,ML = T tzl €€, . (14)

Hence, in general the mean-value parameters 3 depend on the estimate of X,., which depends on
the estimate of 3. In situations similar to the one usually considered in forecast reconciliation, the

solution simplifies considerably with the precise result given in the theorem below.

Theorem 2.1 (LM/GLS solution). In the special case where, for all (7,7), iy = x;: € RP?, the

parameter estimates
B=(X"X)"'XTy, (15)
are independent of X,. and the REML estimate of X, is
T
SorEML = Y ey (16)
where e, =y, — X.7t,3.
Proof. See Appendix C. [ |

The main takeaway from Theorem 2.1 is that the parameter estimates (15), which will be the

forecast reconciliation weights, are independent of the choice of X,.

Note that in the case where x;; # «;, for some (7, j), then the independence between the mean-

value and variance parameters does not hold, and the REML estimate is given as the solution to

Olog| X" (It =) X|

17
ox 1 an

T
. 1 -
3, REML = T Zetet +
1ol

t=1 3 1:2r,REML



The details for arriving at (17) are given in Appendix C. In the general case, where the parameters
B depend on the estimate of X, the relaxation algorithm (see e.g. Madsen, 2008) can be used to

iterate between (13) and (14) or (17) until convergence.

In the considered setting, both X and X are high-dimensional sparse matrices, but the products
can be formulated as lower-dimensional dense matrices (see Appendix C). In the special case of

x;; = x;, the solution is given directly by (15) and (16) (or the ML version of the latter).

It follows directly from (the proof of) Theorem 2.1 that in the special case where V (i, j) x;; =
xj; = x;; € RP, implying that X;. = X ;. = X 1.V (i, j), then the estimate of 3 can be formulated

as

A" = (X].X:,)'X]Y, (18)

N

- ~ T _
where Y = vec }(y) e R™*™ and B = |8, .. B,,| € R™ P does notdepend on X,. The
result in (15) is given in terms products of sparse matrices (multiplied by a vector), while (18) is

given in terms of products of lower-dimensional dense matrices multiplied by a matrix.

2.3. Equivalence to forecast reconciliation

The weight matrix P depends on the choice of proxy for the variance—covariance matrix ;. Con-
sequently, the equivalence between the regression model (5) and forecast reconciliation (1) and
(3) depends on that choice. The next theorem states the equivalence when 3, is chosen as the

observed base-forecast error variance—covariance matrix.

Theorem 2.2 (Equivalence to forecast reconciliation). The model (5), with X.; = I ® 'gtT and

linear coherency constraints vec~! (3) " § = I,,,, is equivalent to forecast reconciliation. Formally
P=vec'(B)7, (19)

where P is the usual forecast reconciliation weight matrix (3) using

T
Sh = % (vs™- Y)T (vs™-¥) = % (S~ 90)(Sy, — )" (20)

where Y = vec !(y), and ¥ = [Yiop Yipor] = [vec ™ (§1op) vec™(for)]- The model, including

coherency constraints, can be formulated as

Yt — Ubort = [Im ® ('gtTop,t - gljot,tStTOP> Biop + €15 € ~ N(O, ), (2D
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with § = [S5, I].

top

I

Further, with
~ AT AT T 2 ~
€t =Y — Yvot,t — [Im ® (ytop,t - ybot,tstop)} Btop =Y~ Yy (22)

the ML and REML estimates of X, are
1 & 1 d
S _ T, $ _ T
2r,ML =T ; €€y | 2r,REML = m ZZ; €t€é; (23)
and the estimate ,étop is independent of X,..
Proof. See Appendix D. [ |

Different proxies for ¥, can be used, but in this section we will use the observed variance—
covariance of the base-forecast errors (20). Equation (21) is formulated in terms of the LM given
in(5)or (7) with X.; =1, ® (ggp,t - g;ot,tsgp), where the full design matrix X is constructed
by (9). The model (21) defines the reconciliation problem as a linear regression problem and,
consequently, as a linear projection of the bottom-level base-forecast errors. The dimension of the
model, which is the dimension of B, is m - (n —m).

The residual error ¢, is (in the case of a perfectly specified model) referred to as the irreducible
error by Pritularga et al. (2021), while variance components related to estimation of the base-
forecast variance—covariance matrix appear as the variance of the estimator Btop. A bias correction
can beincludedin 21) as X.; = I,,® [1, ygp,t — y{ot’tsjop at the expense of m extra parameters.
Wickramasuriya et al. (2019) showed that if 3; were known, then the variance of the (bottom-

level) reconciled forecasts would be given by

Viy, — §;] = P, P, (24)
The following corollary shows the equivalence between (24) and the ML estimate of X, in (23),
which is biased downwards compared with the REML estimator (23), which is central.

Corollary 2.1 (Reconciled variance). If ¥, is chosen as ), = L(YST —Y)T(Y ST - Y), then
the ML estimate of the residual variance in model (21) is equal to the variance of the reconciled

forecasts (24):

P, PT =3 1. (25)
9



Proof. See Appendix E. [ |

Theorem 2.2 and Corollary 2.1 show that the forecast reconciliation problem using the full forecast
error variance—covariance matrix as proxy for X; can be formulated as a LM for the bottom-level
base-forecast errors. One of the key benefits is that we get access to all the well-know statisti-
cal methods associated with the general linear model, such as the in-sample distance-reducing

properties presented in the next section.

2.4. Distance-reducing properties

A key component in LMs is the separation of variation and the resulting (ANOVA-type) tests for
model reduction that are based in orthogonal projections. In this section we show how recon-
ciliation can be formulated as orthogonal projections and prove distance-reducing properties. In

Theorem 2.3, we show that

Ny — 3711 < lly; — 9411, (26)

where I corresponds to the collection of all observations/forecasts at a particular level.

When ¥ = 021, the LM is often formulated in terms of orthogonal projections (see e.g. Madsen
and Thyregod, 2011). For more general variance—covariance structures, the LM defines orthogo-
nal projections from a transformed space. The precise definitions are well-known from statistical

theory, but given in the remark below for completeness.

Remark 2.1 (LM projection). With z = y — g, € YV C R™7, the estimate (,[3) based on the model

(5) defines an orthogonal projection from the transformed space }*, with z* € Y* C R™” and
T

2 =x"12; » = 512 <21/2> , into a p-dimensional linear subspace. If ¥ = ¢2I, then the

estimate 3 defines an orthogonal projection from ) into a p-dimensional linear subspace.

Using Remark 2.1, the model (10)-(11) defines an orthogonal projection from R”™ into a pm
dimensional linear subspace. The next lemma states the LM as a projection of the base-forecast
errors and shows that, due to the coherency constraints, the projection matrix is the same for

base-forecast errors at all levels of the hierarchy.
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Lemma 2.1 (Projection and separation of variation). Assume that X.; is chosen as in Theorem
2.2 and that rank(X,.) =n—m. If H = Xl,.(XleXL.)*leTf, then H defines an orthogonal
projection for any selection of columns I C {1,2,...,n} of ¥ = vec™!(§) € RT*" and correspond-
ing selection of rows of S. In particular, using the notation Y, = Y.7 rand Sy := Sy, then X .

defines an orthogonal projection and

(vsf-¥,) (vs]-¥/)=s:(v-¥) (v-¥)si+

_ T, (27a)
(¥sT-¥,) (¥sT-¥))
~ N\ T N
=(vsi-vi) a-H)(vs[-¥/)+
- (27b)
(vsi-v:) H(YS]-¥)),
where ¥ = vec~!(§) € RT*™ is the collection of all bottom-level reconciled forecasts.
Proof. See Appendix F. n

The sum-of-squares decomposition (27a) can be written in terms of the variance-covariance ma-

trices discussed so far as
& & T, . lioaT o\ (vaeT <
S = S8, uLS +f<YS —Y) (Ys —Y), (28)

where the first term is the residual sum of squares (of the reconciled forecast errors) and the second
term is the squared difference between the base and reconciled forecast. Meanwhile, (27b) stresses
separation of variation by a series of orthogonal projections of the base-forecast error similar to

Cochran’s theorem (see, e.g., Madsen and Thyregod, 2011).
The next theorem shows that as a consequence of the coherent projection, distance-reducing prop-

erties hold across any arbitrary splitting of the column space of the base-forecast errors.

Theorem 2.3 (Distance-reducing properties). A consequence of Lemma 2.1 is that for any column
(and row) selection, I C {1,2,...,n}, of Y (and S) then
~\ T ~ ~ N\ T N
St (Y - Y> (Y - Y) ST < (Ys} - Y1> (YSIT - Y[> : (29)

where "<” should be understood as "rhs — lhs" being positive semi-definite. Furthermore, with
YS}r — Y e RTxar, Yy; = vec(SIYT), y; = Vec(SIf"T), Yy; = vec(S]f’T), and y; —g; € &1 C
11



RT4r model (21) defines an orthogonal projection from &; into a q;(n — m)-dimensional subspace

where
lyr =901 = llyr = Gul1* + 115, — 9411, (30)
and, therefore,
lyr — g7l < llyr — 9411 (3D)
Proof. See Appendix G. [ |

The result (31) is similar to the results presented in Panagiotelis et al. (2021, Theorems 3.1 and
3.2), but formulated for all observations in the training set rather than for an individual fore-
cast. Notice that (29) generalises the result to variance—covariance matrices and shows that the
distance reduction applies to any columns selection of YST — Y. Theorem 2.3 shows that the
distance between the observations and the reconciled forecasts is less than the distance between
the observations and the bottom-level base forecast, while Lemma 2.1 provides the separation of
variation into orthogonal sums that is the basis for the central variance—covariance estimator and

statistical tests.

2.5. Central covariance estimator

In the LM, series of orthogonal projections are used to construct hypothesis tests based on Cochran’s
theorem, which leads to the F-test based on x2-distributions and the central estimator for the
variance. Since we are working with variance—covariance matrices, we need results related to the

Whishart distribution (multivariate generalisation of the y2-distribution).

Using the general definition of the Whishart distribution (see Lemma B.1, in Appendix B), we can
derive the distribution of the sum of squares of each term in (27b), as given in the next corollary.
In addition to defining the REML estimator as the central estimator for X,., the corollary also points

to a test for total homogeneity (see Section 4.1).

Corollary 2.2 (Central estimator for ). Assuming model (21) and defining H as in Lemma 2.1,

then

(Y—?)T (Y—ff) ~ Win(E0, T — (n —m)), (32)



implying that ET,REML (23) is the central estimator for X,. If, in addition Brop = 0, then
- NT /i~ .
(Y—Y) (Y—Y) ~ Wi (Zr, 1 — m). (33)

Proof. See Appendix H [ |

3. Shrinkage and MAP estimation

In most realistic settings, there is a large number of parameters in the base-forecast variance—
covariance matrix 3. The results so far use the estimated variance—covariance matrix directly.
This is a disadvantage as it is well known that shrinkage is needed in order to stabilise the reconcil-
iation weights (see, e.g., Nystrup et al., 2020). When applying shrinkage, the projections presented
in Lemma 2.1 are no longer orthogonal. In this section, we show the equivalence between MAP
estimation and forecast reconciliation when shrinkage is applied to the variance—covariance matrix

Eh in (3)

In the following some result are formulated in terms of the marginal base-forecast variances divided

into top and bottom levels, i.e.,

~d
~d > 0
=M (34)
0 2h,bot
~d o d . .
where both ¥, € R(=m)x(n=m) and 33 hpot € R™*™ are diagonal matrices.
The usual shrinkage estimator for the variance—covariance matrix is
R o ~d
3o =(1- N2, + 2%, (35)

with 3, = %(YST ~-Y)(YST —Y) and 5]2 = diag(3,) (Wickramasuriya et al., 2019). The
shrinkage parameter \ ensures that the matrix 3, is not ill-conditioned, but introduces bias in the
estimation. Thus, (35) expresses a bias—variance tradeoff. The weight matrix calculated using 3,

will be denoted

PO =(STS's)lsTs (36)
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In this section, we use MAP estimation. We assume that the conditional density for the observations
is f(y|@) and that the parameters 0 follow some prior distribution g(#). The MAP estimate is

obtained as
Oniap = arg;nax f(y|0)g(0). (37)

The purpose is to show equivalence between the shrinkage estimator and an appropriate choice
of prior distribution. The MAP formulation excludes estimation of parameters related to the prior

distribution, which in our case would be \. For fixed )\, the following theorem applies.

Theorem 3.1 (MAP and shrinkage). Assume the linear regression model

Y — ’gB,t = [Im X ('gtTop,t - ggot,tStTop)]lBtop t€; €~ N<07 %), (38)

with prior distribution By, ~ N (B top, Xr ® Xig,0) and

~d ~d T\ ! ~d
/60,top =vec |:<2h,top + Stopzhbotstop) StOPEh,bot]

1A
Spo =—m
POTINT

d d -1 (39
<2h,top + StOPEh,botStTop) :

With the choice of design matrix given in (38), the MAP estimate of 3 is independent of 3, and

can be written as (with /étop = vec(B:Zp))

N ~ N T /4 N ~d ~d -t
IBZ)ZP = ((1 - )\) (Ytop - YbOtSt—gp) (Ytop - YbO'ESI)p> + )\T (Eh,top + Stopzh’botsgp)> X

N N T N . d
((1 - ) (Yt0p - YbotStT()p> (Y - Ybot) + /\TStOPEh,bot) :

(40)

where Yop = vec ! (Gop) € RT*(=m) and Yo = vec ™ (por) € RT*™ are the collection of top-
and bottom-level forecasts, respectively. The solution is equivalent to P()\) (see (36)) in the sense

that

T 0 I 3
P()‘) = + T /Btop' (41)
I S

— ~top

Proof. Relies on results presented in Wickramasuriya et al. (2019, Theorem 1). See Appendix I for

details. [ |
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The problem defined by (38)-(39) is equivalent to the generalized Tikhonov regularisation (see,

e.g., Kalivas, 2012); that is, the solution to the minimisation problem

argyin (11X ap = (5 = B+ + [Biop — Poapl ) (42)

top
with X defined by (38), ¥ = I ® 3, and the shrinkage target defined by (39). Other targets
could be chosen. For example, the usual Ridge regression Boop = 0 and X3 = %I , (A > 0)

would define the bottom-level base-forecast error variance—covariance as the shrinkage target.

The next corollary and theorem state the MAP estimate of the variance for a given A and a prior

for ¥, such that it is equivalent to the result given in Wickramasuriya et al. (2019, Lemma 1).

Corollary 3.1 (MAP estimate of X,.). Using the model in Theorem 3.1, the MAP estimate of 3, is

A T/(1 -\ - N a1\
S map :Ti(n_gz (P(A)ESPT(/\)—/\<<Eh7b0t) + Siop (Zhsop) smp> > (43)

Proof. See Appendix J. u

The result in Corollary 3.1 shows that the difference in variance depends on A through a multi-

plicative factor and on the shrinkage target (prior for the weight matrix). For illustrative purposes

consider \ = szir_”m, then the difference is
N N ~d —1 ~d —1 -1
P(/\)ZSPT()‘) - 27“,MAP =A <<2h,bot) + Sgp <2h,top> StOP) : (44)
Now consider the limit A\ — 1. Using (24) we get
~ L _ od od N1 ~d ! -1
Vi= /1\1_>IT11 Viy: — 4y :P(l)EhP(l)T = ((Eh,bot) + StTop (Zh,top) Stop) ) (45)
while (43) becomes
N T - T
/1\1_>H11 3, MAP —mp(l)EhP(l)
T T ~d —-1/2 ~d —1/2 (46)
TS (5) R (5) S

where Ry, is the correlation matrix corresponding to f]h (see K.1 for details on showing (45) and
(46)). Hence, the estimator ZA]T’MAP includes the correlation of the base-forecast errors, even when

it is excluded from the estimation of mean-value parameters. Finally, (43) can be written as

Saie = (POEPTO)+ 125 (POEPTO) - POSIPT)) . @)

T+n—m 1-—
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The following theorem introduces a prior for the variance that will give a variance estimate equiv-

alent to the usual forecast reconciliation with shrinkage.

Theorem 3.2 (Prior for X,). If, in addition to the prior given in Theorem 3.1, the prior for the

variance—-covariance matrix X, is chosen as the inverse Wishart X, ~ W=1(¥ v) (v > m — 1) with

-1

v = % <(z‘:2,bm)_1 + S5, (22@1))_1 Smp> , (48)

and v = 1’\_—7; — (n+ 1) (implying that A > %), then the MAP estimate of 3, is
2, shrink =P(A\)Z,PT (V). (49)
Proof. See Appendix K. [ |

Note that if A < TTntin (v < m — 1), then the probability density function of the inverse Wishart
is not defined and the MAP interpretation of the above is not valid. However, for any fixed A > 0,
implying that v > —(n + 1), (K.1) in Appendix K defines the solution (49) in a regularisation

setting.

In Theorem 3.2, the prior for the forecast variance is chosen independently of the prior for the
mean. It is possible to choose other priors for X, depending on the specific application, e.g.,
independence between observations, AR(1) correlation structure, or not to have any prior for the
residual variance. The choice above simply shows the equivalence with the formulation of the
forecast variance given by Wickramasuriya et al. (2019). In the formulation of Theorems 3.1 and

3.2, \ is the only hyperparameter.
In the previous derivation we have included REML estimates for each of the models. A similar

result for the model presented in Theorems 3.1 and 3.2 is given in the corollary below.

Corollary 3.2 (REML and MAP). Using the model in Theorems 3.1-3.2, the REML correction term

(defined as the log-determinant of the Hessian of the log-likelihood wrt. 3) is
log| X TSI X + 251 (50)

If x;; = x;; € R"™™, then the MAP-REML estimate of X, is

~ B T ~ T
3l SREML T n—m)(i= /\)P()\)ZSP (\). (51)
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Proof. See Appendix L. [ |

In the general case where x;; # «;;, the MAP-REML estimate of X, is more complicated since
the priors should be recalculated. The obvious application would be that some columns of X
are removed due to non-significance, in which case the prior needs to be recalculated and the
derivative of the determinant wrt. X, should be recalculated in line with the result in (17). We

will not explore this further here.

The methods used in this section imply that parameter and forecast variance can be written explic-

itly on the form that we discuss in the next section.

4, Parameter and forecast variance

Using the general theory for LMs (univariate and iid. residuals), the variance of a forecast is given
by

A~

Vyern) = 2{onVIBlaein + 6% (52)
In the cases covered in this article, (52) can be formulated as

Vigen = VIX 14nB+ €n] = X0 VIBIX |y + 50 (53)

The first term relates to the uncertainty of the estimated parameters (referred to as reconciliation-
matrix estimation error by Pritularga et al. (2021)). The second term relates to the usual stochastic

uncertainty (referred to as the irreducible error in Panagiotelis et al. (2021)).

The exact form of V3] depends on the model formulation, but in the general case it is
o . -1
Vg = (X7 (Ires ) X) (54)

In case X.; = I, ® =], this simplifies to

AU -1
Vg =% 0 (X1.X1) (55)
Any of the estimates of 33, can be applied (usually the REML estimate would be preferred). When

(53) is used with f]mREML, it will be referred to as

~

3 par(X i) = XoonVIBIX ) + 30 srem, (56)
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and we will use the short-hand notation ﬁwar = 3 par( X . 14n)-

In the presence of prior distributions, we can write the MAP estimator (40) as an affine transfor-

mation of the ML estimate
Btop = WI,AWZBtop,ML + Wl,)nglﬁo,topv (57)

-1 “
where W1 , = (XT(IT ©3,) X + 2/;1) ,Wo = XT(Ir®%,) ' X, and By = (X (I7@
%) X) X T (I1 @ ;) " (y — Gior) is the ML estimator of 3, (van Wieringen, 2023). Ignoring

. . . ~d . ~ .
the variance of the priors (i.e., ¥;,), the variance of Brop 18

V[Btop] :Wl,)\WQV[/Btop,ML]WQWL)\

(58)
—% ® ((XI,XL. +p0) XX (XX + zﬁ,o)—l) .
Using (41) and (B.6) we can find the variance—covariance of the weight matrix as
. . 0 I | .
V [vec (PTH =V |vec — B:Zp
I Stop
T (59)
I I V1B I I
= Im®@ [ top:| m &
Siop Siop

This can be used for calculating standard errors of the weight matrix and pairwise correlations.

The standard errors are the basis for the usual Wald test.

4.1. Model reduction

The theory introduced in the previous sections supports general test strategies, such as ANOVA-
type (likelihood-ratio) tests for specific hypothesis and partial (Wald) tests for specific parameters.
The latter supports an exploratory approach where the least significant parameters are removed

one by one.

The obvious null hypothesis is that some parameters could be equal to zero. Given the parameter

variance, it is straight forward to construct the Wald test-statistics as

Zobsi = _Peoni (60)

V [Btop]ii
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This can be compared to a Student ¢-distribution with appropriate number of degrees of freedom,

which can be approximated by a standard normal in most realistic examples.

In light of Lemma 2.1, Lemma B.1, and Corollary 2.2, a reasonable test statistic for the null hy-
pothesis 3 = 0 against the alternative would be
- T /-
T T_ v T_ v
1T (VST -Y) (V8] -Y1)1/(n—m) 1 ser SSmadsi/ (n —m)

" = G
1'5; (Y - ?>T (Y — }7) S]1/(T —n+m) >ijer SSE;/(T —n+m)

where the second equality is notation and F; should be compared to an F'-distribution with n — m
and T'—n + m degrees of freedom. When shrinkage is applied, the parameter variance will depend

on the shrinkage parameter. We will not explore this point further.

5. Simulation study

The purpose of this simulation study is to compare different estimators for the forecast-error
variance—covariance matrix and discuss the impact of parameter uncertainty. We simulate the

data-generating process at the bottom level (y, € R*) using a multivariate AR(1) process
Yy, = Ay, | +€; € ~N(0,3,) andiid., (62)

with A;; = 0.6, Aij =0.1(@ 7& j), and ¥, = 1.

The simulated bottom level is aggregated using the summation matrix (2). Independent, univariate
AR(1) models are estimated on each level and the forecast errors are calculated based on the

estimated models.

As an example, assume that the diagonal elements of the error variance—covariance matrix are
. o d c 1.
estimated as ¥, = [4,2,2,1,1,1,1], which is not far from the observed values. In that case the

prior weight matrix (calculated from Bo,top (39) and the linear constraints (4)) is

[0.09 020 —004 072 —028 —0.05 —0.05]
009 020 —004 —028 0.72 —005 —0.05
P(l) = , (63)
009 —0.04 020 —005 —0.05 072 —0.28

10.09 —0.04 020 -0.05 -0.05 -0.28 0.72
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where the first three columns of P(1) correspond to 3 (- The prior variance of B, (see (39)) is

0.16 —0.08 —0.08
$5=%,© [-008 028 0.04 |, (64
~0.08 004 028

and the prior for the variance X, (see (48)) is

0.72 —028 —0.05 —0.05)
028 072 —0.05 —0.05
U — . (65)
005 —0.05 0.72 —0.28

|—0.05 —-0.05 —0.28 0.72

Considering the priors and the prior variance, it is reasonable to assume that statistical tests would
lead to P; 3, P33, P32, P42, and possibly parameters from the first column being removed before
other parameters. The prior, ¥, for 3, introduces a covariance structure that dominates in small-
sample cases (\ large) through the (arbitrary) structure of S and the diagonal elements of 3, the
structure of S is arbitrary in the sense that we could have chosen other aggregation levels in the

modelling. In our simulation example, a better prior would be ¥ = o21.

We test three different estimates of the forecast variance:

1. The usual MAP shrinkage estimate V[yt 1) = ﬁ)nshrmk (see Theorem 3.2).
2. The MAP-REML shrinkage estimate f/[yt 1) = ZAJMREML (see Corollary 3.2).
3. The forecast variance er,par defined by (56) using the MAP-REML shrinkage estimate of 33,.

In all three cases we use the optimal value for A\op: given by Schéfer and Strimmer (2005) and

implemented in the R-package corpcor (Schafer et al., 2021).

The quality of the forecasts is evaluated out of sample using the log-score (Gneiting and Raftery,

2007; Bjerregérd et al., 2021) for the bottom level

N
LogS(y,y, 27“) == Zlog(qﬁ(ytﬂ; Yir1s V[Z’/tﬂ])), (66)
t=1

where ¢(y; pu,X) is the density of the multivariate normal with mean p and variance ¥. The

relative log-score is the difference between the log-score of two different models.
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Figure 1: Left: Relative (to Zﬂlmhrmk) log-score for different estimates of the forecast variance. Lines indicate average
relative log-score (over {T' — 4,...,T + 4}). Right: Example of the parameter correlation matrix (7" = 120). Rows and

columns refer to the weight matrix (63).

We simulate 50 times for each length of training and test period. The result is shown in Figure 1.
We see that the base forecasts perform better than all three methods for small samples (up to about
40 observations). There is a large and consistent gain in using the REML estimator for X,. The
forecast variance including the parameter uncertainty consistently produces better results than the
other methods, although the difference is small. The effect of the choice of variance model becomes
smaller as the number of observations in the training set increases. This is not surprising as the
REML correction gets smaller with increasing sample size, as does the correction for parameter

uncertainty.

For illustration purposes, we present the result for one of the realisations behind the results in
Figure 1. The result is for 7" = 120 using the optimal value for A, which in this case was \opr =

0.056. The estimated weight matrix is

(014 013 003 072 -028 —0.18 —0.18]

0.08 0.16 —001 —024 076 —0.07 —0.07
P(Aopt) = . (67)
0.19 —0.01 0.14 —0.18 —0.18 0.66 —0.34

022 002 001 -024 -024 -023 0.77
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The REML estimate of X, is

123 014 —015 —0.07]
) 014 111 —0.05 —0.02
3, SREMIL = (68)
~0.15 —005 1.03 —0.14

| —0.07 -0.02 —-0.14 0.99

and the standard errors related to P(\) are

_0.075 0.078 0.025 0.088 0.064 0.085 0.070_

0.026 0.093 0.066 0.088 0.071 0.067 0.070

se(P(Mopt)) = . (69)
0.070 0.093 0.074 0.069 0.071 0.023 0.084

10.078 0.071 0.074 0.024 0.085 0.063 0.084]

Only the first three columns of the weight matrix are actual parameters. The rest are determined
by linear constraints. We see that only three parameters (from the first column) are more than two
standard errors away from zero. Hence, from a partial test perspective most parameters could be
set to zero. As the linear constraints introduce correlation, the testing should be done stepwise by

recalculating everything or consider the correlation when testing multiple parameters.

The correlation matrix corresponding to the parameters is presented in Figure 1. There is a high
(negative) correlation between P;, and P;3 (e.g., between P; 2 and P;3) and there are high
correlations between the top- and bottom-level weights (introduced by the linear constraints). In
this example, there is a weak correlation between different rows in the weight matrix. This is due

to the weak correlation in the estimated variance—covariance matrix (68).

6. Forecasting electricity load

As a case study, we consider forecasts of electricity load in Sweden. The load is divided into four
areas plus the total (sum of the four areas). This gives a total of five series. The considered data
spans a period of five years from 2016 to 2020. The years 2016-2019 are used for estimating a
mean-value model including seasonal and diurnal variation. The 2019 residuals from that model
are used to estimate double-seasonal AR-models with weekly and daily variation. Further details
on the model and data can be found in Mgller et al. (2024). We will only briefly outline the parts

that are central for illustrating the methods presented in this article.
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\\y,}@1||2 HyngIllZ ||@1}y1\\2 izi%d Hy,—Tﬂ?H? Hﬂ?—T@IH? 2<é1T)Té?
24h 220.2 113.25 106.91 8.63 131.03 81.58 7.55
12h 101.3 67.31 33.95 4.85 78.09 20.71 2.46
8h 66.7 49.95 16.75 3.13 57.90 6.91 1.88
6h 52.9 39.88 13.00 2.96 46.23 5.07 1.58
4h 38.2 27.88 10.29 3.63 32.33 4.64 1.21
3h 29.8 21.52 8.27 3.85 24.91 3.89 0.99
2h 19.6 14.72 4.87 3.10 17.05 1.89 0.65
1h 10.6 7.63 2.97 3.64 8.83 1.42 0.34
Total 539.1 342.14  197.00 3.27 396.36 126.13 16.66

Table 1: Variance separation (30) on the training set for area SE. Column one is the sum of squared base-forecast errors
on the training set. Columns two and three illustrate the orthogonal projection by adding up to column one. Column

. .. X . . ~ ~ A ~ N
four is the test statistic (61). Columns five to seven show the results using shrinkage (6} = y; — 47 and é; = §7 — §,).

Base forecasts are made using AR models, as described above, once every 24 hours for the next 24
hours. The levels of the models are 1, 2, 3, 4, 6, 8, 12, and 24 hours. This implies that n = 60
and m = 24. The purpose is to illustrate the estimation methods for the base-forecast variance—
covariance matrix, the parameter variance—covariance, and the orthogonal projections. We focus

on the bottom level (hourly forecast 1-24 hours ahead) in the accuracy evaluation.

Table 1 illustrates variance separation (30) on the training set for area SE. Column one is the sum of
squared base-forecast errors on the training set. Columns two and three illustrate the orthogonal
projection by adding up to column one. Comparing column four of Table 1 to an F-distribution
withn —m = 36 and T — n + m = 365 — 36 = 329 degrees of freedom (95%-quantile is 1.45)
shows that the improvement in sum of squared errors is significant on all levels of the hierarchy,
with the largest improvement occurring at the top level. When shrinkage is applied, the sums of
squared errors increase and the projection is no longer orthogonal (last column is not equal to

zero). Similar tables for the individual areas are given in N.

If the assumptions of the model were true, then the obvious metric for evaluation would be the

log-score. As the log-score is very sensitive to deviations in the distribution assumption (Bjerregard
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SE SE1 SE2 SE3 SE4
RMSE (base) 0.60 0.11 0.19 0.39 0.15
RRMSE (reconciled) -5.78 -2.74 -6.31 -5.69 -8.93
LogS(base) -615.11 -8361.17 -6761.02 -6297.84 -13808.00
relLogS (2, shrink) -116.85 12823  -322.59  197.63 251.12
relLogS (3, sremL) -104.46  -246.21  -454.52  308.47 382.18
relLogS (. par) -102.82  -333.07 -470.30  321.75 393.28
Vs(base) 36779.81  118.98  361.77 6616.91 241.28
relVs (3, shrink) -17.40 0.24 -1.52 -21.88 -17.56
relVs (3, sremr) -16.56 -0.92 098  -20.22 -16.68
relVs(3, par) -16.54 -1.23 1.36  -20.08 -16.69

Table 2: Summary statistics for out-of-sample load forecasts at the bottom level. The first two rows are the accuracy of
the base and reconciled forecasts. The log-score evaluates the full distribution and the last rows evaluate the covariance

estimates using the variogram score.
et al., 2021), we will also consider the variogram score (see, e.g., Scheuerer and Hamill, 2015)
m
Vsp(F,y) = wij(lyi — y;I” — Ep[|Yi = Y;])?, (70)
,J
where F is the forecast distribution, y is a set of observations, w;; is a weight function, and p is the

order of the variogram score. We choose w;; = 1 and p = 2, implying that there is a closed-form

solution for E[|Y; — Y;|P under the Gaussian assumption (see Scheuerer and Hamill, 2015).

In addition to the variogram and log-score, we consider the relative root mean square error defined

by
RMSEReconcﬂed — RM S FEpase
RRMSFE = -100%. 1
RM SEBase % (7 )
In a similar way, we calculate a relative variogram score as
Vsa(F,y) — Vsa(Fi
relVs = s2(Fy) 52(Foase: Y) 100%. (72)

VSQ(FBase7 y)

All evaluated models have the same mean-value prediction and, hence, also the same RRMSE.
Using the observed bottom-level base-forecast error variance—covariance matrix as reference, we
evaluate different estimators for the forecast variance—covariance of the reconciled forecast error.

A summary of the results is shown in Table 2. RRMSE is improved in all areas. For most models
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Figure 2: Left: Out-of-sample RMSE and standard deviation for different estimates of the variance-covariance matrix.

Right: Correlation matrix corresponding to 32, rewmr.

the log-score is very good in some areas and very bad in other areas, which shows the sensitivity

of the log-score. The relative variogram score is more consistent across the models.

The estimated correlation matrix and standard deviation for the entire Sweden (SE) is shown
in Figure 2. The autocorrelation and increasing variance in the residuals is very clear. In this
particular case the observed variance on the test set is a bit smaller than the estimate. From similar
plots for the other areas (Figure M.7) it is clear that it is not a general picture that the observed
variance on the test set is smaller. In SE2 and SE4, the estimated variance on horizon 22-23 is very

high, which is an indication of outliers.

The weights, their standard errors, and the ratio between the absolute values of the weights and
their standard errors (absolute value of the Wald test statistic for the hypothesis that the weight is
zero) are shown in Figure 3 for area SE (see Appendix M, Figure M.6 for other areas). It is difficult
to distinguish clear patterns in the weights and standard errors; however, it is clear that the Wald
test statistics are high for two-hour forecasts as explanatory variables for the two corresponding
one-hour forecasts. There are many weights that from a testing perspective are candidates for

being be removed.

The correlation matrix for the first two rows and the first 36 columns in the weight matrix (first
72 of 864 elements of Btop) is shown in Figure 4. It is clear that there is correlation between
some weights from the same row and that the correlation is decreasing with the distance in time.

The correlation between forecasts on different levels (e.g., weights related to two- and three-hour
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Figure 3: Top: Volume-weighted weight matrix. Middle: Corresponding standard errors. Bottom: Absolute value of the

weights divided by standard errors.

forecasts) are generally low both within and between rows. Further, the correlation between row
one and two is strong for the same predictor but decreases for rows further away (see Figure M.5
in M for the full correlation matrix). This decreasing correlation is a consequence of the decreasing

correlation in the residual correlation matrix shown in Figure 2.

7. Conclusion

We have formulated the forecast reconciliation problem as a LM to enable uncertainty quantifica-
tion and shown the equivalence between usual forecast reconciliation and the MAP estimates for
specific choices of priors. This formulation allowed us to build on well-known results from regres-
sion analysis and formulate the REML estimate of the forecast-error variance—covariance matrix.
The LM formulation implied that forecast reconciliation can be viewed as orthogonal projections

for all levels of the hierarchy, which we used to prove in-sample distance-reducing properties.

A further benefit of the proposed LM formulation was the possibility of estimating the parame-
ter (weight matrix) variance—covariance matrix and calculating parameter standard errors. The

simulation study indicated that REML estimation is important for a precise estimate of the uncer-
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tainty of the reconciled forecasts. Additionally, including the parameter uncertainty in the fore-
cast variance—covariance matrix gave some improvement in forecast skill. Orthogonality and the
effect of shrinkage were illustrated along with parameter uncertainty and correlation for high-

dimensional parameter vectors in the case study on electricity load forecasting in Sweden.

The presented framework provided a clear

path for model reduction. In the case study;,

1
IO.85
0.69

the results indicated that many weights
0.54
could be set to zero. It should be investi- 038
"u 0.23
gated how this would affect the overall ac- . "-.__ 005
. € | e
curacy of the reconciled forecasts. How such Z :
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developed. The impact of shrinkage on the

Column

statistical tests also needs investigation. Figure 4: Parameter correlation for the first two rows in the

In this article, we have focused on showing estimated weight matrix.

the equivalence between forecast reconcili-

ation and the LM formulation, while leaving the estimation of the forecast variance—covariance
as variants of the observed squared deviation between the reconciled forecasts and observations.

Using the presented framework, parameterised versions of the bottom-level reconciled variance—

covariance matrix could be estimated using ML or REML estimation.

In summary, we believe that the formulation proposed in this article contributes to the under-
standing of forecast reconciliation. Specifically, the question of the uncertainty of the estimated
reconciliation weights has been answered, at least in the Gaussian case. The proposed LM formu-

lation provides many opportunities for future research.
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A. Nomenclature

p=> 1 p€EN

P=m Y imipi €N
A e 0,1]
veR,
qr €N
el e R"

€, € € R™

e c RT™
Yy € R™
g € R"
Gror = vec(¥ por) € RT™

y=vec(Y ") e R™T

Symbol Explanation

ML Maximum likelihood (4)

LM General linear model (4)

REML Restricted maximum likelihood (4)

MAP Maximum a posteriori (6)

GLS Generalized least square (13)

LogS Log-score (66)

Vsp Variogram score (70)

RRMSE Relative root mean square error (71)

relVs Relative variogram score (72)

neN Dimension of the base forecast (1)

m e N Dimension of the bottom level observations (1)
TeN Number of observations in the training set (5)
p; €N Number of parameters for modeling bottom-level observa-

tion 7 (11)

Total number of parameters for modeling bottom-level ob-
servations (5)

Average number or regression parameters (C.22)
Shrinkage parameter (35)

Degrees of freedom for prior distribution of ¥, (48)
Number of element in an index set I (29)

Reconciliation error at time ¢ (1)

Collection of regression errors at time ¢, (7), and Theorem
2.1

Collection of all regression errors (5)

Reconciled forecast on the bottom level at time ¢ (1).
Base forecast on all levels at time ¢ (1)

Collection of all bottom-level base forecasts (5)
Collection of all bottom-level observations (5)
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y, € R™

Ypy = Sy, ER”
y;. € RT

Ypot t

ytop,t

Tt < RPi

B.B cRP
Bi e RV

/Btopa Btop € Rm(n_m)

Bo,top

B =vec ! (B)

Y =vec !(y) e RTxm

Y =[Yip Ypo € RT*"
Y e RTxm

Yot = vec ™ (fpor) € RTX™
Y[ € RT>ar

i]top c RTx (n—m)

SSE, SSmod
S =[Sy, IIT eRvm™

Stop e ]R(n—m) xm

S € Rarxm
X € RTmxp
X., € Rmxp
X;. e RTxpi

Bottom-level observation at time ¢ (5)

Reconciled forecast on all levels at time ¢ (8).

Collection of all observations at bottom level 7 (D.8)
Bottom-level base forecast at time ¢ (21).

Top-level (i.e., excluding bottom-level) base forecast at
time ¢ (21).

One row in the design matrix X;. (11)

Coefficients in the regression model (5), (8)

Coefficients in the regression model for bottom-level ob-
servation i (18)

Coefficients in the regression model corresponding to top-
level weights (21)

Prior mean for ,Btop (39).

Matrix version of the regression parameters (may appear
with a subscript) (18)

Collection of all bottom-level observations (18)

Collection of all base forecasts (Corollary 2.1)

Collection of all bottom-level reconciled forecast (27a)
Collection of all bottom-level base forecasts (40)

Column selection of Y, Lemma 2.1

Collection of top level base forecasts (i.e. excluding the
bottom levels) (40).

Sum of square matrices (61)

Summation matrix (1)

Top-level summation matrix (i.e. excluding the bottom
level) (2)

A row selection of S defined by the indexset /, Lemma 2.1
Design matrix (5)

Design matrix at time ¢ (7)

Design matrix for bottom observation 7 (12)
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P == [Ptop
P(})

H e RT*T
3, € Rnxn
i)h c Rnxn

Er € Rmxm

Pbot] c RmX’n

ot
3, ML, 2 REML € R™X™
W= RT-mXT'm
~ ~ ~d
S, = (1= NS, + A8 € Rnx»
iz,bot S
22 op c R(n—m)x(n—m)
27”,MAP7 2r,shrinkgr,sREMLy 27“,par
g =2, ®Xg0
25 = R(n—m)x(n—m)
v
-1
Wi = (XT=X 4 551

Wy=X'21X

The weight matrix s.t. Y = PY 3

Weight matrix based on shrinkage using A\ (35)
Projection matrix, Lemma (2.1)

Variance—covariance of the reconciliation error (1)

The specific form given in (20)

Variance—covariance of the regression error (at time t) (7)
Element (i, j) of 2;1 (C.49)

ML and REML estimates/estimators for X, (14) and (17)
Variance—covariance of the regression error (5)
Variance—covariance of the base-forecast error (35)

Eg for bottom level (39)

3¢ for top level (39)

Versions of the MAP estimator for X, (43),(49),(51), (56)
Prior variance for 34 (1.9)

Related to prior variance for 3, (39)

Prior parameter for X, (48)

Used to derive the variance of MAP estimator (57)

Used to derive the variance of MAP estimator (57)

Table A.3: Symbols used in the article. The first usage is

marked in parenthesis. If first usage is not in an equation the

appearance will be around the referred equation.

B. Some useful relations

B.1. Some results from matrix algebra

As the proofs in this appendix depend heavily on properties of Kronecker products and vectorisa-

tion, we have collected the most important ones here. All expression are collected from Petersen

and Pedersen (2006), where many useful relations used in this article can be found.
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The vectorisation of a matrix P € R™*" is given by the invertible map R"™*" — R™"
vec(P)=[Pi1,...,Pm1,Pi2,..., Pnay. .., Piny ..., P (B.1)
The inverse vectorisation of the vector y € R™" is given by the invertible map R™" — R™*"

Y1 Ym+1 0 Yn(m—-1)+1
vec, b (y) = | i S (B.2)
Ym  Y2m - Yn-m
As the target space (R™*™) should be clear from the context we will omit the subscript and use the

simpler notation vec™!(-).

The vectorisation of a product of matrices A € R¥*!, B € R™*™ and C € R™*" can be written as

vec(ABC) )vec B) (B.3)
—(I,, ® (AB)) vec(C) (B.4)

_ ( Cc'B") Ik> vec(A) (B.5)

vec(AB) = (I, ® A) vec(B) (B.6)
— (B ® I) vec(A). (B.7)

Further, the following relations apply to matrices of appropriate dimensions and invertiability

(A9 B) '=A"'g B! (B.8)
(A® B)(C ® D) =(AC) ® (BD). (B.9)

If A € RF*F and B € RY*! then
|A® B| =|A|'|BJ*. (B.10)

For derivatives wrt. variance—covariance matrices the following relations hold (Petersen and Ped-
ersen, 2006, (61), (57), (100))
da'X b

_ w1l 3pTy-1

gy~ % ab'E (B.11)
Olog 3|

75 =X (B.12)
oTr(¥x)

o5 . (B.13)
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Combining (B.13) and Petersen and Pedersen (2006, (59), (124)) while assuming that ¥ and ¥

are symmetric yields

-1
3Tr(§’22 ) — _y-lgyn-!
oTr(¥, 21w (.14
1 = 2 __sigTeln

For products of vectors the following (Petersen and Pedersen, 2006, eq. (521)) holds

vec(A) vec(B) = Tr(A" B). (B.15)

The following relation, which is related to the matrix normal distribution (Iranmanesh et al., 2010),
will also be useful. Using (B.3) and (B.15), we can write
y' (e )y =y vec(Q lvec I (y)Z )
=Tr <vec71(y)Tﬂflvec71(y)Zfl) (B.16)

~Tr (Y "'y s ).
B.2. Probability densities, log-likelihood functions and log-priors

In this work we use the following multivariate distributions: the multivariate normal (Gaussian),
the inverse Wishart, and the Wishart distribution. Only the first two are used for likelihood/MAP

estimation, but for completeness we include all three in the discussion below.

B.2.1. Multivariate normal distribution

If a random variable (y € R™) follows a multivariate normal distribution with mean g and
variance—covariance ¥, we write y ~ N(u,X), with g € R”, 3 € R™*", and X positive semi-
definite. The probability density function (pdf.), ¢(-), of the multivariate normal is defined when

¥ is positive definite and is given by

1 1 Ts—1
3 = e 2=k ET (y—n)
o(y; 1, X) ESENG
1 (B.17)
_ —5Tr((y—w=""y—w ")

PRRENG
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For likelihood estimation we use parameterised versions of the mean and variance, i.e., p := pu(8)

and ¥ := ¥(¢p). The log-likelihood is

1(B,%) =log(d(y; p, X))

1 1 (B.18)
x = S log(|EW)]) — 5y — #(8) =7 )y - w(B))
For fixed 1 or 3 we will use the notation
1B) ox — 5y — w(B) TS W)y — u(B))
1 1 (B.19)
1) o = 5 log(IB(W)]) — 5 (y — w(B) S (¥)(y — u(B)).

When used as a prior distribution, i.e., y|3 ~ N(u(8), %(v)), B ~ N(mg, X5(1))), we will use the

notation
Luap(B,4) = log (o(y; u(B), B()) + log (¢(8; pg, E(p2h)) - (B.20)

B.2.2. The inverse Wishart distribution

If a random matrix X, € R™*™ (X, positive definite) follows an inverse Wishart distribution with
scale matrix ¥ > 0 and degrees of freedom v > m — 1, we write 3, ~ W~1(¥, v) and the density

is given by

|‘I’|U/2 mivtl _1lTr(ex;l)
2 ls

T s , B.21
fzr( ) 2vm/2rm (%)| ’ 2 (& ( )

where T, (-) is the multivariate Gamma function. The inverse Wishart is the conjugate prior for
the variance—covariance matrix in the multivariate normal. When used as a prior distribution (i.e.,

¥ and v fixed) we will use the form

m+v+1

5 log(|>n]) - %Tr(\IIZJT_l). (B.22)

log(fs, (%))

In this work we use the inverse Wishart as a prior in the setting y|3,3, ~ N(u(8),X(%,)),
BIZ, ~ N(pg X5(%,)), T, ~ W (¥, 0), and we use the notation

Iuap(B,2r) = log (¢ (y; w(B), 2(X))) + log (6(8; mg, Bp(Xr))) + log(fx, (2r)). (B.23)
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B.2.3. The Wishart distribution

In general we use the sum of squares definition of the Whishart distribution. The following defini-
tion and lemma is adapted from Rao (1973). We start with the general definition of the Wishart

distribution.

Definition B.1 (Wishart distribution). Let the matrix Z = [z ... zT]T € RT*P be a collection
of normal random variables s.t. z; ~ N(0,X.) and iid., then Q = Z ' Z follows a Whishart distri-
bution with 7" degrees of freedom and scale parameter 3., Q ~ W),(%,,T). If T'>p—1and X, is

positive definite, then the probability density function exists and E[Q] = TX,.

The following lemma relates projections and the Whishart distribution.

Lemma B.1 (Some properties of the Wishart distribution). Let Z be as in Definition B.1 and H
a projection matrix with » = Tr(H), then a necessary and sufficient condition for Z' HZ to
follow a Wishart distribution is that ”TZ;# ~ x%(r), for any fixed vector v, and in that case

ZTHZ ~ W, (,,7).
Proof. See Rao (1973, 8b) [ ]

The general definition of the Wishart distribution used in this article is given in Definition B.1.
For completeness we also state the pdf. If Q € R™*™ (Q positive definite) follows a Wishart
distribution with positiv definite scale matrix ¥ and degrees of freedom v, we write Q@ ~ W (¥, v).

The pdf is defined for v > m — 1 and is given by

—v/2
|‘I,| ) ’Q’m+2v+l e—%Tr(‘I’Q_I). (B.24)

fQ(Q) - m

C. Proof of Theorem 2.1

The log-likelihood is given by

1 1
[(Srie) o — 5 log([I7 @ By]) — §eT(IT @ X e
1 . 1 T e (C.1)
= —5 log(|%, ") — 5> el S te,

2
t=1
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with
e =y, — X..0. (C.2)
3 is the ML (or weighted least square) estimate of 3 is well-known and, given by
B=X"IrosHX)' X (Ire )y (C.3)

By direct matrix multiplications, using the diagonal like structure in (11), we find the matrix

X' 1X as

ot Zthl wl»txlT,t ol? 23:1 $17tw;t oglm Z?:l wl,tw;,t
T T T
XxTs1x — ol? P C132,153‘”11& o2 p 5’72,253”;,15 e gt p ] w27tm;,t
_Ulm Zthl wm,twlT,t T o™ Z?:l wm,tw;,t_
- ] (C4)
o'X| X1, oVX| X, - o™X Xy,
o2X] X1, o®X3 Xo. o o™Xy X,
omX,, X, e o™X X,
where 0¥/ = (£71) .
ij
Using (B.3) we get
(It @2 Yy =vec(Z 'Y T). (C.5)
We treat the special case below.
Special case 1: x;; = x;; = x4, V (4, 7). In this case we get (using (C.4))
T
X'2'X=3"9) mz/ =% (XI,XL.) : (C.6)
i=1
and therefore
T -1
Te—1y\—1 _ T _ T !
X' X) " =% ) =3, ®(X] X.) . (C.7)
i=1
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Setting £ = XY T we can write

1 0 0 o -+ XT

1§11 + 22801 + - 2T

T1&1m + T28om + - 2TETm

Hence, the order can be rearranged to

X/ o0 0
0 X/ 0
X Tvec(€) = . b
: 0
0 o X/

= (Im ® X1T> vec(€')

= (Im ® XI) vec(YX 1)

—vec (XY,

and, consequently, (again using (B.3))

T

11

&r1

§12

me

N —1
3= [ET ® (XI,XL) ] X (Ir®s )y

-1
—vec <<X1T7AXL.> XI,Y) .

This proves that 3 is independent of 3,.
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Maximum likelihood estimate of 3,

The log-likelihood wrt. 3, is given by

1 1
[(Zrse) o — S log([Ir © %, ) — §eT(IT ® X e

T (C.11D)

1 1
:—flog 1=.7) —5282—2 le

In the general case, e; is a function of X,; but as shown above, it is independent of X, in the

special Case 1.

The derivative wrt. 3, of the log-likelihood is

ol
0%,

T 1 T
R T R . | Ty—1
== 3 X+ 22r t; ete; 2., (C.12)
and, hence, for fixed 3, the maximum likelihood estimate of X3, is
1 I
SuLr = 2“: ee, . (C.13)

In the general case where the error e; is a function of 3, iterations are needed in order to find the

best estimate.

REML estimate of X,

The restricted log-likelihood wrt. ¥, is given by

T
1 1
Ireme (Zr; €) o< — flog =5 § e/ T e — 51og(|XTzr1XT|). (C.14)
t 1

We divide the answer into a special case and the general case:
Special case: If x;; = x;; = x; € RP?, then B and therefore e are independent from X,, which

(using (C.6)) leads to

T
1
lRemL(Zr; €) o — flog =7 - B Zejz e — *IOg ‘2 ® (thmt ) )

T (C.15)

T 1 -
:—510g 1%,]) — 2282—2 e — log)Erl
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and

ol T 1 T Iz
REML —1 1 Z Ts-1 -1
R T o =1 erey Bty (C.16)

The resulting REML estimate of X, is
Zr REML = Tp et . (C.17)

General case: In the general case we need the derivative of the REML term

dlog | X'TE7'X| Odlog|X'E71X| oz

. C.1
0%, ozt ()8 (C.18)
To that end we calculate (using Petersen and Pedersen, 2006, (46))
dlog | X TE71X| Talw 1 0XTEIX
- =Tr| (X' X)) ——— C.1
Do iy ) Do (€.19)
With X "371X as in (C.4) we get
— 0 0 0
0X Y X
o7 0 XZT_Xj. 0. (C.20)
O-Z] 5 )
0 0 0
Therefore, (C.19) can be written as
dlog| X 'T7'X]| Ty-ly\-1 wT
_ | ) Cc.21
— —Tr ((X > X)ijliX%_X%.) , (C.21)

with I, ={P,_1 +1,P,+2,...., P+ p;} and P, = Z?:o p;, with the convention that py = 0. From

that we have

log | XTE1x log| X2 1Xx >,
<8 og | ’) —Tr (8 og | ’E;la 2—1)
ij

0%, 0%t o
dlog | X =1 X |, 0% (©22)
— Tr <2;1 Og‘ 717‘ ’2;1 7"> )
) 0ij
Since (%)kl = 1for k = i,l = j and zero otherwise we have
log| X 271X log| X '®71X
0 0og | ‘ — Z;l 0 0og | — |z:;l7 (CZB)
03, 03,
and the REML estimate of 3,. is given as the solution to
T _
T i 1o ., 10log|XTZ71X|
) YRR ) D > b Rt =0 C.2
2 T + 2 T tzl etet T + 2 827‘ Y ( 4)
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or

T Ty—1
a—1 1 Jdlog | X 'YX X
YREMLr =7 <2;1 E erel T + 2| s ’)
=1

T ox, 5 _5
r =24y REML
’ C.25
1 &=+ 9log| X TR X] . (2%
— ™ —
=7 3 Z ee;, + s, b3 )
t=1 X=X, REML
The solution can be written in terms of X, as
T Ty —1
- 1 +  Olog|X ¥ X|
YREML,r = T (Z ete, + 82‘1T ) (C.26)
t=1 r Er:Er,REML
This is (17) and concludes the proof of Theorem 2.1 and Eq. (17). [ ]
D. Proof of Theorem 2.2
Consider the regression problem
y=XpB+e €&~NOIr®%,), (D.1)

where X.; = I, ® QtT , with the linear constraints STvec_l(ﬁ) = I,,. We use the following

notation
o E m
Y = {YtOP Ybot} ;o S= P ;o BT = Vecil(:@) = ﬂtop (D.2)
| I Bhot
The linear constraints can be written as
ST mo__ T ’6ng _ QT am mo
’6 - [Stop Im] m - Stop/Btop + /Bbot - Im, (D3)
_Bbot
ie.,
Using the model definition (D.1) we get
v, =In @9, )8+ e
N Bio
=(I, ® g/ )vec Pl +e
B, (D.5)
0 I, _
=(I,, ® 9, )vec + 1" Tm gr | +e.
_I m —Stop
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Using (B.6) we get
N 0 Infm
yo=vee (o7 (| |+ || B | ) +e
Im _Stop (D6)
:Vec(gl—lj—ot,t) + vec ((ygt—)p,t - gl—la—ot,t‘s;cr)p)ﬁ?gp> + €.

Rearranging, we get

- ~T ~T T
Yt — Ybot,t = (Im ® (ytop,t - ybot,tStop)) /Btop + €&

) D.7)
:X-,tﬁtop + €,
which is the postulated model. Using (18) the parameter estimates can be written as
~T =T\ ! =T ~T =T\l =T
ﬁg}p = [<X1,~X1,~> X Y1, .- <X1,~X1,-) X1,-ym,}
(D.8)

where y, . € RT is the collection of observation at bottom level 7 at all times.

By inserting X 1,- we get
3T Y Y ™\ (v > T s > T >
/3top = <(Yt0p - Ybotst0p> (Ymp - YbotStop>> (Yt0p - YbotStopT) (Y - Ybot) . (D.9)

The next step is to show that this is equivalent to P. Using Theorem 1 of Wickramasuriya et al.

(2019) the usual weight matrix can be written as

P= (stgls)_l STt

. (D.10)
—J - J%U (UTsU) U
I, .
where J = [0yyxn—m Im),and U = N
_Stop
~ AN\ T N
Replacing X, by 3, = + (Y,S’T — Y) <Y,S’T — Y), we calculate each term of (D.10)
AN\ T T
UT(YST-V) =[I, 0 ~Sep| (YT -¥)
Stop ~ T
= [Infm —Stop} Y’ -
I, (D.11)



Further,

N St LT
JYST - =[0pxn-m In) Ply -
I, (D.12)
=y’ - Yl—)rot

and
% Ty \ T \ \/ T T s \ T - T
P=J+ <Y - Ybot) (Ytop - YbOtStop) (Ytop - YbOtStop> (Ytop - YbotStop) U

7+ (8l) U,

(D.13)
Since
(8") =1+ (Ba) U, (D.14)
we can conclude that if 3, = + (VST - Y)T (YT~ ¥) then
P=(3")". (D.15)

where 8" is calculated using usual linear regression with linear constraint (88" = I). This
proves the equivalence between (23) and (21). The ML and REML estimators in (19) follow from
(14) and (16) in Theorem 2.1. Further that Btop is independent of X, also follow from Theorem
2.1. [ |

E. Proof of Corollary 2.1

We need to show that

%P (YsT _ ?)T (YST _ ff) pT :% (Y — Yo — (Ytop - ffbotStTOp) B?;p)T X )
(Y - f/bot - (Ytop - YbotStTop) BZp) :
It suffices to show that
(YsT - Y) Pl =Y -V, — (Ytop - ?botsgp) Blop- (E.2)
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Using Theorem 2.2, the left-hand side can be written as

[ am
(YST — Y)PT = [Ysgp — Ytop Y - Ybot} ’?:ZP
_/Bbot
_ [YStop Vip Y- Ybot} P (E.3)
_I - Stopﬁtop
= (YStTOp - f/top - (Y - Ybot)StTop) B:Zp +Y — f/bOt
=Y — ffbot — (Ytop - YbotSI)p) B;Zp’
which completes the proof. n

F. Proof of Lemma 2.1

We assume that X . has full rank (i.e., rank(X.) = n —m). In that case the reconciled forecast
is
Y =Y o + X 1,810

=Y por + X1.(X] X1.) ' X[ (Y — YVior) (F.1)

:?bot + H(Y - Ybot)a
with H = X (X X1.)"'X| . Both H and I — H are projection matrices, and

Y — Yo =H(Y — Yior)

Y -Y =Y —H(Y — Yio) — Yo (F.2)

=(I - H)(Y = Vo).
For the top levels note that X; . = Ytop — YbotStTop, and

?ST - ytop :YbotST + H(Y - Ybot)sgcr)p - iftop

top top (F.3)
=H(Y — Ybot)Stop — X1,.-
Using that X ;. = HX ., we can write
Y S, — Yiep =H (Y Siop — YiorSiop — X1,.)
:H(Y‘Sgp - YbotSI)p - Ytop + YbotStTop> (F4)

=H(YSy, - Y top)-
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As an immediate consequence we can write

Y Sip — YSip =Y S, — H(YSg, — Yiep) = Yigp ®5)
=(I—H)(YS{, — Yiop)-
Hence,
YsT—v = [H(Ysgp ~Yiwp) H(Y - Ybot)}
—H(YS" -Y)
(Y -¥)S" =¥, - VS, ¥ - 7] (F.6)
=[(I-H)(Y S~ Vi) (I—H)(Y = V)|
=(I-H)(YS' -Y),
and
Y8 —Y)=I-H)(YS'-Y)+H(YS" -Y). (F.7)

Orthogonality follows from H = H " and H? = H. This is true elementwise as we can choose an

arbitrary index set I and get

((YsT -¥) (vsT- Y))

and similarly for the terms on the right-hand side of (F.7). This concludes the proof of Lemma

2.1. |

=(vsi-vi) (vsi-vi), (£8)
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G. Proof of Theorem 2.3

Use (F.6) and (B.6) to get
~ N ~ T ~ T
Y; — gy =vec(S;Y -Y)
—vec((S;Y T — ¥, )H)
—(H ® I, )vec(S;Y T —¥,)

=(H @ 1q;)(y; — 1)

(G.1)
y; — Gy =vec(S;Y T — Sli};)
—vec((S;YT ~ Y, )(I - H))
—((I— H)® I,)vec(S; YT —¥,)
=(Irq, —H & Iq;)(yr — 91)-
With H; = H ® I, we get
yr— 9y =Hi(y; —97) + Irq, — H1)(yr — 9y)- (G.2)

Since H is a projection matrix we get H = (H® I,,)(H® I,,) = H*® Igl = H ® I, and
H] =(H®I,)" = HT®IqTI = H ®I1,, = H. Orhtogonality follows from (I, —H;)H = 0.

Thus, we have

Ny — 91 =(yr —97) "Hi(yr —97) + (yr — 91) " (Irg, — Hi)(y; — 97)

(G.3)
=lly; = 41° + 1; — 9.7,
which is (30), and (31) follows directly. This concludes the proof of Theorem 2.3. [ |
H. Proof of Corollary 2.2
We consider the model
. _ LT T oT .
Yt — Yvot,t = [Im ® (ytop,t - ybot,tStop) Brop T €5 €~ N(0,3%;). (H.1)
Multiplying with a fixed vector v and setting X ; = gtTopyt — ggm,tsgp, we get
v (y, — Dbore) = (V1 X1t 12Xt o v X1t]Brop + € v'e ~N(0,X,). (H.2)
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Setting v = 1" viBrop.i» 2 = V' (Y — Fport)» w = v €, and o2 = v B, v, we get

2 =Xy Fu up o~ N(0,0’Z). (H.3)
Written in matrix-vector notation this is

z=X1v+u; u~ N(0,020), (H.4)

which is the usual general linear model for which variance decomposition and Cochran’s Theorem
imply the x2-distribution (see e.g. Madsen and Thyregod, 2011). For completeness we write out

the chain of projection. The model can be written as
u=z-—X1.7vy
=z = X1, 5+ X159 - X1.7 (H.5)

=I-H)z+Hz—-X,.~.

By definition “;2“ ~ X2(T). For the second term, centrality of the the estimator 4 implies that

E[(I — H)z] = 0. Since (I — H) is a projection matrix there exists an orthogonal basis that spans

2z (I-H)z
o2

v

the space of (I — H)z and, hence, by Lemma B.1, ~ x?(T —n + m). Additionally, if

v = 0, then % ~ x%(n — m). Since v is arbitrary, Lemma B.1 implies that
\NT -
(Y—Y) (Y—Y) ~ Win(Ey, T — (n —m)). (H.6)

This holds under the model assumptions (i.e., also when Brop 7 0). If, in addition, v = O for all v,

implying that B,,, = 0, then
- NT/~ .
(Y—Y) (Y—Y) ~ Wi (S, — m). (H.7)

which concludes the proof of Corollary 2.2. [ |

I. Proof of Theorem 3.1

The usual shrinkage estimator for the variance—covariance matrix is

S =(1— ), + AS L1)
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~ AN T N
with X, = % (Y.S’T — Y) (Y.S’T — Y). Using Theorem 1 of Wickramasuriya et al. (2019) and
(D.11)-(D.12) we can write

- 1—X . T /e T ~d
JEU = - —= (Y . Ybot) (Y - mestop) TSI, (1.2)
where
)N o | |1
~d h, —
ISU =[0nxn—m Iml| P 4 " Tm
0 2h,bot _Stop (1-3)
~d
== 2h,botS;(l;p'
Also, using (D.11), we can write
- 1—X . T ~ ~d
UTSU == <Y _ Yb0t> (Y _ Ybot) TAUTSIU, (1.4)
and
5! o | |rI
~d h,t n—m
UTEhU = [In—m _Stop:| ® ~d T
0 2h,bot _Stop (1-5)
~d ~d
:zh,top + StOPEh,botSEc—)p-
Hence,

PO\ =J — JS,U (UTz“:SU)_1 U’

1—A\ >\ (3 > h
=J + (T (Y - Ybot) <Yt0p - YbotStTop) + )‘Eh,botStTOP) X

1—-X /4 ~ T /& ~ ~d ~d !
(T (Ytop - YbotStTop> (Ytop - YbotStTop> + A <2h,top + Stopzh,botStTop)> UT'

(1.6)
Now consider the model
Yi — ybot,t = In® y;cr)p,t I, ® (@Jot,tsgp)} :Btop + &, (1.7)
or
Y — Gpot = X Brop + € (1.8)
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with € ~ N(0, It ® ;) and Biop ~ Npy(n—m)(Borop» 2)- 1ts log-posterior density is

1 1 . T_ .
ZMAP(:Btoly Er) x = 5 log ’E| - 5 (y — Yot — Xﬁtop) z! (y — Yot — Xﬁtop) -

1 _ 1 (1.9)
5 (ﬁtop - IBOT) 251 (IBtop - ﬁO,top) - 5 log ’25’7
and, consequently, the MAP estimate of By, is
. -1
Bup = (XTI 0= X +351) (X (Ir @) 7 (Y — Gbor) + 55 Bosep):  L10)
Choosing X3 = X, ® X 3, we go through each term. Since x;; = x; j, using (C.7), we get
T -1 —1\ 7! T 1) 7!
(XTres)'x+%;") =%0 (XX, +3}) 1.11)
and using, (C.10)
T -1 N T -1 o T
(XTI © %)™ (4~ Goor) = X Tvec(S7 (Y = Ve
= (Im ® XI) vec ((Y - Ybot)Z;l) (1.12)
=vec (XI(Y — ffbot)ETTl) :
It follows from the definition of the prior and (B.3) that
2Elﬂo,top :(2;1 ® E&é)ﬁﬂ,top' (1.13)

Hence (1.10), can be written as
3 T —1\ 7! T > -1 -1 -1
Buop = (Zr® (XLX1, +555) ) (vee (XTY = Vi), 1) + (577 @ 50 4)Bosep) - 1114)
-1
Multiplying terms (using C = (X I,X 1, + X é) ) we get

(2, ® C)vec (XI(Y — Ybot)Ejl) =vec (CXI_(Y — Ybot)) (L15)
and
(ET ® C) (2;1 ® E(Ié)ﬁﬂ,top = (Im ® (CE&%)) /60,top

d.16)
=vec (CE&%BS’&OJ .

Inserting (I.15)—(1.16) in (I.14) we get

. -1 . B
Brop =vec ((XI,XL. +304) (XY = Vo) + zovgﬁg}op)) . (L17)
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top» we get

~ ~d N
Wlth EO B — 7T)\(E tOp + Stopzh,bOtStTop)_l and XL. = YtOP YbOtS

N ~ ~ )V AN -1
/Btop =vec <<Yt YbotStop) <Yt0P YbotStop) 1_ )\ <2h top + StOPEh botS;cr)p>> X

<<Ytop - YbotStTop>—r (Y - Ybot) + 1)\_7T>\ <2(sz,top + St0p2(}iz,bot top) (ﬁo top) )]

~ o\ (e - d ~d o\ !
=vec (1 - )‘) (Ytop - YbotStop> (Ytop - YbOtStop) + AT (Eh,top + Stopzh,botstop) X

<(1 - )\) (Ytop - YbOtStop> (Y Ybot) + AT (Zh top + StOPEh botStop> (160 top)T>:| :

(1.18)

. od T /(ad ~d 3\ !
Hence, if we choose B, = 2, potStop (Ehmp + Stopzh,botstop) , we get

-1
am N - ~d ~d
IBtop - <(1 - /\) (YtOP YbotStop> (YtOP YbotStop> + AT <2h,top + StOPEh,botStTop>) X
- - S ~d
((1 — N (Viop = YiorSeop) (¥ — Vo) + )\TStOPEh’bot) . (1.19)
Finally, using the linear constraints 3y, = I, topﬁmp and (1.6), we get

A
Btop o 0 + I AMm

~rmL - top
Bhor I ~Stop (1.20)
=PT(\).
This is (41) and concludes the proof of Theorem 3.1. [ |

J. Proof of Corollary 3.1

The log-posterior density wrt. X, is

T N
Iap(Er) < — - log 12 - (y Ybot Xﬂtop) (IT ® Er_l) (y — Yot — XBtop) -

n

) (ﬂtop - ﬁo,top) (2;1 ® 2&%) (IBtop - /807t0p) - %m log ‘27’|'

The first two terms and the last term are treated in Appendix C. The only term in (J.1) that we

J.1)

have not treated in the previous is the derivative of the third term. Using (B.16) we get
T (e _ T e _
(Biop ~ Bosop) " (3" © 20 h) (Bop — Bosop) =Tr ((Biop — Biop) " S (Biep — Bop) =r')

=Tr ((Btop 0 tOp) ;1 ('B?SP o Bg?toP)T zaé) ’
J.2)
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and using (B.14) we get

a (/Btop - /BO,top)T 27"_1 ® E(Ié (IBtOP - /BO,top)
( ox ) =-3 (3?3;, - 'E'}gbt01c>)T 25,% (ﬁ?gp - Bg?wp) =

J.3)

The derivative of lyap wrt. X, is therefore

T
Ohwae(%y) _ Ty 1y > ee/ 3+
%, 27 Tt T

t:1 J.4)

n—m

—1(Aam m T -1 (A™ m -1 -1
(IBtop - ﬁo,top) 20,5 (ﬁtop - IBU,top> 21‘ - 9 27‘

and, hence, the MAP estimate of X, is
T T
A ~AM, _ AN
X = T+n—m (Z etet <Bt0p o ﬁg,ltop) 20,,15 (ﬁtop - ﬁ&top))
T
“Ttn-m (Z ere/ +
. T
1\ (5top - Bg}top) (Eh top + Stopzh bot top) <5top :ngtop)> (J.5)
_T/(1 - 1-—
i (e

A ~ ~d
A (ﬂtop - /Bg,ltop) (Eh,top + StOPEh,bot top) (Btop Bg}top)) :

Using (the proof of) Corollary 2.1 (Appendix E) and inserting 3 ;,, we can rewrite this as

2 T/(l - A) ~ d N d
E'r :m <(1 - )\>P(>\>E PT( ) <<18t0p) (2h7top + Stopzhbot tOp) Btop
am \ T ~d ~d ~d ~d -1 ~d
<Btop> StOPEh,bot - Eh,bot topﬂtop + ZJh bothc—)p (Zh,top + StOPEh,botSEc—)p) StOPEh,bot>> :

J.6)

With 35, = (1 — A)S3, + ASS, we have (1 — )P(VE,PT(A) = PO)S,PT(\) — APOEIPT (),
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where

T
~m d Am
P()\)Z%PT(A) _ Btop 2h,T c? ﬁtOp
I— S;lc—)pIBtop 0 2h,bot I- S;cr)pﬁtop

T
Am d ~m ~m A T
top) z]h,TlBtop + <I - (Btop> StOP) Z:h,bot (I Stop:@top)
m\ ' «d AM ~d ~d
top) Eh,T:Btop + Eh,bot B zh,bot toplBtOp (J.7)
m\ ! ~d am \ T ~
t0p> Stop2ip bot + <f6top> StOPEh,bot wopBrop
am o\ T d ~d T am ~
Btop) (Zh,T + Stopzh,botstop) IBIOP + Eh,bot_
d
h

Mo\ T ~.d
bot top <Btop) _(Btop) Stopzh,bot'

~
~

It follows that the MAP estimate of X, can be written as (using Petersen and Pedersen, 2006, eq.

(156) for the second equallity )

irzgz£tiil(P@»S&PTQ)—ASZB+

T+n-—
~.d d ~d ~d
)\zh,bOtS;l(—)p(Eh7top + Stopth)OtS;I(—)p) 1St0P2h7bot> (J.8)
T/(l — )\) ~ ~d — ~d -1 -1
S r— (P(/\)ESPT(/\) - <(Eh,bot> + Swop (zh,mp> st0p> ,
This is (49) and concludes the proof of Corollary 3.1. m

K. Proof of Theorem 3.2

If we assume that X, ~ W~!(¥,v) and v > m — 1, then the log-posterior density becomes

1 . N ~ . R
ZMAP(ET') X—=3 (y - Ybot - XBtop) (IT 029 Er 1) (y - Ybot - Xﬁtop)_

2

1 T (@ —

5 (Btop - IBO,top) (Er ! ® 3 1) (IBtOP - BO,top)_ (K'l)
— T 1

" o |5 — g log S| - I s - D (),

and the derivative wrt. X, is

0% ? (K.2)
1 _ Am _ ~m _ 1 _ _
5 ! (IBtop - Bg,Ltop) 20,2 (IBtop - Bg?top) 3, t— 527« I\Ilzr L
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Consequently, using (J.8) the MAP estimate of 3, is

AN m _ AN m T
(Z?:l ete;r + (lBtop - Bo,top) 20,}-} (ﬁtop - ﬁo,top) + ‘I’>
TH+n+v+1
(P(A)ﬁ]sPT(A)— (K.3)

3 MAP =

_ T/
T TH+n+ov+1

() st (5t) ) )

ad 7! ad 7! - . .
If we set ¥ = % <<2h7bot> + StTop <2h7top> Stop) , then the estimate is

A T/(1—)\)

)M = PO PT(N. K.
MAP T+n+v+1() () (K.4)

If, in addition, we set v = ﬁT — (n + 1), then the estimate becomes
ET,MAP :P()\)ESPT()\) (KS)

This is (49) and concludes the proof of Theorem 3.2. [ ]

K.1. Proof of equation (45) and (46)
Equation (45):

First note that

- ~d od

lim 3, = lim (1= )3 + A%, = 5, (K.6)
and
~ ~ - -1 A~ ~ -
lim P()) = lim <ST (=n%+ Az‘;) ' s) ST (=% + Az‘i) ' .
() s ()
Therefore,
lim PO)E,P()T = (ST (22)71 s) s (22)71 o (22)71 5 <ST (zd) S> -

_ (sT (=) s) B X.8)

This is (45) and concludes the first part of the proof. [ ]
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Equation (46):

We start by rewriting (43)

- T/(1—=X\) - ~d  \7! ad N\ 7H !
Sratar =ph— (P)\)Es PT(\) - A ((Eh,bot) + Sty (Zhop) Stop)
n—m
(K.9)
T A T A ~ d T ~ T
=—— | PIN)X,P — (PN)X, P —P(1)X, P (1
e (POEPTO + 12 (PSP 0) - POSIPT()
We need to show that
. A ~d T ~d T B
lim —=— (P()\)EhP (\) — P()ELP (1)) —o0. (K.10)
Starting with the second term and using the form introduced in Appendix D
P(l)=J —JSluWwTsiU) U, (K.11)
We will use the short-hand notation
A=U$U
X (K.12)
A, =U'3,U
and note that A; is a function of . P(l)f]iPT(l) can be written as
od 5T ad o7 edrr 14 a—1prTed 7T
P, PT(1)=J5,J + IS, UA'AA'UTS, T -
ISivAUTEN T —ssiva-tuTslgT (K.13)
—J8gT _gslva-uTslgT.
For the first term of (K.10), note that
P\ =J -JSUA'UT (K.14)
and, hence,
PVSIPT(\) =JS1 T + IS, UATTAAWUTS, T — JS,UAIUTSS T 1)
K.15

ISUATUTETT.
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Replacing 3, by (1 — A, + )\fli in the last two terms we get

PNSIPT(\) =80T 1 IS, UATIAAZIUTS, T -
J(1 =N, - AEHUATUTS T
JSIUATUT (1= NS, + 2807 16
IS T LIS UAT AN TS, T '
(1-NISWUATIUTS T - (1 - NISIUAS U0 -
NISIUA UTSTT.
The second term can be written as
JSUATAATIUTS,JT
—J((1 - NE + ASHUATTAATUT (1= NS + A8 T T i
—(1 - N2TSWUATTAATIUTS,0T + (1 - AT UATAA WU ST+ .
(1 - MASIUATTAATIUTS, T T + 2ISIUAT AAS UTSN T,

Collecting the terms we get

~d
APV, PT(X A . A
( i _hA ) =1 AJZ%JT + A1 = NI, UATAAJI U TS, T+

AMSWUAT NAAT - DUTS T+

AMSIUATYOVAAT - HUTS,T T+ (K.18)

%JﬁiUA;l()\AAgl DU
)\2

= AJf;iUA;lUTf;iJT.

In the limit A — 1, the second term is clearly zero. For the third through sixth terms we rewrite

A;l (using Petersen and Pedersen, 2006, eq. (157)) as

~ ~.d
A7l =UT (1 - N, +23,)U)!

~—1 -1
1 1 ) vA-'UT
——A - AUT h At K.1
A A2 v (1 - A + A u (K.19)
Lo 1=A T ¢! —1prTy—1 -1
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Inserting (K.19) in (K.18) shows that term three and four are proportional to 1 — A and,

be zero in the limit A — 1. The fifth term becomes
A odrr a1 ~1 T$d o7
— SlUATNUTOS (- WA U luA YU TS T
In the limit A — 1, we get
lim terns = - JSvA Y UTE ) luA UL ST
%
— _JSivAUTS,uA U T,
As a result, we can write (K.10) as

L APELPTO) - P()S,PT(1)
Al—% 1-AX

— JSlUAUTS,UATUTSL T -

A ~ ~ ~ ~
lim — J$IU (A(UTESU)_l - (UTEZU)—l) UTSLgT
A=11— A
- JSlUATUTE,UAUTE T+
A e _
lim - JSiU ((1 SNATUTOS, (- A)UA*lUT)*lUA*) X
A1l — A
uTsigT
- JSUATWUTS,UATUTS T+
JSiU (a7, ) luat) uTsi T
—  JSIUAUTS,UA US4 ISIUATTUTS,UAUTS T
0.
In summary, we can write the result as

T

lim 3 - P)Z,P'(1
i £ arap =77 PSP ()
T Trad\—1ov-1 T sd\ -1 ndy—1 Td\—1gy-1
=TS (BT TS () E(X) S8 () TS)

. ~d\1/2 L dn 1/2
Since X}, = (22) Ry, (22) we have shown (46).
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L. Proof of Corollary 3.2

When adding a REML correction term (the Hessian wrt. 3 of the MAP-objective) to (K.1), we get

(using epot = Y — Ypot)

1 _
ZMAP,RE(ET') X = i(ebot - )(Btop)—r (IT & zr 1) (ebot - Xﬁtop)_

1
§(ﬂtop - ﬁ(),top)—r (Er_l ® zoié) (:Btop - BO,top)_

T+n+v+1
2

1
5 log XT(IroS HX+2 @2l

) (L.1)
log |2, — §Tr(\112;1)+

We assume that x;; = x;; € R"". In this case the determinant in the REML correction term is

(see (C.6))

I XT(Ir@T )X+ @3 5 = 271X ] X, + 25" (L.2)

and, hence,

1 N B o
ZMAP,RE(ET) X — *(ebot - ~Xﬁtop)T (IT X Er 1) (ebot - X/Btop)_

2
1 T (51 o so—1
i(ﬁtop - IBO,top) <2r ® 20,5) (IBtop - BO,top)_ (L.3)
T+m+v+1

1 _
5 log |33, | — Str(¥3, b,

This gives the estimate (see Section K)

S, REML :m (POVELPT (-
_ L.4
A ((ﬁ:i,bot) st ($h10p) o Stop> o 1_TA\I/) . -
Inserting the values of v and ¥ we get
3, sREML :mP(A)EsPT(A) w5
T PVEP (), |
This is (49) and concludes the proof of Corollary 3.2. [ ]
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M. Additional plots for the case study
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Figure M.5: Parameter correlation of all parameters in the weight matrix for area SE. The correlation patterns within
rows (diagonal blocks) are constant while the between rows correlation matrices (off-diagonal blocks) display decreasing
correlation with distance so that, e.g., row 1 and row 24 are weakly correlated while the correlation between row n and

row n — 1 is strong. The within-row correlation is more clear in Figures 4 and M.8.
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Figure M.6: SE1-SE4: Volume-weighted weight matrices, associated standard errors, and absolute value of Wald test statics. Blue colours represent negative

values and red/yellow represent positive values. For the last row the colour coding is the same as in Figure 3.
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Figure M.7: Standard deviation and correlation matrix corresponding to 3, for areas SE1-SE4.
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Correlation matrix

1

3 5

7

9 11

14

17

20

23

P AT A M

+0.905
+0.714
+0.524
+0.333
+0.143
—-0.048
-0.238
-0.429
-0.619
-0.810
-1.000

+0.905
+0.714
+0.524
+0.333
+0.143
-0.048
-0.238
-0.429
-0.619
-0.810
-1.000

+0.905
+0.714
+0.524
+0.333
+0.143
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-1.000
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Figure M.8: Parameter correlation for rows 1-2 of the weight matrix (Piop) for areas SE1-SE4. The correlation between
levels of the forecasts (e.g., 2h and 3h.) is generally weak as is the correlation between forecast far away in time (e.g.,

2h-1 and 2h-12 for row 1). In contrast, the correlation between the same weight in different rows is generally strong.
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N. Variance separation tables
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Hyz—Tﬁzllz HyI—Tf/III2 IIIJI—TQIH2 ZTZ%%:; Herﬂ?H? Hﬂ?;@zlf 2(€?T)Té?
24h 1.56 1.177 0.379 2.94 1.297 0.213 0.046
12h 0.99 0.781 0.205 2.58 0.869 0.088 0.029
8h 0.79 0.620 0.171 2.89 0.691 0.069 0.030
6h 0.65 0.516 0.138 2.83 0.576 0.055 0.023
4h 0.50 0.393 0.105 3.23 0.436 0.046 0.016
3h 0.42 0.333 0.092 3.61 0.368 0.042 0.015
2h 0.33 0.249 0.078 4.55 0.275 0.042 0.010
1h 0.21 0.149 0.064 8.39 0.164 0.044 0.006
Total 5.45 4.217 1.233 2.65 4.675 0.599 0.175

Table N.4: Variance separation (30) on the training set for area SE1. See Table 1 for explanation.

Hy,—T@IH? HyI—T@IHz ||1:I—TQIH2 iz%s? Hy,—TﬁW Hﬂ?—TgIHQ 2(6))"&;
24h 5.80 4.412 1.391 2.88 5.073 0.597 0.132
12h 3.84 3.094 0.746 2.46 3.503 0.234 0.102
8h 3.06 2.471 0.590 2.60 2.791 0.194 0.076
6h 2.66 2.062 0.601 3.45 2.340 0.264 0.058
4h 2.13 1.579 0.552 4.85 1.788 0.289 0.053
3h 1.79 1.271 0.516 6.15 1.439 0.299 0.050
2h 1.20 0.889 0.313 5.21 1.005 0.167 0.029
1h 0.71 0.516 0.192 6.30 0.582 0.108 0.018
Total 21.19 16.292 4.901 3.07 18.522 2.153 0.518

Table N.5: Variance separation (30) on the training set for area SE2. See Table 1 for explanation.
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Hyz—TﬁIIIZ HyI—Tfnll2 IIIJI—TQIH2 ZTZ%%; Herﬂ?H? Hﬂ?*T@zHQ 2(€?T)Té?
24h 110.2 49.58 60.64 11.18 61.90 44.94 3.39
12h 50.1 30.07 20.04 6.72 37.06 11.94 1.11
8h 32.3 22.28 10.02 4.53 27.41 3.87 1.03
6h 25.3 17.77 7.53 4.14 21.85 2.59 0.86
4h 17.9 12.42 5.48 4.51 15.24 2.09 0.57
3h 13.8 9.55 4.25 4.56 11.71 1.61 0.48
2h 9.1 6.53 2.60 3.94 7.99 0.82 0.31
1h 4.8 3.35 1.40 4.05 4.10 0.49 0.16
Total 263.5 151.55 111.96 4.42 187.27 68.35 7.90

Table N.6: Variance separation (30) on the training set for area SE3. See Table 1 for explanation.

Hy,—T@IH? HyI—T@IHz ||1:I—TQIH2 iz%s? Hy,—TﬁW Hﬂ?—TgIHQ 2<é?T>Té?
24h 9.92 5.660 4.265 6.89 6.760 2.781 0.384
12h 5.46 3.455 2.002 5.69 4.106 1.158 0.193
8h 3.79 2.649 1.140 4.28 3.129 0.544 0.116
6h 3.08 2.179 0.898 4.19 2.570 0.403 0.104
4h 2.23 1.544 0.687 4.79 1.821 0.338 0.072
3h 1.78 1.211 0.569 5.22 1.425 0.292 0.063
2h 1.19 0.831 0.359 4.80 0.979 0.165 0.046
1h 0.67 0.439 0.227 5.68 0.516 0.128 0.022
Total 28.11 17.968 10.147 4.24 21.306 5.809 1.000

Table N.7: Variance separation (30) on the training set for area SE4. See Table 1 for explanation.
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